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Lecture 2 
Direct Reactions 
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!2

2µ
∇2 +V

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ Ψ = EΨ k 

k’ 
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€ 

H0 +V[ ]Ψ = EΨ

€ 

H0φ = Eφ

€ 

Ψ = φ +G0 E( )VΨ
Lippmann-Schwinger eq. 

€ 

G0 E( ) =
1

E −H0

Coordinate space: 

    

€ 

G0
± E,r,r'( ) = −

2µ
!2

e±ik r −r '

r − r' r→∞⎯ → ⎯ ⎯ −
2µ
!2

exp ±ik r − ˆ r ⋅ r'( )[ ]
r

    

€ 

Ψk
± r( ) r→∞⎯ → ⎯ ⎯ φk r( ) +

e±ikr

2π( )3 / 2 r
−
4π 2µ
!2

φ±k' V Ψk
±

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

€ 

f θ( )

Green’s function 
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€ 

Tk,k' = φk' T φk = φk'V Ψk
+( )

    

€ 

f θ( ) = −
4π 2µ
!2

Tk,k'

€ 

T =V +VG0 E( )T

  

€ 

Sk,k' = Ψk'
−( ) Ψk

+( ) = φk' Sφk   

€ 

Sk,k' = δ k −k'( ) − 2πi δ Ek − Ek '( )Tk,k'

€ 

V =V0 +U

€ 

χ± = φ +G0
± E( )V0 χ

±

€ 

Ψ± = χ± +G± E( )UΨ±

€ 

G0 =
1

E −H0
, G =

1
E −H0 −V0

  

€ 

Tk',k = φk'V0 χk
+( ) + χk'

−( )UΨk
+( )

Gellmann-Goldberger relation 

k 
k’ 

V 

Lippmann-Schwinger  

(Basis of DW calculations) 
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€ 

Ψ± ~ χ±

    

€ 

finel θ( ) = −
4π 2µ
!2

d3r χk'
−( )*∫ r( )U r( )Ψk

+( ) r( )

€ 

⇒

€ 

⇒
    

€ 

fDWBA k',k( ) = −
4π 2µ
!2

χk'
−( )U χk

+( )

  

€ 

TDWBA k',k( ) = χk'
−( )U χk

+( )

Distorted: all orders in V0 

Born: only first order in U +	


+	



U V0 
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V0 



Distorted: all orders in V 

Born: only first order in U 

    

€ 

fDWBA k',k( ) = −
4π 2µ
!2

χk'
−( )U χk

+( )

  

€ 

TDWBA k',k( ) = χk'
−( )U χk

+( )

U 
U V 
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€ 

dσ =
µ
!k
2π
!
Ufi

2
dn(E f )

€ 

dn(E) ~ d3k = k 2dk dΩ

  

€ 

dσ
dΩ

= fDWBA k',k( )
2 f i 



€ 

finel
C θ( ) ≈ d3r d∫

3
r'χk '

(−)* r( )ϕ f r '( )VC r,r'( ) χk
(+) r( )ϕi r'( )

€ 

finel
N θ( ) ≈ d3r d∫

3
r'χk '

(−)* r( )φ f r'( )VN r,r'( ) χk
(+) r( )φi r'( )

€ 

dσ
dΩ

= f inel
N θ( ) + finel

C θ( )
2

nice, well known, 
angel 

bad, not well known, a 
true monster 
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€ 

ul r( ) r→∞⎯ → ⎯ ⎯ 
i
2
Hl
(−) kr( ) − Sl Hl

(+) kr( ){ }

k 
k’ 

V 

Incoming wave 
“Survival” amplitude 
(S-matrix) 

Outgoing wave 

  

€ 
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!2

2µ
∇2 +V

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ Ψ = EΨ
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€ 

Ψ =
ul r( )
rl

∑ Pl cosθ( )

  

€ 

−
!2

2µ
d2

dr2
ul (r) + V (r) +

!2

2µ
l(l +1)
r2

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ ul (r) = Eul (r)



(δl  = Phase shift)	



€ 

Sl
2

=  “Survival” probability  ≤ 1                                     
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€ 

Sl = e2iδ l

€ 

dσ
dΩ

= f θ( )
2

€ 

f θ( ) =
1
k

2l +1( )
l=0

∞

∑ eiδ l sinδ lPl cosθ( )

€ 

σ =
4π
k 2

2l +1( )
l
∑ sin2δ l

δl is everything! 

to get δl solve S.E. numerically 
and match ul(r) to asymptotic 
ul(r), and their derivatives at a 
large r (outside range of V(r)). 



€ 

f (θ) =
i
k

(l + 1
2)(1− Sl )Pl (cosθ )

l
∑

  

€ 

χk(k')
±( ) →χk(k');lm

±( )

€ 

U → α f Uα i

    

€ 

fDWBA θ( ) = −
4π 2µ
!2

k f
ki

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/ 2

χk';lm
−( ) ;α f U χk;lm

+( ) ;α i
lm
∑

€ 

α = JMTN, etc

€ 

U =
i=1

A

∑ Vij
j=1

B

∑

€ 

U =
i=1

A

∑ Vij
j=1

B

∑ 1− Pij( )
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€ 

Ufi = α f d3r∫ V rk − r( ) δ r − r j( )
j=1

A

∑ α i
k=1

B

∑ = d3r∫ V rk − r( )ρ fi r( )
k=1

B

∑

  

€ 

ρ fi r( ) = α f d3r∫ δ r − r j( )
j=1

A

∑ α i

One-body transition 
density 

Assume 

Use 

  

€ 

V ji r j − ri( ) =
1
2π( )3

d3q eiq⋅ r j −ri( )∫ V q( )

    

€ 

TDWBA
fi kf ,ki( ) = d3qR kf ,ki;q( )V∫ q( ) ρ fi q( )

    

€ 

R kf ,ki;q( ) =
1
2π( )3

d3rk χk f

−( ) exp −iq⋅ rk( ) χk i

+( )∫
k=1

B

∑
    

€ 

ρ fi q( ) = α f d3r∫ exp iq⋅ r j( )
j=1

A

∑ α i
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€ 

1
2π( )3

d3rk χk f

−( ) exp −iq⋅ rk( ) χk i

+( )∫
k=1

B

∑ = Bδ q −ki +k f( )

  

€ 

TPWIA
fi k f ,ki( ) = BV q( ) ρ fi q( ) , q = k f - ki

Perfect factorization: “reasonable” for nucleon-nucleus reactions 
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€ 

TDWBA k',k( ) = χk'
−( )U χk

+( )

(b)                     

(a) 

  

€ 

TDWBA 2 k',k( ) = Cγ
γ

∑ χk'
−( )UGγ

(+)U χk
+( )

propagation through 
intermediate states 

(a) (b)                     

One step       Two step 

V V V 
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k 

k’ 
θ	



ΔE << E,   θ << 1 radian ,  |Δψ/ψ|Δr=λ << 1        
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€ 

−
!2

2µ
∇2 +V

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ Ψ = EΨ

Assume ψ is almost like a plane wave


where S(b,z) is a slowly varying function of 
b and z.  

€ 

Ψ r( ) = S(b,z) eik ⋅r

€ 

∇2S << k∇S

  

€ 

2ik eikz ∂S
∂z

+ eikz ∂
2S
∂z2

+ eikz∇b
2S − 2µ

!2
VeikzS = 0

  

€ 

∂S
∂z

= −
i
!v
V r( )S

  

€ 

S(b,z) = exp −
i
!v

V (r ')dz'
−∞

z
∫

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 



  

€ 

TDWBA k',k( ) = χk'
−( );α f U χk

+( );α i

Using eikonal, 

      

€ 

χk'
−( )*χk

+( ) = eiq ⋅r exp −
iµ
!2k

V (r')dz'
−∞

z
∫ −

iµ
!2k

V (r')dz'
z

∞

∫
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

= exp iq⋅ r + iδ b( ){ }

    

€ 

q = k'−k, δ(b) = −
1
!v

V (r')dz'
−∞

∞

∫ (eikonal phase) 

€ 

S(b) = eiδ b( )

Eikonal waves (reactions) 

Harmonic oscillator (structure) 
Pearls of quantum 
mechanics 

    

€ 

χk'
−( )*χk

+( ) = S b( )eiq ⋅r

(eikonal S-matrix) 

  

€ 

v = !k /µ
r b 

z 

v 



€ 

TDWBA k',k( ) = d3r S b( ) exp iq⋅ r[ ] α f U r( ) α i∫
Partial wave expansion simple integral  

b = impact parameter 

l = kb ( actually l + 1/2 = kb)  

 interpretation: 

l (discrete values) b (continuous) 



b 

T 

k, l b = impact parameter 

l = kb ( actually l + 1/2 = kb)  

1 

l (discrete values) 
0 

absorption 
transmission 

1 

b 
0 

kRnuc 

eikonal 

€ 

f (θ) =
i
k

(l + 1
2)(1− Sl )Pl (cosθ )

l
∑

€ 

dσ
dΩ

= f (θ ) 2

€ 

f (θ) =ik dbbJ0(kb) 1− S(b){ }∫
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€ 

δC (b) = −
1
!v

VC (r')dz'−∞

∞

∫ → ∞

  

€ 

δC (b) =
2Z1Z2e

2

!v
ln kb( )

€ 

feikonal (θ )= ik dbbJ0(kb) 1− exp iXC b( )[ ]{ }∫

=
Z1Z2e

2

2µv 2 sin2 θ /2( )
exp −iηln sin2 θ /2( ) + 2σ 0( )[ ]

  

€ 

η =
Z1Z2e

2

!v

€ 

VC =
Z1Z2e

2

r



€ 

VPT ~ tNN θ ~ 0
o,E( ) dr'ρP r'( )∫ ρT r − r'( )

= −4π E
k 2

fNN θ ~ 0
o,E( ) dr'ρP r'( )∫ ρT r − r'( )

€ 

fNN θ ~ 0
o,E( ) = fNN (q)=

kNN
4π

σNN i +αNN( )e−ξNN q 2

19 

Hussein, Rego, CB,  
Phys. Rep. 5 (1991) 279  

€ 

δPT
(N )(b) =

σNN

4π
i +αNN( ) dqq

0

∞

∫ ˜ ρ P (q) ˜ ρ T (q)e−ξNN q
2

J0(qb)

  

€ 

S(b) = exp iδPT
N b( ) + i + 2Z1Z2e

2

!v
ln kb( )

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 
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20 

Same optical potential as used in 
partial wave analysis 



AP+AT!AP+AT +γ 

AP+AT!AP*+AT  

CB, Nathan, NPA 554 (1993) 158  

GANIL data, PRC 41 ( 1990) 920 
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bn 
bC 

Fixed: 
adiabatic 

Interaction 
region 

z 

Elastic:  

including breakup effects 

Survival amplitude 

for projectile at impact 
parameter b 

Survival amplitudes 

for particles C and n at impact 
parameters bC and bn 

(Dynamics) 

Best possible wfs: 

(Spectroscopy) 

Hussein, McVoy, NPA 445, 124 (1985) 

Hencken, Bertsch, Esbensen, PRC 54 (1996) 
3043 

€ 

Ψeik r( ) = SC (bC )Sn (bn ) e
ik ⋅r φ0

€ 

Selast (b) = φ0 SC (bC )Sn (bn ) φ0
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Closure: 

Breakup X-section (only one bound state): 

k 

€ 

1− Sdif .dis.(b) =1− SC (bC )+1− Sn (bn ) − 1− SC (bC )[ ] 1− Sn (bn )[ ]

  

€ 

Sdif .dis.(b) = φk SC (bC )Sn (bn ) φ0

    

€ 

dk φk φk∫ =1− φ0 φ0 − φ1 φ1 −!

  

€ 

σdif .dis.(b) = db∫ φ0 SC Sn
2
φ0 − φ0 SC Sn φ0

2⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ 
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bn 
bC 

z 

C survives, n absorbed 

€ 

SC (bC )
2 1− Sn (bn )

2( )

  

€ 

σstrip (b) = db∫ φ0 SC
2 1− Sn

2( ) φ0
2

€ 

Sdif .dis.(b) = φ8 Sα (bα ) Si(bi)
i=1

4

∏ φ8

€ 

S j (b j )
2

j survive
∏

k absorbed
∏ 1− Sk (bk )

2( )
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C scatters elastically 
and C + n breaks up: 

c 
b n 

n is absorbed: 

€ 

φContinuum (r) SC (bC )φl0 ,m0 (r)
2

€ 

1− Sn (bn )
2

€ 

φContinuum (r) ~ e
ik.r

  

€ 

dσstrip

d3kC
=

1
2π( )3

1
2l0 +1( )

d2bn 1− Sn bn( )
2⎡ 

⎣ ⎢ 
⎤ 
⎦ ⎥ ∫ d3r e−ikC ⋅r SC bC( ) φl0 ,m0 r( )∫

2

m0

∑
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Serber model: 
PR 72 (1947) 1008  

C and n scatters 
elastically: 
Project onto continuum CM 
and relative coordinates: 

CM 
Relative motion 

  

€ 

SC bC( ) ≈1
  

€ 

dσstrip

d3kC
= Cgeometry φ

~

l0m0
kc( )

2

  

€ 

SC bC( ) Sn bn( ) φl0 ,m0 r( )

  

€ 

e− iK⊥ ⋅bφk
* r( ) SC bC( ) Sn bn( ) φl0 ,m0 r( )

  

€ 

dσdif .dis.

d2K⊥d
3k

=
1
2π( )5

1
2l0 +1( )

d3r d2b e−iK⊥ ⋅bφk
* r( ) SC bC( ) Sn bn( ) φl0 ,m0 r( )∫

2

m0

∑
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28 

Tails & asymmetry: 
higher order 
corrections 

  

€ 

9Be 11Be ,10Be +γ( )X

One neutron-removal 

60 MeV/nucleon 

1s½ neutron, Sn = 0.503 MeV 

  

€ 

dσstrip

dkC
z =

1
2π

1
2l0 +1( )

d2bn 1− Sn bn( )
2⎡ 

⎣ ⎢ 
⎤ 
⎦ ⎥ ∫ d2bC SC bC( )

2
dz e−ikC

z ⋅z φl0 ,m0 r( )∫
2

∫
m0

∑
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z 

z 

m = 0 

m = ±1 

One proton-removal 

80 MeV/nucleon 

0p3/2 proton, Sp = 9.98 MeV 
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€ 

dσstrip

d2kC
⊥ =

1
2π

1
2l0 +1( )

d2bn 1− Sn bn( )
2⎡ 

⎣ ⎢ 
⎤ 
⎦ ⎥ ∫ dz d2bC e

− ikC⊥ ⋅r SC bC( ) φl0 ,m0 r( )∫
2

∫
m0

∑
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€ 

kGk0 = kVNN k0 −
d3k '
2π( )3

∫
kVNN k' Q k'( ) k'Gk0

E k'( ) − E0 − iε

e = single-particle energies 

E0 = E on-shell 

    

€ 

Q P,k( ) =1, if k1,2 > kF
= 0, otherwise

In real calculations: 

  

€ 

Q P,k( ) =
dΩ∫ Q P,k( )

dΩ∫

€ 

e p( ) = T p( ) + v p( )

€ 

v p( ) = pv p = Re pqG pq − qp
q≤kF

∑

-  e depends on v 

-  v depends on G 

-  G depends on v 

Solve self-consistently 

(Brueckner theory) 
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CB, De Conti,  
PRC 81, 064603 (2010) 

Chen, Sammarruca, CB,  
PRC 87, 054616 (2013) 
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CB, De Conti,   
PRC 81, 064603 (2010) 
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12C(23Al,22Mg)X  @  50 MeV/u 

Karakoc, Banu, CB, Trache,  PRC 87 024607 (2013) 
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0

0.02

0.04
Full
Coulo

-200 0 200
0

0.02

0.04

0.06

dm
/d

p ||  [
m

b/
(M

eV
/c

)]

-200 0 200 -200 0 200
p|| (MeV/c)

-200 0 200 -200

12C 35 AMeV 9Be 35 AMeV
7Li 35 AMeV 4He 35 AMeV 1H 35 

12C 12C 12C 12C
12C

100 AMeV 200 AMeV 400 AMeV 800 AMeV 1000

38 



Plastic 

34Ar 

33Ar 
excited 

32Cl* + p ! 33Ar* ! 33Ar + γ 

temperature (GK) 

x10000 uncertainty 

shell model only 

re
ac

tio
n 

ra
te

 (c
m

3 /s
/m

ol
e)

 

x 3 uncertainty 

better stellar reaction rate 

Clement,  et al, PRL 2005 

Capture on excited state of   
32Cl  4 times larger!  

Better resolution of 33Ar 
states + theory 
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