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Cirs) Distinct visited site

Distinct site :- Site visited by the walker
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Distinct visited site
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Distinct visited site

Distinct site :- Site visited by any walker
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Cirs Distinct visited site

Sy = # of elements in the set Us .
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Cirs) Common visited site

Common site :- Site visited by all the walkers
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Common visited site

= Wy = # of sites in the set 75 @
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@ Number of distinct & common sites

# of distinct sites visited by N walkers in time step t = Sy (?)

# of common sites visited by N walkers in time step t = W (?)




Cirs Number of Distinct sites

e A. Dvoretzky and P. Erdos (1951) — for a single walker
in d dimension.

t — 00
Vit od=1
(1) ~ §  ory =2
t d > 2

B. H. Hughes

e Later studied by Vineyard, Montroll, Weiss ....




Cirs Number of Distinct sites

e Larralde et al. : N independent random walkers in d

dimension
Nature, 355, 423 (1992)

Territory covered by N diffusing
particles

Hernan Larralde*, Paul Trunfio®, Shiomo Havlin*1,
H. Eugene Stanley™ & George H. WeissT

* Center for Polymer Studies and Department of Physics,

Boston University, Boston, Massachusetts 02215, USA

T Physical Sciences Laboratory, Division of Computer Research and
Technology, National Institutes of Health, Bethesda, Maryland 20892, USA




Cirs Number of Distinct sites

e Larralde et al. : N independent random walkers 1n d
dimension

Nature, 355, 423 (1992)

* Three different growths of (S (f)) separated by two time
scales

td .E(N) < Slft) >

i i -

0 ln (V) T(V) Z




Cirs Number of Distinct sites

e Larralde et al. : N independent random walkers 1n d
dimension

Nature, 355,423 (1992)

e Three different growths of (Sn(t)) separated by two time
scales

\/log NVt d=1
(Sn(t)) ~ N log(t) d=2
N t d > 2

t — 00




Cirs) Number of Common sites

Majumdar and Tamm - Phys. Rev. E 86, 021135, (2012)




Number of Common sites

2N

do(N) = " d,=2

5 (W (t)) =~ const.

| | | |
0y > 3 N 4 5

Majumdar and Tamm - PRE (2012)
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Number of Common sites

do(N) = " d,=2

2N

- (Wn (t)) ~ const.

d t
2

i (Wh(t)) =t (Wi (t)) ~

log(t)] ™

Majumdar and Tamm - PRE (2012)



@ Number of Common and distinct sites

log(t)

t — o0

d= dc(N>

| const. d > d.(N)

NVt d=1
d=2
d> 2




@ Probability Distributions

« Px(S,t) = Distribution function of the number of distinct
sites visited by N walkers 1n time step ¢

« Qn(W.,t) = Distribution function of the number of common
sites visited by N walkers 1n time step ¢




@ Probability Distributions

« Px(S,t) = Distribution function of the number of distinct
sites visited by N walkers 1n time step ¢

« Qn(W.,t) = Distribution function of the number of common
sites visited by N walkers 1n time step ¢

Applications :

* Territory of animal population of size N
e Popular tourist place visited by all the tourists in a city
 Diffusion of proteins along DNA

e Annealing of defects in crystal

Popular “hub” sites 1n a multiple user network



@ Probability Distributions

« Px(S,t) = Distribution function of the number of distinct
sites visited by N walkers 1n time step ¢

« Qn(W.,t) = Distribution function of the number of common
sites visited by N walkers 1n time step ¢

* One dimension (Sn(t)) = N{(S1(t)) ; d>1

e Maximum overlap

e Connection with extreme value statistics : exactly solvable
« Sn(t) = Total # of distinct sites = range or span

« Wn(t) = # of common sites = common range or common span




@ Model

e N one dimensional #-step Brownian walkers

e Each of them starts at the origin and have diffusion constants D

dil??;
dt
(i (7))

= (1), Vi=1...N
0, <777;(T)77j(7/)> = 2D5z’j5(7 — T/)




@ Scaling

» All displacements are scaled by /4Dt

5 — SN W — WN
VADt VADt

Pn(S,t) = iDtpN<
Qn(W,t) = @%f(




@ Scaling

» All displacements are scaled by /4Dt

5 — SN W — WN
VADt VADt

Pn(S,t) = iDtpN(
Qn(W,t) = \/417]56]]\7<




Cirs) Range: Single particle




@ Range: Many particles




Cirs Span

Union —> Span




Cirs Common span

Intersection —» Common span

/\







@
_
Span S = 54 + S_

Sy = max S_ = — —m
(My, M) (
My, M _ = max (—m
1; 2)




@ Commonspan= W = W4 + W_

w4y = min (My, M>) w_ = min (—mq, —Ms)

M,

Common span _




@  Connection with extreme values

s+:maX(M1,M2) S:S_|_—|_S_

s_ = max (—my, —mo)

Wy = min (Ml, MQ)

W= W4 + wW_
w_ = min (—my, —ms)




@  Connection with extreme values

S_|_:maX(M17M27'°'7MN) S:S_|__|_S_

s_ =max(—mi,—Mao,...,—Mp)

W :min(Ml,Mg,...,MN)

. W= w4 +w_
w_ = min (—my, —Mo, ..., —My)




@  Connection with extreme values

S_|_:maX(M17M27'°'7MN) S:S_|__|_S_

s_ =max(—mi,—Mao,...,—Mp)

W :min(Ml,Mg,...,MN)

. w=wy +w_
w_ = min (—my, —Mo, ..., —My)

® The variables Sy & Ss_  are correlated random variables

® Similarly the variables w4 & wW_ are also correlated

random variables

® We need joint probability distributions




Single particle

|
2_
M
0_._ ..........................................................................
i

ok

! | ! | ! |
0 > 4 6
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M, m are correlated random variables




Particle inside the box

PTOb(MSLl,mSLQ):}g(h:%Dt, o = Lo )
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Distribution of the span : N=1

Prob(Mng,m§L2)¢g(11: thj l2: Lo

2 1 . ((2n+ 17l —(—“ﬁé”
Z l — — 1752
g(l1,1l2) g sin ( ) e

1+ 1o

~ > 0%g(l1, )
pl(s)/o dll/o Al 0s = b =)= 15

8
§ m—l—l 2 —m252
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@ Span for N > 2

S_|_:maX(M17M27'°'7MN) S:S_|__|_S_

S_ = Inax (_m17 —ma, ..., _mN)

Py (l1,l5) = Prob (sy <ly,s_ <ly) = [g(ly,12)]"




Cirs Span for N> 2

S_|_:maX(M17M27'°'7MN) S:S_|__|_S_

s_ =max(—mi,—Mao,...,—Mp)

N
Pd (11,12) — Prob (S_|_ S ll,S_ S 12) — [g(ll,lz)]

0% [g(lx, 12)1"

Pa(sy=lh,s-=b)=—g—5"

= [T s[5




Cirs Common Span for N > 2

w4 :min(Ml,Mg,...,MN)

. W= W4 + wW—
w_ = min (—mqy, —Mao,...,—Mp)

P.(ji,72) = Prob(wy > ji,w_ > jo) = [h(jhjz)]N




@ Cumulative distribution of W+ and w-—

P. (j1,j2) = Prob (wy > ji,w_ > j2) = [h(j1, j2)]"
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Cirs Common Span for N > 2

w4 :min(Ml,Mg,...,MN)

. W= W4 + wW—
w_ = min (—mqy, —Mao,...,—Mp)

P.(ji,72) = Prob(wy > ji,w_ > jo) = [h(]'l,jz)]N

h(ji,j2) = 1—erf(j1)—erf(j2)

P ISy () )
T —

J1+ J2

41
T3

gn (w) = /OOO dj /OOO dj2 0(w — j1 — j2) [82 [h(jl’jz)]N]

ajla 8,72




@ Distribution of span & common span

pn(s) = /OOO dly /OOO dly 6(s — 11 —13) [82 E‘gl(ll,léz)]]v]

gy (W) = /OOO dj1 /OOO dj2 0(w — j1 — J2) [82 [gj(ilé;z)]N]




@ Exact Distributions for N=1

e Distribution of span or common span

N=1

p1

@)

Z m—l—l —m232
\/_ -

=1

N=1

A. K, Majumdar & Schehr, PRL (2013)



@ Exact Distributions for N=1 & N=2

e Distribution of span

N=1 % i; m—l—l 2 —m282
N=2
e Distribution of common span
g2 (w) = 2 erfc(w) ps (\/iw) + po(w) + 27 erf(\%) e
+ % :1(—1)7” m? e~ (erf [(m + 2)%] — erf [(m - 2)%]) .

A. K, Majumdar & Schehr, PRL (2013)



@ Distributions : N =2

T | T T I
1.5 -

— N=2 : Common|




@ Exact Distributions for N=1 & N=2

e Distribution of span

N=1 8 < T
i 2
N=2
e Distribution of common span
g2(w) = 2 erfc(w) po (\/§w) + pa2(w) + \/E;_W erf (\%) e_wT2
2 w2 w w
\/%Z 2 (erf[(m+2)ﬁ] —erf[(m—Q)ﬁ]).

e Distribution of span

2

o0
8 E: m—l—l 2 —m22
v m=1

A. K, Majumdar & Schehr, PRL (2013)
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Distributions : N =2
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Distributions

o= [ oo R

0 [h(jlajé)]N]

_ " Sl g (1. ]
gn (w) /O J1/O lj2 0 (w — 71 Jz)[ 971 0o

Are there any limiting forms of these two

distributions for large N ?




Moments
" moment
Gy = 2 egfertto)Vda
(w)y = 2/ lerfe(x)]™ dz |
0
2" moment

©.@) d oo o0

Z/wQ% lerf(x Nd$+2// xyY 8x3y d:z: dy
0 0 0

0/

4 [ x |erfc(x Nd:zz—l—// (x,9)] Ndxdy
0 0




Cirs) Moments : N — oo

Span :
.
~ 24/log N
(s) og N + s N
1
2\ _ [e\2
Vi) = ()7~ e




Cirs) Moments : N — oo

* Span: ) . o N
(s) ~ 24/log N + NI JTog N
\/ (52) — (5)? ~ 1 Random variable x has N independent
Viog N distribution D()

e Common span : .
Random variable y has N

(W) ~ —— independent distribution C(Y)




Cirs) Moments : N — o0

* Span: z

) s =2 lOg N +
\/< SR 1 Random variable x has N independent
52) —(s)" ~
VIog N distribution D(x)

v

pn(s) ~ +/log(N) D {\/log]\f (3 — 2 logN)}

e Common span :

Yy Random variable y has N
i —> YN | o
(w) ~ A independent distribution C(y)
1
2y _ (a)2 ~ —
\/ (w?) = (w)” ~ *

gy(w) = N C(N w)
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Distributions : Large N

* Distribution of the number of distinct sites or the span

pw(s) ~ VIog(N) D |\/log N (s~ 2,/log N ) | ;
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A. K, Majumdar & Schehr, PRL (2013)




Cirs Distributions : Large N

e Distribution of the number of common sites or the common span

gy(w) = N C(N w) ;
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@ s+ & s— are Gumbel variables

s+ = max M,

* Span: S=5.+S_ I<isN

S_ = max —m;
1<i<N

 The variables M. 's are independent, positive random variables

p(X)=(2/y/T)e™", X > 0

0.4

|
3.0




@ s+ & s— are Gumbel variables

s+ = max M,
* Span: S=5.+S_ lsisN

S_ = max —m;
1<i<N

e For large N, both S+ and s_ distributed according to

Gumbel distribution :

P(sy) ~ 2+/log Ne—2Vios N‘(si_m)e_e—2m(si—m)

:> <8:|:> ~V IOgN \/ logN

e Forlarge N, both s and s_ are of O (\/log N)




@ Two ways of creating S

* Span : S= S84+ S_

 Two ways of creating s :

Single particle creating s, & s_  Two particles creating s, & s_

A




@ Two ways of creating S

* Span : S= S84+ S_

 Two ways of creating s :

Single particle creating s, & s_  Two particles creating s, & s_

A

/ 5,
/A ,w’gﬂ"

0




Cirs) Distribution of the span

e So, when N — oo, S+ and s_ become independent :

Pa(s+,s5-) =~ P(s4+)P(s-) where,
P(s4+) ~ 24/log Ne2VIog N(Si—m)6_6—2\/1Og_N(s:|:—«/710g ~)
pN(s) = / ds+/ ds_ 0(s—s3 —s_)Pa(s1,s_)
0 0
pn(s) ~ v/log(N) D [\/logN (s — 2 logN)}

D(z) =4 e “*Ko(2 e ")




Cirs) Distribution of the span

e So, when N — oo, S+ and s_ become independent :

Pa(s+,s5-) =~ P(s4+)P(s-) where,
P(s4+) ~ 24/log Ne2VIog N(Si—m)6_6—2\/1Og_N(s:|:—«/710g ~)
pN(s) = / ds+/ ds_ 0(s—s3 —s_)Pa(s1,s_)
0 0
pn(s) ~ v/log(N) D [\/logN (s — 2 logN)}

sun: D) =de K2 e )

4 _ 2
Common Span : gnv(w) = N C(N w) ; C(y) = - Y e VY




Asymptotes : finite N

(s) ~ 2/Tog NV

A 7
s —() S — 00
° ; >
0 ~ (i)
w~%  AY)




Asymptotes : finite N

Span
ans Pexp |[-Nw?/(4s*)] , s = 0,
pN(S) ™~ b _¢2/9
Nexp(s/), S — 00,
N—-2 (&
ay = 4m3/2N(N —1) (£) e

by = 2V2N(N —1)/\/x

Common Span

(w) CN W , w — 0
w\)
N dyw! = exp (—N wz) , W — 00,

cy =4N(N - 1)/m dy = 8N/mV/2

A. K, Majumdar & Schehr, PRL, 110, 220602, (2013)



What happens when the walkers are interacting ?



Non-intersection = Interaction

A

b x,(t)
Q t
g xz( ) x3(t) x4(t)
0 X, X X e

, . X space

Vicious walkers



— Span in different situations

(D) ((b)
= £ £ |
- | —t | Ht' |
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s | | £
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Till survival




1 Common Span
£

Q (Ll) — PI’Ob (Ml S Ll)

0?G  0*°G  9*G  0G

Space Oy i x5 i or2 Ot

0< SCl(t) < $2(t) < 333(?5)
r1(t) < Ly



Span till survival
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(501 — 4) —Small

Q(N)(L|X) = Prob.[Global maximum My < L ‘X]: ?



1 Single Brownian walker : N=1

QW (L|zq) = Prob[m; < L|z;] =1 — A
A
tf
/ pt(mla1) = 7%
/
/
2 7
g
S
/
/
/
/|
s
/|
/() ' s;ace




N = 2 particles

™~

time

\ i QP (L|z1,22) = Prob.(my < Llzy, z2)




] N = 2 particles 1n a box

QP (L|z1, z2) = Prob.(mo < L|z1, z2)

time o>

m, Q(2)(L\:131,$2) = F(f(j;::;;i)xg)
v () x,(t) A2
) > xz L space L
P—
Exit probability
® [(L:z) z0) = 0 Ii;xl

Prob. | The two walkers stay non-intersecting inside the box [0, L]
| till the first walker crosses the origin for the first time



N = 2 particles 1n a box

F=1

L] > x

Q¥ (L|z1,72)

Q¥ (L|xy,12) =

= Prob.(m2 S L|ZC1,CIZQ)

F(L, X1, ZUQ)
F(L — o021, 12)

82F O*F
8372

ox2

1

=0

Q@) (Ly, Lo|z1,z2) = Prob.(ma < Lo, m1 < Li|z1, 22)

A x

L

2

==

I
o

2

L

V=




Marginal cumulative probabilities

Ql(L|ZC1,332) = Prob.(m1 S L‘.ﬁCl,iEg)
QQ(L|CE1,$2) = Prob.(m2 S L|£131,£132)

10 T T -— ..........

- % Simulation
0.8 —— Theory

Ql(Ll i, u,)

0 2 4 6 8 10

L1 = 127, L9 — 351, D1 = 13, D2 = 15,



N = 2 case

® % (m|z1, x2)

A ~
[ \
m
xl(té %)
0 xl x2

® Ba(xi,72) = Ho

3T[3]®
5 44755

® [ =

6Q(2) (L‘CBl, 5132)
()

Ba(w1,22) — 5 m > X2

lexg(:cg — x%)

L=m

(4 arctan (i—f) — 7T)

Kundu, Majumdar, Schehr (2014)



i N>2

. . A
@® N Non-intersecting walkers : é
/]
For m > xn 2 m
/]
7
(V) (x| L) 1 7
(V) _ (99 (% N / -
p (m’X) T 8[/ — BN(X) mN2_|_1 O xl x2x3 x4
L=m
Kundu, Majumdar, Schehr (2014)
® N Non-interacting or independent walkers :
A
K !
(N) ~ :
m, p Y (mlx) ~ An(x) N1 m > TN
space
>
X Xy X3 Xy . .
Krapivsky, Majumdar, Rosso, J. Phys. A (2010)




— N > 2 walkers : propagator

@® Start with the N particle propagator in the box [0, L]:

Gn(Y,t;x,0; L) =Probability density that particles starting from

(1,22, ..., TN) reach (Y1,Y2,---; YN ) inside [0,L]

1n time ¢.
A

{ yl y2 y3 y4

O

E x,(t)

x5 S %D
x,(t) y

0 |




— N > 2 walkers : exit probability

® Start with the N particle propagator in the box [0, L]:

Gn(¥,t;%,0; L) = Probability density that particles starting from
(r1,x2, ..., xN) reach (Y1, Y2, .--; YN) in time ¢.

~ Slater Determinant
® [Exit probability :
FN(L;x) =

Prob [The N walkers stay non-intersecting inside the box [0, L]]

t1ill the first walker crosses the origin for the first time

o0 Y3 Ya o0 t: - L
FWN)(L; %) :D/ dt / dyg/ dyg..../ dyn (3GN(y, %, 0; ))
0 0 0 0 Y y1=0




— N > 2 walkers : Distribution

® Start with the N particle propagator in the box [0, L]:

G (y, t;x,0; L) = Probability density that particles starting from
(r1,x2, ..., xN) reach (Y1, Y2, .--; YN) in time ¢.

~ Slater Determinant
® [Exit probability :
FN(L;x) =

Prob [The N walkers stay non-intersecting inside the box [0, L]]

t1ill the first walker crosses the origin for the first time

Fn(L;x)
Fn(L — 00;%)

Q(N)(L\X) = Prob/my < L|x| =

1
mN2+1

~ BN(X)

p ™) (mx) = (5’62“\(; )L(XIL)>




] Heuristic argument

® First passage time probability distribution :
1 /
f(N) (t8)|1arge ts — N2 ;
t32 ) /
£/
Fisher 1984 =
Krattenthaler et al 2000 /
Bray, Winkler , 2004 ?
/|
/
70 space
¢ (m) ~Vt N ;
(m) ~ 24/tlog N
By ~ L
Viog N
® v/ (Am?2) Decreases as N increases
Independent walkers




1 Heuristic argument

® First passage time probability distribution :

1
f(N)(t)harge § tj\;ﬂ ~ t%‘l‘l
® m ~ Vt Independent
walkers
For large N
& 2N (e > po=N+1

[ = N? 4+1




] Distribution
® 1 Independent walkers
pM (m|x) = By (x) —77; m > 2N
mN +1 (N) 1
P (mlx) = Aw (%) ——

Kundu, Majumdar, Schehr (2014)



] Prefactor
® 1 Independent walkers
p™M) (m|x) ~ By (x) N M >IN
1
" P (mlx) = Ay (x)
— N1
N
Where An(x) = Kn [ [ @
N 1=1
By (x) = Ey 1= xiH1§i<j§N(x? ;) N

T
N >1

4
Ky ~N [—lnN]

Krapivsky, Majumdar, Rosso,(2010)

Prob The N walkers stay non-intersecting till the
TOD-1 first walker crosses the origin for the first time

Kundu, Majumdar, Schehr (2014)



—] Prefactor

® 1 Independent walkers
p(N)(m]x) ~ By (x) N M >IN
m p™) (mlx) = Ay (x) —
N1
N
Where An(x) = Kn [ [ @
N i=1
[[iz) i H1§i<j§N(x? — x7) N
BN(X) = EN 4 2
SN (X) Ky =N —In N
T
N> 1
and S N (X) = F N(L — OQ; X) Krapivsky, Majumdar, Rosso,
J. Phys. A (2010)
4
So(x1, ) = — arctan <Q> —1
I8 L1
S3(x) = {V(x1,22,23) — V(21,23,22) } +{¥ (22,23, 21) — V(22,71,23)}

+ {\Ij(aj37 L1, CUQ) — \Ij(x37x27ajl)}

U(x.vy.z) has an explicit expression
(2.9, 2) p P Kundu, Majumdar, Schehr (2014)



] E for large N

® The constant £, can be computed for any given N .

(2/m)N/2 /O@ 1 /
Ern = d d
N (2H(2z’—1)! o o miwes [ 00D

N2 >
Kn(2,T)|Nsoo 2 N2 O (W — 7')

N2
EN|N—o0o R exp (7[ log N + o(log V) ])

(v —2)°
2T

] (2 —2)° Kn_o(x,7)

Kundu, Majumdar, Schehr (2014)



] Remarks & summary : independent walkers

* Exact distribution of the number of distinct and
common sites visited by N independent random
walkers.

e Connection with extreme displacements => Exact
limiting distributions for large N : D(z) , C(y)

 Walkers moving in a globally bounded potential:
D(z), C(y)




Remarks & summary : Vicious walkers

Till survival

Watermelon with wall

2
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Schehr, Majumdar, Comtet, Forrester (2013)



Remarks & summary : Vicious walkers
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What about the distribution of the
maximum displacement of the 1% walker ?



Thank You




	Slide 1
	Slide 2
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 86
	Slide 87
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 101
	Slide 102
	Slide 103
	Slide 104
	Slide 105

