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Combinatorial optimization

Traveling salesman problem

/]

Minimize the cost function (tour length)



- Combinatorial optimization
Formulation

Minimize the cost function (a function of discrete variables)

Ising model

Cost function,, (classical) Hamiltonian
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Simulated Annealing (SA)

Search by thermal fluctuations

Cost function
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Quantum Annealing (QA)

e Search by quantum fluctuations

Cost function

/\i BV |  Quantum probability
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Questions

»Does quantum annealing work?
Yes.

> |s It better than simulated annealing?
Yes, In some sense ...
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T vs 7": Hopfield model

H Z—ZJijGiGJ— (Finite T) J; :;‘fiﬂfjﬂ
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Amit, Gutfreunt, Sompolinsky (1985)



T vs 7: Hopfield model

H——ZJIJ IGJ-Z—FZJiX (T =0)
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Numerical evidence




Master egn vs. Schrodinger egn

Random J;;, 8 spins o) 3
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Kadowaki & Nishimori (1998)
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Monte Carlo for TSP (1002 cities)
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Monte Carlo for 3SAT
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Total Annealing Time

SA

Battaglia, Santoro, Tosatti (2005)
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Theoretical background




Morita & Nishimori

- Convergence theorem

Control parameter

(Geman-Geman for SA)

t

H = HO + Hquantum = _Z 'JijGiZGjZ _F(t)ZLGiX
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Adiabatic computation




Quantum adiabatic computation

E

Farhi et al (2001)

Trivial initial state Non-trivial final state

H(t) = —(1—£jz o, —lz JijJiZG-Z
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Computational complexity

E
Finite-size analysis -
Adiabatic theorem 7 oc A2 — _——
0 T
1%t order phase transition {

2"d order phase transition
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Summary so far

v' QA works and is better than SA.

v’ 1st order quantum transitions is problematic.
v'Question: What happens when there exists
no classical phase transition but T

there Is a quantum transition?
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Overview

Classical dynamics to quantum Hamiltonian

(Classical) Ising model Hy(c), (o = {o1,02," - ,0n})

Master equation (fixed T, single-spin flip)

dP,(t)
= /P/ t
dt ;WO'O' g ( )

V.

Transverse-field Ising model

Ha’o” — _(j% U!MYT)Wo_gl(jférﬂ[(,(g’\)

@ Eigenvalue spectrum
W,—H : XAg=0>—-X1 > —Xg >

o W : A\ =771 (inverse relaxation time; P(t) ~ Pog + ae™?t)

cf. Castelnovo, Chamon, Mudry, and Pujol, Ann. Phys. (2005)
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Overview

Example

@ 1d ferromagnetic Ising model

N
Hy(o) = —JZJjUj_H
j=1

@ W of heat-bath dynamics (at fixed T') is equivalent to:

N
.
H =~ tanh2K ) o505,

=1
1 N

— m Z (COSh2 K— Sinh2 K 05710;+1)Uf
7j=1
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Classical to quantum

Quantize it!

@ Quantum Hamiltonian: Real symmetric (Hermitian)

1

Hyor = (I:I) = _('E"H(](G)Wcra/(' ‘

oo’

= H,,» = Hy, (+ detailed balance)

3H()(()’/')

o=

@ Eigenvector and eigenvalue

A A

WU = D, = oy
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Classical to quantum

Matrix elements of H

Off-diagonal

1 ( 1 /
Hyor = —c2 H[UW)WJU’(”iE Hol') = —Wgo’ (< 0)

(W, gr=, e~ 2 HO@=Ho(e'))

Hoo = Z Woo'€ 2 B(Ho(a")~Ho(7))
o’eN (o)

Combined: operator representation

A=Y % ( e P H0D|0) (0] — o

4 UEN
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Classical to quantum

Locality + single-spin flip

@ Assume Hy(o) is local.

o)=Y Hj, (Hj=—hjoj—o; > Jjor—-)
j

keN(j)

e Assume 0 — ¢’: 0; — —o; (single-spin flip)

Ho(O') - Ho(o‘l) = Hj - (—Hj) = ZHj (local)

@ Operator representation

H= Z Z <ww/e2'g ()_HO(”/))|J><J|—w00/|0'><0|>

o o'eN(o)
—Z (07 — —0; (ﬁHj]I—O';:)

Local Hamiltonian!
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Classical to quantum

Example: 1d ferromagnetic Ising model

@ Heat-bath dynamics

N
A 1
H = (const) — 3 tanh 2KZO‘;O‘;+1
j=1
) N
— m Z (COSh2 K— Sinh2 K U;_]_O'j_;'_l)a'?
j=1

Hidetoshi Nishimori Classical dynamics and quantum Hamiltonians 9/16



Classical to quantum

Adaptive change of local transverse fields

Transverse-field term

1 N

" 2cosh 2K 4
J=1

2 i 2 z z T
(cosh K —sinh Kaj_lajH)Uj

05 105 =1: cosh? K — sinh? K Weak field

05 1054 =—1: cosh? K 4 sinh®? K Strong field

Weak/strong field for desirable/undesirable configuration

Adaptive transverse field— no phase transition

(no transition in dynamics in 1d)

cf. Uniform transverse field — quantum phase transition
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Time dependent W

Simulated annealing with 3 as a function of ¢

Master equation with W (¢)

PO _ 1))

(;g(t) = e%ﬁ(t)Hop(t% I:I(t) _ —e%ﬁ(t)ﬁoﬁ/(t)e*%mt)ﬁo

Rewrite the master equation in terms of ¢(t) and H(t)

1.

—a = “H®() + 58 Hod (1)
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Quantum to classical

Quantum to classical: Construction of transition matrix

A~

o Given H: (H)ye <0 (0 #0')

H = _Z‘]ijgfaj —I Zaz‘r +F2(ZU§U)2 excluded
ij i

i

Shift the energy:  H¢® =0 (ground state)

@ Perron-Frobenius: ¢((70) >0 (Vo)

Define the Ising model:  Hp(o) := —21In gbf,o)
cf. Classical to quantum: qg(o) = e‘éﬁﬁo/\/?

Hidetoshi Nishimori Classical dynamics and quantum Hamiltonians
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Quantum to classical

Quantum to classical (2)

o Define the Ising model:  Hy(c) := —21n ¢%)
cf. Classical to quantum: ¢ = eféﬁﬂo/\/?

@ Non-local

Hy(o) = Zhjaj —i—ZJz‘jUz‘Uj +--+Joyog--oN
J ij

" . - Ll LF
e Transition matrix: W := —¢ 21050
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Summary

Summary

e Equivalence: Eigenvalue spectrum (fixed T"), Time-dependent
T(t)
W,—H : Xg=0>-X\1 > )Xo >---
(Relaxation time)~! = Energy gap

@ Inquivalence: Interaction range, H, /<0

Original system short
classical — quantum short
quantum — classical long

@ Thanks to Junichi Tsuda and Sergey Knysh
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