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Stochastic model for non-equilibrium systems
@ Equation of motion:

4(t) = F(q(t)) + VDE(t)
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Stochastic model for non-equilibrium systems
@ Equation of motion:

4(t) = F(a(1)) + VDE(t) + 2(t) — a

Poissonian shot noise (PSN)
Z(t) A

Ni
Z(t) = ZA,‘(S(t = t,')
i=1

N; Poisson distribution

Times t; uniform in [0, t]

A; are i.i.d. with density p(A)
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Stochastic model for non-equilibrium systems

@ Equation of motion:

4(t) = F(a(1)) + VDE(t) + 2(t) — a

Poissonian shot noise (PSN)

Ny z(t) 1
Z(t) = ZA,‘(S(t = t,')
i=1

N; Poisson distribution

Times t; uniform in [0, t]

A; are i.i.d. with density p(A)

o Lévy noise: T(t) = vDE(t) + z(t) — a, a = (z(t))
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Poissonian shot noise

@ Average number of shots: (N(t)) = At
(z(t)) = AA)
Cov(z(t), z(t)) = A(A*)é(t—t)

@ Infinite hierarchy of cumulants
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Poissonian shot noise

@ Average number of shots: (N(t)) = At
(z(1)) = A(A)
Cov(z(t),z(t)) = X{(A%)s(t—t)
@ Infinite hierarchy of cumulants
e Non-local diffusion
0 0 D 92
5iPla: 1) = —8—q(F(q) —a)p(q. t) + ga—qu(q, t)

+A / T aa p(q — A, t)p(A) — Ap(q, t)

—0o0

o Weak-noise limit?
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Characteristic functional of PSN

Poissonian shot noise (PSN)
Ne z(t) 1
Z(t) = ZA,‘(S(t = t,')
i=1

@ N; Poisson distribution t
e Times t; uniform in [0, t]
e A; are i.i.d. with density p(A)

Calculate noise functional

6.lel = (o0 {1 [ e)athas) ) =ew {1 [ (olets)) - s}

where ¢(k) = (ek)
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Path-integral formalism
@ Propagator given as path-integral over path weight P[q]

(g,t)

f(g, tlqo) —/ DqPlq]

(90,0

qvt)
= / Dq/Dgexp{ /ﬁq, ds}
(90,0)

e Write P[q] as inverse functional FT
Plal = [ Deen{~i [ ¢(s)(a - Fi@)is} GilelG.le

o Lagrangian:

£(9.6) = ig(d— Fa(@)) + 5 D&* ~ A(6(g) ~ 1)

e Conjugate momentum: 9L/0q = ig
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Path-integral formalism

@ Lagrangian
£(9.6) = ig(d — Fa(@)) + 2 D&* ~ A(6(g) 1)

o Want: £L — L£/D. Introduce the scaling:

g — g/D
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Path-integral formalism

o Lagrangian

£(q.8) = gl — F(@)) + 5 D8’ +A(<A2>

o Want: £ — L£/D. Introduce the scaling:

g — &/D
A — A\/D*
Ay — AgD”
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Path-integral formalism

o Lagrangian
L(q,g) =ig(qg—F(q)) + 5 Dg +/\(<A2> +<A3> )

o Want: £ — L£/D. Introduce the scaling:

3

g — f;’/D S " /
A — A\/D* 1 j

Ay — AgD”
0 1 2 3
M
@ Gaussian weak-noise limit:
1
V= 5(:“‘ + 1)7 p>1

o PSN weak-noise limit: p =v =1
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Euler-Lagrange equations

Saddle-point approximation for D — 0

flartlao) = 00" 8) o {5 [ £(a"87)as} 1+ 0(D)

@ Optimal paths determined by coupled EL equations
g = Fa(q)+ig—ird(g)
& = —Fiae

with boundary conditions g(0) = go and q(t) = ¢;
@ Prefactor ¢)(g*, g*) can be calculated by recursion relation

A. Baule (QMUL) Weak-noise limit GGl Florence, June 2014 8 /31



Euler-Lagrange equations

Saddle-point approximation for D — 0

flartlao) = 00" 8) o {5 [ £(a"87)as} 1+ 0(D)

@ Optimal paths determined by coupled EL equations
g = Fa(q)+ig—ird(g)
& = —Fiae
with boundary conditions g(0) = go and q(t) = ¢;
@ Prefactor ¢)(g*, g*) can be calculated by recursion relation
e Gaussian case (A = 0)
g =—i(g—F(q)) - G—F'(q)F(q)=0
1,.
- £=(a-F(q))
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Weak-noise limit of non-equilibrium systems

@ Escape from metastable potential — asymptotic scaling of (7ex)

@ Large deviations of non-equilibrium observables

Qlq] = /otU(d,q)ds
I(w)

lim D log P,
Jim, D 1og Pa(«)

© Piecewise linear transport model

» Simple model for noise induced transport
» Stationary properties
» Weak-noise approximation of finite time propagator
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Escape from metastable potential

Kramer's rate
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Escape from metastable potential

Um
Kramer's rate

V(@)

q
e Exact asymptotics of (7ex) (Freidlin & Wentzell):

lim Dlog (Tey) = inf S(qu, t:
by~ 8 {Tex) !20 (4, £ 9o)
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Escape from metastable potential

Um
Kramer's rate

V(@)

q
e Exact asymptotics of (7ex) (Freidlin & Wentzell):
lim Dlog (7ex) = inf S(qum, t:

plo” 08 (7ex) £20 (Gm- £ do)

@ Action for PSN:

t
5(gm, t; qo) :/o L(q",g")ds
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Escape path
@ Gaussian case (A = 0)

G- F'(q)F(q)=0
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Escape path

@ Gaussian case (A = 0)

G- F@F@)=0 — (@ Fa?)=0
Optimal paths:
q=F(q) q=—F(q)

Relaxation: zero action Excitation: non-zero action
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Escape path

@ Gaussian case (A = 0)

G- F@F@)=0 — (@ Fa?)=0
Optimal paths:
q=F(q) q=—F(q)

Relaxation: zero action Excitation: non-zero action

@ Escape path is the time-reverse of a deterministic relaxation path.

Action: Lt
S = 5/ (g — F(q))%ds = 2AV
0
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Escape path

V(@)

Yo

Om

@ Gaussian case (A = 0)

q(s)

AV
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Escape path

e PSN case (X # 0)
g = Fi(q)+ig—ir(g)
g = —Fiag

with boundary conditions g(0) = go and q(t) = gm
@ Action:

t
S(qm, t; qo):/0 L(q",g")ds

@ Noise-free deterministic relaxation:

g=0 — 5$=0
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Escape path

e Gaussian case (A = 0)

AV
@ PSN case (X # 0)
Am
av
Yo
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Time-reversal symmetry
@ Optimal paths break time-reversal symmetry

Gaussian noise PSN

q(s)
q(s)

@ Relation with fluctuation theorems

Ratio of path probabilities

pla(s)lqo] BAE thermal noise

log ——~— = BAS driving
pla(s)|a:] ? PSN
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Large deviations of non-equilibrium observables

e Consider functionals of g(s)

t

alg] = | Ua.q)s

@ We are interested in large deviations
l(w) = [I)|Ln0 —Dlog Pqo(w)

o Consider scaled cumulant generating function

— i a [y U(g,q)ds

N a) £|>|Lno Dlog <e 0 >

@ Legendre transform

I(w) = sup(aw — A(a))

«
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Large deviations of non-equilibrium observables

@ Obtain from path-integral
Na) = — igtf S(qs, t; qo0)

@ Modified Lagrangian

L(q",8")=L(q",g") —alU(q",q")

A. Baule (QMUL) Weak-noise limit GGl Florence, June 2014 17 / 31



Large deviations of non-equilibrium observables

@ Obtain from path-integral
Na) = — igtf S(qs, t; qo0)

@ Modified Lagrangian

L(q",8") =L(q".8") —alU(d",q")
o Euler-Lagrange equations

g = Fi(a)+ig —ird'(g)

doUu oU
y — _F/ . ¥
-4 2(9)g ’O‘<dtaq 8q>
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Exact solution for linear force

o Consider linear force and linear functional (dragged particle model)

Flq) = —q+f
U(g.q9) = q

e EL equations with boundary conditions ¢(0) = go and q(t) = ¢;

g = —vq+f—a+ig—i ' (g)
g = pgtia
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Exact solution for linear force

o Consider linear force and linear functional (dragged particle model)

Flq) = —q+f
U(g.q9) = q

e EL equations with boundary conditions ¢(0) = go and q(t) = ¢;

g = —vq+f—a+ig—i ' (g)
g = pgtia

o Action: S(qt, t: qo; o). Integration constant gy

9 .
8_g05(qt’t' do; &) =0
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Exact solution for linear force

@ Scaled cumulant generating function
Na) = — igfg(qt, t; qo; §0) = —5(a7, t: 9o; &)
t

with 82;‘ E(q;*, t; qo; 8o) = 0. Solve for go(qj).
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A. Baule (QMUL) Weak-noise limit

Exact solution for linear force

@ Scaled cumulant generating function
Na) = — igfg(qt, t; qo; §0) = —5(a7, t: 9o; &)
t

with 82;‘ S(qf, t; qo; 8o) = 0. Solve for go(qj).

o Long time limit

im LAa) = & (f—a)+>\<¢(i—a> —1>

(6%
t—oo t 2#2 W
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Exact solution for linear force

@ Scaled cumulant generating function
Na) = — igfg(qt, t; qo; §0) = —5(a7, t: 9o; &)
t

Ié)

with RER S(qf, t; qo; 8o) = 0. Solve for go(qj).

o Long time limit

lim SA(a) = o L(F—a)+ A <¢ (%) - 1>

t—oo t 2#2 W

@ Result previously obtained for particular ¢ and arbitrary D

Baule & Cohen, PRE (2009)

@ Weak-noise approximation yields exact solution for linear systems
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Stochastic model for noise-induced transport

Equation of motion:
v(t)=F(v)+z(t)—a

with
F+(V), v > 0
F(v) =
F_(v), v<O0

o Piecewise-linear force (dry friction) and PSN

@ Granular Brownian motors
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Directed motion due to interplay of friction and noise

@ Brownian motion:
m(t) = —yv(t) +&(t)

> linear friction
» average velocity:

1

(v) =~

v

» fluctuations do not exert a net force:

{€(t) =0

(&(t)) =0 — no directed motion
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Directed motion due to interplay of friction and noise

@ Stochastic equation of motion (diffusion process):

mv(t) = —yv(t) — mAf(v) +&(t)

» nonlinear friction
> average velocity:

(v) = —Br(F(V)#0,  for (&(t)) =0

* inertia
* nonlinear response
* asymmetric p(v) — asymmetric &(t)
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Granular Brownian motors

Equation of motion:

w(t) = —w(t) = o [w()] A + 7con(t)

A
support (dry friction)

. ~——rotator
5 R . %

. . . . .

.\ J6mm 3a mm

N

X

Y ~ molecular 4 mm

fluid at equilibrium Clet symmewic  Right

Gnoli et al, PRL (2013)
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Rare and frequent collision limits

o Consider parameter

g=Tc

TA

@ Angular velocity PDF exhibits
delta-peak for

f— o0

Rare collision limit

Gnoli, Puglisi, Touchette, EPL (2013)
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Formal mapping of collision process to PSN

Master equation (low density gas): Cleuren & Eichhorn, JSTAT (2008)

%p(w, t)+6i p(w, t) /dw W(w|w')p(w', t) — W('|w)p(w, t)]

@) [ pler = Aol YA~ ple )
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Formal mapping of collision process to PSN

Master equation (low density gas): Cleuren & Eichhorn, JSTAT (2008)

5Pl )+ A F@)plios ) = [ ! [Wl (!, 6) = W )p(o, 0]

@) [ pler = Aol YA~ ple )

Approximate in the rare collision regime
Mw) =~ /dw)\(w)p(w) ~ \(0)
pw,A) =~ /dw,o(w,A)p(w) ~ p(0,A)

— PSN with frequency A and amplitude distribution p
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Stationary solution

e Density p(v, t) satisfies (KF equation)

0
_p(V7 t) +

g SoFR(t) =2 [~ dAR(v = A.0)p(A) ~ ap(v. 1)

ov

o Diffusion part is non-local
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Stationary solution

e Density p(v, t) satisfies (KF equation)

SP )+ 5o (e t) = A [ dAR(v = A )p(A) = Ap(v. 1)

o Diffusion part is non-local

@ Stationarity condition

FWpl) = [~ av6(v - v)p(v)

—00

Around v = 0: F(0M)p(0T) = F(07)p(07)
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Stationary solution

e Density p(v, t) satisfies (KF equation)

SePLs0)+ 2L F(p(v 1) = A [ A p(y = A 0)p(4) ~ 2p(1. 1)

o Diffusion part is non-local

@ Stationarity condition

FWpl) = [~ av6(v - v)p(v)

—00

Around v = 0: F(0M)p(0T) = F(07)p(07)

> p(v) is discontinuous at v =0
» p(v) contains delta peak at v =0 for F(0~)F(0") <0
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Stationary regime

@ Non-monotonic transport for increased friction

@ Superposition of integrable and non-integrable solutions

025f
20 Ai=6 020[
N
15 A=4 /
0.15F .

<vV>
/
5
p(v)

0.10
0.5 1=
Mﬁ-—-—-—. /
/
0.0 05l i
0 1 2 3 4 5 6 0.05 L
Ala

0.00 L

Baule & Sollich (EPL, 2011); (PRE, 2012)
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Finite time propagator in the weak-noise limit

@ Optimal paths determined by coupled EL equations
Vo= Fa(v)+ig—ird(g)
& = —Fve

with boundary conditions v(0) = vg and v(t) = v;

e For piecewise-linear force obtain solution v, (s) for v > 0 and v_(s)
for v <0
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Finite time propagator in the weak-noise limit

@ Optimal paths determined by coupled EL equations
Vo= Fa(v)+ig—ird(g)
& = —Fve

with boundary conditions v(0) = vg and v(t) = v;

e For piecewise-linear force obtain solution v, (s) for v > 0 and v_(s)
for v <0

@ Determine cross-over at v = 0 by second action minimization:

Ir%f[s-l-(oa t; qo, O) + 5—(qta t; 0, E)]
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Optimal paths in the velocity-time plane

@ Direct paths: pure slip motion

% v
B B V.(s)
S S i
v,(S) S
v_(s)
s
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Optimal paths in the velocity-time plane

@ Direct paths: pure slip motion

\Y \'
o o V.(s)
¥> ')‘> E
V4(s) s
v_(s)
s
o Indirect paths: stick-slip motion
v v
@
2 5
-k> )
0 T
ty tb\s
’ b s

GGl Florence, June 2014
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Structure of the optimal paths

Dynamical phase diagram

@ Second action minimization distinguishes direct (slip) and indirect
(stick-slip) paths

(Vo,to)

Baule, Cohen, Touchette, JPhysA (2011)
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Result for the propagator

Pure PSN case:

3.0
2.5¢
c 2.0t
§ 15 — 03
8 —_— 1=2.0
1.0t —  Pst
0.5}

0.0k
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