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Dynamic processes with odd-parity variables?

€ underdamped Brownian dynamics with potential V' (x)
x=v (E()E" (1) = 2D16(t — ¢')
V= €= VVIX) v = 8D (Einstein relation)

v : odd-parity variable (v — —v under time-rev. op.)
X : even-parity variable

9 underdamped dynamics with general NE(Q) forces
v=—-v+E&—-VV(x;\1)) + f.(x) + glx,v)
A(t) : time-dep. protocol
f,.(x) : non-conserv. force like swirling force, nano-heat engine
g(x,v) : v-dep. force in active matter dynamics, magnetic force
molecular refrigerator(cold damping), feedback control, ...



Stochastic process, lrreversibility & Total entropy production

state space
€ Dynamic trajectory in state space 0<t<T) z, :xT
with a set of state variables: x = (s1, 82, ) '\f—\)
. . . frajeicfory X
e under time-reversal operation: s; — €;s; (€; : parity) =0 :

________________ |
1 1

e odd-parity variable: ¢; = —1 (momentum, ...) e;lz:o fime-rev X
even-parity variable : ¢; = 1 (position, ...)

. . €EX
e “time-reversed” (mirror) state : ex = (€151, €80, -) "

§ Irreversibility for a trajectory x (total entropy production)

P _ - . J _
ASIg[x] = In X] P|x|:probability of traj. x [Sekimgéﬁg%ngé‘é%%?gmow

~

Plx] x: time-reversed traj.

e integral fluctuation theorem (FT) : automatic
(e=AStt) =3 Px|e”ASwtlxl = 57 P[x] = 1 (Jacobian |9%/0x| = 1).
(valid for any finite-time “transient” process) (ASiot) >0
e detailed fluctuation theorem (FT) : involution, i.c.-sensitive

P(AStot)/P(—AStot) = et et [Seifert(2005), Esposito/vdBroeck(2010)]



Total entropy production and its components _,_

L
X
[A] AStot [X] = A‘Ssys [X] —+ AS@HV [X] Lo

¢ ASsy,s - = 11’1(pr /pwo) (Sh&HHOIl entropy) reservoir at I’
¢ ASery = ASies = —Q  (B=1/T)

without measurement & feedback control
changing external agents (information entropy: Maxwell’s demon)

o AS.ys, ASies : not FT variables

external
agents

[B] ASiot[x] = AShk|[x] + ASex|x]
e AS;: EP to maintain the NESS [Hatano/Sasa(2001), Speck/Seifert(2005)]

e AS.: EP regarding transitions between steady states (A(1))
o AS.y, ASh : FT variables (e 2%x) =1, (e72%mk) =1 o 204 Taws

o ASy : adiabatic, AS., : non-adiabatic (ASey vanishes in A — 0 limit)
(mostly even-parity variable only: overdamped case) [Esposito/vdBroeck(2010)]



If odd-parity variables are introduced ?7??

[A ASenv — ASres — _BQ 4
NFOt always ” ASenv — ASres + ASodd

[Kim/Qian(2004),CKwon/JYeo/HKLee/HP(2014)]

B| ASeyx, ASyxk @ FT variables 77

YeS & NO ” AShk — ASbDB T AS&S

not F'T" variable
[Spinney /Ford(2012),HKLee/CKwon/HP(2013)]




Langevin dynamics N i
9 Brownian particle with (cons.4+noncons.) force f(z) fj

V= f(x)—yw+€ (v=x&m=1)
with (£(¢)&(t))) = 2D6(t — t') and v = D (Einstein relation)

P|x] geanien 7, time-reverse
/\ — _ — 1 Lt
[I(x;) : conditional probability for path x; p(Zo) = p(xr)

_ Trdi%% (1')—|—'7'v—f)2—|-%@} (f—’)”v)] (Onsager-Machlup)

x|~ e (Stratonovich)
- 7 1 2_1 v v
2] ~e fo dt]| 2 (0—7v=£)*~37] t— 7—¢
M(z:) v 7 . _ ! B
eln—==—— | dtv(@w—f) =—-0[ dtv(—yv+E) =-8Q(x:)
I1(z+) D Jg 0
p(il?o) — AS_'res(xt)
o p(Zo) = Aeys(at) ® ASiot|x] = ASgys[x]| + ASres|X]



reservoir at 3
A] AS.py = ASie. 77 T

9 Brownian particle with velocity-dependent “external” force g(x, v)

v=g(z,v)—yw+E& (v=x&m=1)
with (£(¢)&(t")) = 2D6(t — t') and v = D (Einstein relation)

g =ge Tt 9o with ge(:v, _U) — 96($3U) & 90(337 _U) — —go(ﬂf},’b’)

[T 1 (s 2,1 o
PIxX] ~ g, * € ) dtlas (+7v—9e=90)*+5 00 (ge+90) =571 5

T—v) = —v
Pl&| ~ py # e Jo T O70=049) 4500 (~ge+90) =42, 505 _ ) =Tt

T 1 .
ASeny = — / dt[E(”v — ge)(Yv — go) + Ouge]
0
T 1 .
- _/O dt[ = (=70 + £)1v=0o(0 = ge = 70) + Duge]

T 1 .
= —pQ + / dt[ﬁgo(’v — Je — '}”U) - 8’!}9’6] = AStes + ASodd

0



¥ Simple example of cold damping with g(z,v) = —v'v (v > 0)
vV=—"Fv—yv+¢&
e steady state distribution = EQ Boltzmann dis. with 5" = (v +)/D

r2
N€_§ﬁv

B = 7/D Astot = ASenv 7E ASres — _BQ <0 (')

external _
Q >0 | agents ASoad = 5 Jo dtgo(v — ge — vv)= BQ — B'AE

(AStot> <A88ys> <ASres> + <Asodd> > 0

e cold damping as measure & feedback = (ASres) + (ASoda) = 0 (SS)
<AStot> (Asres> <ASodd> — <AI> > 0 (SS)

e No cancellation for general g, or g. (NEQ processes)
UV =gc+ g, —YU+E& no v-dep. force

ASyqq = 0 only when no velocity-dependent force (g, = 0 and 9,9. = 0),
but what is this extra odd term?? physical meaning? (not yet clear)
e entropy pumping [Kim/Qian(2004/2007),Ito/Sano(2011),Munakata/Rosinberg(2012)]



Markovian jump dynamics

9 Markovian jump processes with odd-parity variables ¢; =
A¢: time-dependent protocol.

Pa(t) = Dy W,y (Ae) Py (2)

Wy .y transition rate for y — x for z # y

Wy,y =

PalX] () = extr —ty

[ AStot [X] — In Pw [}2]
Pz(t) =D s wzg(A)pg(t) (N = Ar_y)
with pgg(O) = Dy (t = T) Pz = Wz,zPz

Pw[x] ~ Pxy * (ﬂdtiﬁ%mﬁd& i ;31 3«1»(1](8? 3

1=1
e time-reversed path with A\; — A_;

PulX] ~ pq., * (H e

b dtw ex;_qremy_q (At)

— D oy Wa,y(< 0) = escaping rate

e

L

Wz,y

= -1

exo | X |
Y wa,‘;\‘d}/\

W

b e
P o L
S ST B
dtw; A -

i ¥1:T1 A .
*33 . W) bt {2l
1 - P P
rod— i,

0 t; ti—1ti ty T




— BQ (Schnakenberg, 1976)
overdamped

[A] AStot.; ASsys + ASres + ASodd

ASodd = 0 when wy » = Weg ex-
<AStot> > 0 | but <ASsys> =+ <A8res> % 0



[B] AS@X) AShk . FT V&I’i&bles ??(Lee/Kwon/HP, 2013

¥ ASiot|X] = ASex|x| + AShk %]

o AS.: EP regarding transitions between steady states pS.(\¢)
0=>_ wyz(A)pi(At) (non-adiabatic EP)

e ASex = 0 when A = 0 and start with NESS. (adiabatic limit)

o ASyi: EP to maintain the NESS (adiabatic EP)
o ASpx = 0 for EQ (reversible) processes.

w (A
ASiot|x pmﬂ + Zl vizio (M) + Z/ dﬁ wmi mg

wemz 1 ,€X4 )\1&L

. pa?o prz p— /\ p— AS
= In S
-|- Z ps_ 1 )\t ) ex Sys

)

At) — Wez; ,ex; (At)]

- /BQGX

wmz £Lj— 1 )\t )piﬂz_ At ‘i
+ Zln Z/ dt wmt :1:1 )\t) wﬁmzjfmt(At)]

Wex;  —1,EL; ()\t )p;:;:,t )\t

= ASpk = BQnk’



Pu Pzy T, Ti
ﬂ EXCGSS EP ASGX In Pw _l P +Zl wu; e ()\t +Z/ dt [wa; z; (M) — Wea; e (At)]

FT 77

E) with x(t) = x(7 — t) #ex(7 — t)

Pu|x] Pz, Was 2ot (At,) t; )
ln Pw* [)A(] =n me + z?,: n wgi—lgm-ﬁ (/\t-i) T Z@,: v/t;l dt [wﬂ?q‘,,ﬂ?i (At) - w:cz-,aci ()\t)]
Pz, p; ()\tz)
= + > 1 z _ _ B
b, Z Cpi ) ASex = Asys = PlQex

e Stochasticity: > wy, =0

e IFT automatic: (e 2%) =1 mp (ASe) >0
(e=A%) = [dx P, (x)e 2% = [dx P, (x) :((xx)) 1
® <ASsys> 2 /BQGX “ Clausis 2nd law : <ASSyS> 2 /BQ

(equilibrium SS)
e Equality holds in the adiabatic (quasi-static) limit : (ASex) =0




9 House-keeping EP: AShk In 5° % p“’” +Zl w‘” _“’ ((’\;t +Z / dt (W, 2, (At) — Weay e, (Mr)]

W, zi 1 (A (A
AShi = Zln ? t)\)p 2 (A Z f dt Wz, 2 (M) — Weays ez (A)]
Wezx; 1 .ex; ( t; @ ti1

® AShk = 0 for EQ (rever81ble) processes. e
*x KQ conditions 77 e detailed balance : w, ,p; = Wey,ezPeg (T 7 y)ey.\-../.ew
(time-reversal sym) ) Wy oDy = Wex,exPey Wz = Wez ez
e mirror symmetry of SSD : pi =pZ,. ) = AS,, =0
9 EP due to breakage of DB: ASy,pB Spinney /Ford: wT vy = Wey,ex g‘”
2 €Y
e j-process: wT,y = Wey ex Z;j; With DB satisfied, wT7y — Wy y
wx 2.1 (Ag,)
ASL,pB = 111 Zl L L -+ Z dt wm T )\t) — wxz ()\t)]

wT X wmz,xz 1 )\t3 ti—1

w$1 €Ti— 1 )\t p.‘L‘? ()\ti) [)
Zln we:r 1 ,€L; )\t '/\t )+Z/ 1 dt [wa‘; i At) Wea: s (/\ [)

1 'a

o IFT automatic: (e=2508) =1 (ASppp) >0 (>, wl, =0)
e Equality holds for procesbeb satisfying DB : (ASypg) = 0 (no dynamic limit)



q Leftover EP: AS,s = AShk — ASppB

We, x; 1 Af? )pa: (’\t
A — | —~ T, Ti €T;,€T;
Shk Z " Wex; 1 ,ex; ()\t —I_ Z dt [UJ (At) “ (At)]

We, . x; 1()‘f )pm 1(}‘1

ASipp = 2 _In 2 e Qe i) |
m) AS.=) ?; it +Z / At Weg, ez, (M) [p” ((At)) ]

e AS,s =0 with mirror symmetry of SSD ( p3 = p?.).

* EP for broken mirror symmetry of SSD
o (e=DSas)£] (ASas) 3{0
¥ House-keeping entropy: ASwk = ASpp + ASas

o (e~ A5mk)£] (AShic) £ 0



If odd-parity variables are introduced ?7?

[A] ASeny = AS,es 77 Not Always !!
ASenv — ASres + AS,44 o g(v)

In the steady state, <ASenv> > () <ASreS> % 0
e mirror symmetry of decaying rate (Wes = Wep.co) miay AS.qq = 0
IB] ASex, AShi : FT variables 77 Yes & No !!
ASex: FT  ASyk: not FT in general (p} # pi.)
AS = ASipp + AS,.  (ASp) can be negative.

ASyp: FT  AS,s: not FT
e mirror symmetry of SSD (p] =p’.) =) AS.. =0




