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What is Single-file diffusion?

O o® o0 ® O

Motion in channels where particles each
other.
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What is Single-file diffusion?

O o® o0 ® O

Motion in narrow channels where particles can not cross each
other.

Examples:
Transport of ions through pores in cell membranes.
[Hodgkin and Keynes, 1955]

Diffusion of large molecules in Zeolite.
[Karger and Ruthven, 1992]

Water molecule in carbon nanotube.
[Das et al., 2010]

Sliding of DNA-binding proteins along DNA.
[Gene-Wei Li et al., 2009]

2390 published articles containing the word “single-file diffusion”;

69 published in this year
[Google scholar]
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Tagged particle

o o® oo ® o

Motion of particles is

<X%>single-ﬁle =~ Dﬁ <X%>n0rmal ~2DT.

Transport of large molecules in Zeolite
[Kukla et al, 1996]
Colloids in 1d channels
[Wei et al, 2000][Lutz et al, 2004][Lin et al,2005]
Water molecules in carbon nanotube.
[Das et al., 2010]
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theoretical studies

At large times the probability of tracer position is
with variance Dv/T

: [Harris, 1965]
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theoretical studies

At large times the probability of tracer position is
with variance Dv/T

: [Harris, 1965]
[Levitt, 1973]
: [Arratia, 1983]
: [Kollmann, 2003]

[Leibovich et al, 2013]

<X 2 > annealed 75 <X 2 > quenched
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What about higher cumulants? Any general framework?
Our work

macroscopic fluctuation theory.
[Bertini et al,2001]
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What about higher cumulants? Any general framework?

Our work

macroscopic fluctuation theory.
[Bertini et al,2001]

, cumulants

(XT)e =~ knﬁ

depends on system
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What about higher cumulants? Any general framework?

Our work

macroscopic fluctuation theory.
[Bertini et al,2001]

, cumulants

(XD)e ~ kT

Probr(X) < e_ﬁ i (%)

large deviation function
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What about higher cumulants? Any general framework?

Our work

macroscopic fluctuation theory.
[Bertini et al,2001]

, cumulants

(XT)e =~ knﬁ

X
Probr(X) < e_ﬁ g (ﬁ)
initial condition
B(€) anneated 7 (&) quenched
compute ¢(¢&) for
An exact microscopic calculation for
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A macroscopic approach
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A macroscopic approach

Continuousspace: ®@ @0 @0 @ @

On lattice (SEP): @+ @ 1 @ @ @ 1@

No bias Infinite system size

At a

Or p(x, 1) = Ox [ D(p)Oxp(x, 1) +/ a(p) n(x, 1) ]
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A macroscopic approach
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No bias Infinite system size

At a
9t p(X, t) = Ox [ D(p)Oxp(x, 1) + v/ a(p) n(x, 1) ]
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. white noise
density  pjffusivity ~ (n(x, hn(x', ¥)) =
mobility 5(x — x)5(t—t))

Microscopic details of system are in the function D(p) and o(p)
For point particles: D(p) = 1 and o(p) = 2p
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tracer position

How is tracer position linked to density field p(x, t)?

No particle can cross each other — Number of particles on right of
tracer is unchanged.

/OO p(z, T)dz = /Ooo p(z,0)dz

X7

Xt is a functional of the density profile p(x, t).
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No particle can cross each other — Number of particles on right of
tracer is unchanged.

/: p(z, T)dz = /Ooo p(z,0)dz

Xt is a functional of the density profile p(x, t).

cumulant generating function

AT_log[ }

—_

n( T) = (X7)e A+ = (XB)e N2 4

2
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/: p(z, T)dz = /Ooo p(z,0)dz

Xt is a functional of the density profile p(x, t).

cumulant generating function
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pOLT) = (KT + 5(XB)e 2+
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tracer position

How is tracer position linked to density field p(x, t)?

No particle can cross each other — Number of particles on right of
tracer is unchanged.

/: p(z, T)dz = /Ooo p(z,0)dz

Xt is a functional of the density profile p(x, t).

cumulant generating function second cumulant

AT_log[ }

—_

pAT) = (Xr)e A+ 5 (XF)e ¥ +

2

Tridib Sadhu (IPhT, CEA-SACLAY) GGl June 27, 2014 8/30



tracer position

How is tracer position linked to density field p(x, t)?

No particle can cross each other — Number of particles on right of
tracer is unchanged.

/OO p(z, T)dz = /Ooo p(z,0)dz

X7

Xt is a functional of the density profile p(x, t).

cumulant generating function
#(A T) = log |(eM7)]

1
PO T) = (Xr)o A+ 5 (XF)e A% -

Legendre transform u(A, T) to get
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Variational formulation

[Bertini et al,2001]

(@) = [ Do, e {AXr11] - Flo(x.0)] - /0 Cat / Z ox [0 — H )

Let X7[g] = Y (the tracer position for least action path)
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Variational formulation

[Bertini et al,2001]

(@) = [ Blp.plexp {37151 - Flo(x. 0) - /0 Cat / Z ox [0 — H )

Path integral
within time [0, T

Let X7[g] = Y (the tracer position for least action path)
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Variational formulation

[Bertini et al,2001]

(@) = [ Do, e {131 11] - Flp0)] - /0 Cat / Z ox [0 — H )

Plo(x,0)] = o~ Flx 0

for quench F =0
for annealed F =free energy

Let X7[g] = Y (the tracer position for least action path)
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Variational formulation
prob of

[Bertini et al,2001] €ach path

(@) = [ Do, e {AXr11] - Flo(x.0)] - /0 it / Z o [porp — H]}

Let X7[g] = Y (the tracer position for least action path)
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Variational formulation

[Bertini et al,2001]

(@) = [ Do, e {AXr11] - Flo(x.0)] - /0 Cat / Z ox [0 — H )

H = =5~ (9xP)" = D(p)(9xp)(9x7)

Let X7[g] = Y (the tracer position for least action path)
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Variational formulation

[Bertini et al,2001]

(@) = [ Do, e {AXr11] - Flo(x.0)] - /0 Cat / Z ox [0 — H )

H = =5~ (9xP)" = D(p)(9xp)(9x7)

(@7) = [ Dlp.ple ST
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Variational formulation

[Bertini et al,2001]

(@) = [ Do, e {AXr11] - Flo(x.0)] - /0 Cat / Z ox [0 — H )

H = =5~ (9xP)" = D(p)(9xp)(9x7)

(@7) = [ Dlp.ple ST
, contribution from paths of least action (p, p) = (q, p).
p(\, T) = log |(€¥7)] = ~S[a,p. 1, T,

Let X7[g] = Y (the tracer position for least action path)
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Paths of least action

otq = 0x[D(q)9xq — (q)0xp]

a'(9)
2 (axp)2

op = —D(q)0xxp —

Boundary condition

Tridib Sadhu (IPhT, CEA-SACLAY) GGl June 27, 2014 10/30



Paths of least action

otq = 0x[D(q)9xq — (q)0xp]

a'(9)
2 (axp)2

op = —D(q)0xxp —

Boundary condition
initial density fluctuating
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Paths of least action
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initial density fluctuating
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Paths of least action

otq = 0x[D(q)9xq — (q)0xp]
/
op = —D(q)0xp — d éCI) (axp)2
Boundary condition
initial density fluctuating

A
PUT) = =)

A OF
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X7
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Paths of least action
otqg = 0x[D(q)0xq — (q)0xp]

/
op = —D(q)0xp — aéq) (Oxp)
Boundary condition
initial density fluctuating
A
x,T) = O(x —Y
PT) = =)
A oF
x,0) = 0(x) +
PO = v "™t Saix0)
initial density fixed
A
x, T) = O(x—Y
P T) = =)
q(x,0) = p
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Paths of least action
otqg = 0x[D(q)0xq — (q)0xp]

/
o = ~D(@p— T (9hp)?
Boundary condition
initial density fluctuating
A
x,T) = O(x —Y
PT) = =)
A oF
x,0) = 0(x) +
PO = v "™t Saix0)
initial density fixed
A
p(X7 T) - Q(Y,T H(X_:/) p—
0) = uniform initia
q(x.0) £ density
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orq = 0x[D(q)9xq — a(q)9xp]

o0 = ~D(@op— T (0p)
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orq = 0x[D(q)9xq — a(q)9xp]
a'(q)

op = —D(q)0xp — 5 (0xP)?
A
p(X7 T) = q( Y, T) H(X - Y)
A 2D(r)

q(x,0)
p(x,0) = a0, T)H(X)—f—/ ar ()
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orq = 0x[D(q)9xq — a(q)9xp]
a'(q)

op = —D(q)0xp — 5 (0xP)?
F
from 5q()[(f7(]))
A
x, T) = O(x—Y
PT) = coyflc=Y)
A a0 2D(r)
x,0) = 0(x +/ ar
PO = v "™ e
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orq = 0x[D(q)9xq — a(q)9xp]

o0 = ~D(@op— T (0p)
T) = — 2 _gx—Y
POT) = Gy
o a9 2p(r)
p(x,0) = a0, T)H(X)—f—/p ar ()
00 (x,0)
u(\, T) —/\Y—/_ dx/q drzf((r;) (q(x,0) —r)

- /0 "t /_ Z dx“(zq) (0xp)?
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orq = 0x[D(q)9xq — a(q)9xp]

ap = —D(q)dup — U/éq) (0xp)?
PXT) = Gy )
PU0) = g+ /pq(w) o fom Flatx.0)
u T = Ay [~ ax [T % 220 (4(x,0) - 1
_ /0 ot /_ Z dxa(zq) (OxP)?
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otq = 0x[D(q)9xq — (q)9xp]

o0 = ~D(@op— T (0p)
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otq = 0x[D(q)9xq — (q)9xp]
o'(q)

op = —D(q)0xp — 5 (8XP)2
(x,T) = A O(x —Y)
P = qvm

Q(X,O) = P
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otq = 0x[D(q)9xq — (q)9xp]
o'(q)

op = —D(q)0xp — 5 (8XP)2
(x,T) = A O(x —Y)
P = qvm

Q(X,O) = P

T 00
u()\):/\Y—/O dt/_ dxa(zq) (9xp)?
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What can be extracted without solving?

(A, T)is evenin A.

22

x4
7

pA T) = o

X3)e+ T (XThe +
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What can be extracted without solving?

(A, T)is evenin A.

22
2!

4

p(A, T) = 4

A O

n(\) o< VT
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What can be extracted without solving?

(A, T)is evenin A.
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all cumulants scale as V' T.
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What can be extracted without solving?

(A, T)is evenin A.

22

x4
7

pA T) = o

X3)e+ T (XThe +

w(N) oc VT
all cumulants scale as v/T.
taking Legendre transformation

Prob (\% - 5) = exp {—ﬁaﬁ (f)}

#(€) is an even function.
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What can be extracted without solving?

(A, T)is evenin A.

22

x4
7

pA T) = o

X3)e+ T (XThe +
w(N) oc VT

all cumulants scale as v/'T.

taking Legendre transformation

Prob (\% - 5) = exp {—ﬁaﬁ (f)}

#(&) is an even function.
At large T, using Taylor expansion of ¢(¢),

Prob(X) = exp {— D)\(zﬁ]
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An exact solution

D(p)=1 and  o(p)=2p

p+ 0P = —(0xp)?
019 — 0xxq = —0x(2q0xp)
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An exact solution

D(p)=1 and  o(p)=2p

p+ 0P = —(0xp)?
O01q — 0xxqQ = —0x(2q0xp)
annealed
A
x,T) = Bx—-Y where B=
p(x. ) (x-) T

q(x,0) = pexplp(x,0)— BI(x)]
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An exact solution

D(p)=1 and  o(p)=2p

p+ 0P = —(0xp)?
01q — 0xxq = —0x(290xp)
annealed
A
x,T) = Bo(x-Y where B=
p(x, T) (x-) D

q(x,0) = pexp[p(x,0) — BO(x)]
treat B as pa-

rameter and
solve it self-
consistently
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An exact solution

D(p)=1 and  o(p)=2p

p+ 0P = —(0xp)?
019 — 0xxq = —0x(2q0xp)
annealed
A
x,T) = Bx—-Y where B=
pX.T) = Bo(x—Y) T

q(x,0) = pexplp(x,0)— BI(x)]

Define P = eP and Q = ge P, then
atP+aXXp:0 and 81‘0_8)()(0:0
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annealed

1 Y —x
_ 1 x—-Y
qx,t) = p 1+(e B1>2erfc< 4D(T—t)>

14 (e 1) perie ()]
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1+ (eB — 1) %erfc <4E(TX— t))]

14 (e‘B — 1> %erfc (4)27(_TY— t))

14 (e 1) perie ()]

p(x,t) = log

Q(X, t) = P

Y/V4aDT °B
=e -1
exp[-Y2/4DT] v 1erfc( y )
Var VA4DT 2 VADT
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annealed

p(x,t) = log |1+ (e®~1) %erfc <\/%>]
gix.1) = p |1+ (eP-1) ;e”C( 4)27(_TY— t))
1
(1) o ()|
Y/\/W _ B _ 4
exp[—&’%“ml _ \/W S erfc ( \/W)

using [,° dxq(x, T) = [y~ dxq(x,0)
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annealed

) = o1 (1) ot )
a0t = o1+ (6_31>;erfc< i t))
{1 +(98_1);erfc< :Dtﬂ
Y/VADT _ &8 _ 1
exp[—\}’%{4DT] ~ ¢4Yﬁ%erfc (\/%)
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Definition B = A/q(Y, T)

q(Y, T) can not be determined self-consistently
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Definition B = A/q(Y, T)

qx,t)=p {1 + (e_B — 1) %erfc <%>] [1 + (eB — 1) %erfc(\/%)]

S
\

0.9

0.8

—-40 -20 0 20 40

q(Y, T) can not be determined self-consistently
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[Baruch Meerson]

1-¢€B

1e(A) = AY(B) + 1+ 8

Y(B).

This yields

A=p(1—eb) {1 + (eB— 1) %erfc <\/4Xﬁ>]
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u(\) = V4DT p [)\y + (eB - 1) a(y) + (e‘B - 1) a(fy)}
y= (eB - 1) a(y) - (e*B - 1) a(~y)

A=(1-e5B [1 + (eB — 1) ;erfc(y)]
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J,” 3 erfe(2)dz
u(\) = VaDT p [Ay + (eB - 1) aly) + (e—B - 1) a(—y)}
y= (eB - 1) a(y) - (e*B - 1) a(~y)

A=(1-e5B [1 + (eB — 1) ;erfc(y)]
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J,” 3 erfe(2)dz
u(\) = VADT p [Ay + (eB - 1) aly) + (e—B - 1) a(—y)}
y= (eB - 1) a(y) - (e*B - 1) a(~y)

A=(1-e5B [1 + (eB - 1) ;erfc(y)]

o) = p[Valy) - Va(=y)]

P[ Xt _ y} — o~ V4DTo(y)
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pj% =\y+ /_Z dz {Iog {1 + (eB - 1) ;erfc(—z)}
Lerfe(~2) ]

1+ (€8 —1) Jerfe(—2)

—BeP

y— (eB B 1) /00 4z Serfc(z)3 e1rfc(—z)
o 14 (eB—1) 5erfc(-2)

A=\B,Y)
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Annealed vs Quenched

2\ i 4y 6(4 —m)
(X7)e = pﬁﬁ (X7)e o VT

(XF)o = ﬁﬁ (XP)e = 2v2 {garctan <) - 1} VT

3
10* 107! .
10! o ..-‘ 100} 1075"(/".‘
100 -4} _umsnssomes—] K ) e .
< -9 &l =
IO 0 10 1 s ! 107 10° 10
ool e 2\ /r 001 AT
’ - p\/zr_ -.'. K)\/ﬂ_
1074k’ 1074k ?
10 001 1 100 10* 10° * oot 1 100 100 10°
T T
annealed quenched
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what about more general systems ?

Tridib Sadhu (IPhT, CEA-SACLAY) June 27, 2014 21/30



Perturbative expansion

gix,t) = qo(x,t) + AGi(x, 1) + N2q(x, t) + - --
p(x,t) = Po(X,t)+>\p1(x 1) + N2po(x, t) + - -

BO) = (X8R g (XEoN

zeroth order
qO(Xa t):p and pO(Xv t):O

first order
) 1
o1 = —D(p)Oxxpr with p1 (X, T):;G(x)
0q = D(p)dwGr —o(p)0xpr  with  G1(x,0)=0
cumulants
1

5(X5) = / dx [g1(x, T) — qu(x, 0)](2p/ dt/ dx(9xp1 )2
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results

(XP)amm 2 1 Xfam _2(1—p) 1 (X2) ann 28\/5
VT — p/T vT P ™ VT PV

[Harris,1965]
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results

<X%>ann _ EL <X$>ann _ 2(1 — P)
VT — pw VT p

-
<
e
=)
|
X/ &
s

[Harris,1965] [Arratia,1983]

Tridib Sadhu (IPhT, CEA-SACLAY) GGl June 27, 2014 23/30



results

@ _ 2 1 <X$>ann _ 2(1 —P)i <X72'>ann - 2_8 D

VT “ovE VT o vE vt " #V=

[Harris,1965] [Arratia,1983] [Kollman,2003]
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Microscopic calculation
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Point particles
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Point particles

o e 6 06060 o [ )

r_3 T_g x_1 o T1 ) 3

Xi < Xjt1

n
OrP(X|Y) =D ) % P(X]Y)

i=—n

Ox Pt(X]Y) = 0O, , Pt(X]Y)

along Xi = Xjtq
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Point particles

o e 6 06060 o [ )

r—3 T T_1 Ty T T2 3
Xi < Xjt1 9
n
OHPX|Y) =D > 9% Pi(X]Y) @
i=—n i& T

Ox Pt(X]Y) = 0O, , Pt(X]Y)

along Xi = Xjtq
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Point particles

o e 6 06060 o [ )

z_3 Ty T_1 %o T1 3 73

Xi < Xjt1
n
OrP(X|Y) =D ) % P(X]Y)

i=—n

Ox Pt(X]Y) = 0O, , Pt(X]Y)

along Xi = Xjtq

PXY) = > TTaiCxlvo))

g

)

2

TT

= 9t(X_nlY=n)9t(X_nt1|Y=nt+1) - - - 9t(Xn|¥n)
+gt(X—nU’—n+1 )Qt(x—n+1 U’—n) s Qt(Xn|Yn) + ...
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Point particles

o e 6 06060 o [ )

-3 T2 -1 To I 2 3
Xi < Xjt1 .
n
OHPX|Y) =D > 9% Pi(X]Y)

i=—n

S
2
1_exp [_(Xf_ya(i)) ]
Ox, Pt(X|Y) = 0Ox,,, Pr(X]Y) VarDt 4Dt

along Xi = Xj11

PXY) = > H 9:(Xi|¥o (7))

g
= 9t(X_nlY=n)9t(X_nt1|Y=nt+1) - - - 9t(Xn|¥n)
+gt(X—nU’—n+1 )Qt(x—n+1 U’—n) s Qt(Xn|Yn) + ...
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tracer position

Let central particle is the tracer.
Probability of tracer position

X_n41 Xo o0 o0
Probt(xo|Y):/ dx_,,---/ dx1/ axq / dxnP:(X]Y)
—0o0 Xo Xn—1

—00
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tracer position

Let central particle is the tracer.
Probability of tracer position

X_n41 Xo o0 o0
Probt(xo|Y):/ dx_,,---/ dx1/ axq / dxnP:(X]Y)
—00 —0o0 Xo Xn—1

using combinatorial identities

n
Probi(x|Y) = Z Axlxo, Y, t]9:(Xo| Yk)
k=—n

JCSTED S D S )

S_p=x=+1 Sk_1==%1 S 1==1

(X0 —¥))
05 quojg( 5 erfc [sj Nl
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Averaging over initial positions

: Initially particles are distributed randomly in [—L, L].

nin!  [Y=n+1 0 L L
P(XO):LQ,,/L dyn/Ld_}/1/ody1/y
- - n—1
n

> Axlxo, Y, tlge(Xolyk)
k=—n
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nin!  [Y=n+1 0 L L
P(XO):LQ,,/L dyn/Ld_}/1/ody1/y
- - n—1
n

> Axlxo, Y, tlge(Xolyk)
k=—n

Pi(xo) = exp [—p Ri(xo) — pRi(—xo)] lo(2p\/ Re(X0) Rt(—Xo))
[g(x0|0) +2p Hi(x0)Hi(—x0)
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Averaging over initial positions

: Initially particles are distributed randomly in [—L, L].

nin!  [Y=n+1 0 L L
P(XO):LQ,,/L dyn/Ld_}/1/ody1/y
- - n—1
n

Jo dzberte (Z5) > Adlxo. Y, flgi(xoly)
k=—n

erfc (\/"%t)

Pi(x0) = exp [—p Ri(X0) — pRi(—xo)] lo(20\/Ri(x0) Ri(—X0))
[g(x0|0) + 20 Hi(x0)Hi(—x0)

> | Ri(x) 2 [Ri(=x0) | k(2p\/Ri(X0)R(—Xo))
+P{Ht(XO) Rt(*xo) +Ht(_XO) R[(Xo) } /1 (2p Rt(XO)Rt(—XO))]
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annealed

J,;* dzjerfc (2)

P(am =) =0 [-veots {Vaw - van}]

Same as obtained by macroscopic approach
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last slide
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last slide

Tracer diffusion in single-file is sub-diffusive. All cumulants scale as

vT.
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last slide

Tracer diffusion in single-file is sub-diffusive. All cumulants scale as

VT.
X
P [\/7 = 5] = exp [—\an)(f)}
cumulants and ¢(¢) depends on the initial state, even at large T

We have used macroscopic fluctuation theory to analyze cumulant
generating function and ¢(¢&)

solve for sep
presence of bias
tracer in a potential
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Thank you
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