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one hadron-hadron collision - two (or more) parton-parton collisions

KEYWORDS :

additional source of multi-jet production

source of information about the internal structure of the proton

Hidden Reefs of the MPI Analysis

partonic “pile-up”

MPI = 

Look for MPI .  Where and How?

DPI = two hard (semi-hard) parton interactions in one event

The role of perturbative parton correlations    (1 x 2 processes)

(Homework)



Multi-Parton Interactions

B. Blok, Yu. Dokshitzer, L. Frankfurt  and  M. Strikman :
The Four jet production at LHC and Tevatron in QCD
Phys. Rev. D83 : 071501, 2011;  e-Print: arXiv:1009.2714 [hep-ph]

pQCD Physics of Multiparton Interactions
Eur.Phys.J. C72 (2012) 1963;     e-Print: arXiv:1106.5533 [hep-ph]

On the theory side, MPI are being pursued by a number of teams.

Tevatron experiments - CDF (1997) & D0 (2009, 2011)

LHC epoch: 

Daniele Treleani & Co (1982-)prehistory: 

new life:

intensive MPI studies in various channels

Perturbative QCD correlations in multi-parton collisions 
Eur.Phys.J. C74 (2014) 2926;    e-Print: arXiv:1306.3763 [hep-ph]

(two pairs of jets, W/Z bosons, heavy quark pairs, etc.)

Will follow the line of reasoning developed in

(dijet together with a photon-jet pair)

http://inspirehep.net/record/1238823
http://inspirehep.net/record/1238823
http://arxiv.org/abs/arXiv:1306.3763
http://arxiv.org/abs/arXiv:1306.3763


Establishing adequate QFT means for describing MPI

Modeling intra-hadron 2-parton correlations

Examining the role of pQCD parton-parton correlations in DPI

( limited but restrictive )

Double Parton Interactions

The origin of Generalized Double Parton Distributions (2GPD)

Giving numerical estimates for Tevatron and LHC experiments



The standard approach to the multi-jet production is the QCD improved parton model. 

It is based on the assumption that the cross section of a hard hadron–hadron interaction 
is calculable in terms of the convolution of parton distributions within colliding hadrons 
with the cross section of a hard two-parton collision. 

B

2-parton collision

Result of the impact parameter integration - squaring of the amplitude in the momentum space:

parton probability density :

ρ1

∫
d2k⊥
(2π)2

ψ(x, k⊥)
∫

d2k′⊥
(2π)2

ψ†(x, k′⊥)×
∫

d2ρ ei!ρ·(!k⊥−!k′⊥)

ρ2

=
∫

d2k⊥
(2π)2

ψ(x, k⊥)× ψ†(x, k⊥)

                   impact parameter 



Recent data of the CDF and D0 Collaborations provide evidence that there exists 
a kinematical domain where a more complicated mechanism becomes important : 

double hard interaction 
of two partons in one hadron 

with two partons in the second hadron.

An application of the standard picture to the processes with production of, e.g., four jets 
implies that all jets in the event are produced in a hard collision of two initial state partons.

Let us see, what difference does it make to our formulae

Hard collision of two partons produces, typically, two large transverse momentum jets.



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

(ρ1−ρ2) + (ρ3−ρ4)

k′
1 − k1 = −(k′

2 − k2) ≡ ∆
k′
3 − k3 = −(k′

4 − k4) ≡ ∆̃
∆ = −∆̃

δ
(
(ρ1−ρ2)− (ρ3−ρ4)

) !∆ arbitrary



In order to be able to trace the relative distance between the partons, one has to use the 
mixed longitudinal momentum – impact parameter representation which, in the momentum 
language, reduces to introduction of a mismatch between the transverse momentum of the 
parton in the amplitude and that of the same parton in the amplitude conjugated.

4-parton collision



A hidden reef
of the MPI analysis

We have examined the transverse momentum 
structure of the interaction amplitude

Now, have a look at the longitudinal momenta 
of participating partons ...



Have a look at a peculiar multi-parton process

3-parton collision

two hard collisions

btw two partons (3,4) from one hadron 

of a perturbative splitting of a single 
parton (0) stemming from another hadron

with the offspring (1,2) 

quasi-on-mass-shell partons

virtual lines



Singularities in the physical region of parton momenta !

0

1

2

A tree Feynman diagram. Momenta of internal parton lines are fixed ...

Q2
Return to a good old single hard interaction picture :

In DIS we trace the fate of 1 but integrate over 
“histories” of the accompanying parton 2. 
Now we want #2 to enter 2nd hard interaction.

In the DIS picture this may happen “in the next room”... 

In fact, partons 3 and 4 cannot be represented by plainly independent plane waves: 
they belong to one hadron, and therefore, are localized within the hadron pancake... 

Remedy: introduce wave packet smearing (longitudinal momentum fraction integral). 
Importantly, this has to be done at the amplitude level !

k3+ − k4+

k3+ + k4+ fixed by hard scattering kinematics

arbitrary

not anymore

We, however, want the two hard interactions to occur  in the same place !

The fake singularity disappears



NO familiar factorization !

fi1j1(x1, y1, µF )fi2j2(x2, y2, µF )

fi1j1(x1, y1, Qx, Qy; !∆)fi2j2(x2, y2, Qx, Qy; !∆)

∫
d2∆

mind your head

The product of probability distributions

gets replaced by a convolution :



Generalized 
two-parton 
distributions



× 1
S

1
S

=

S - effective parton interaction area

D -  the generalized double parton distribution 
- a new object we know very little (hardle anything) about. 

Can one model it, for lack of anything better ? 

4-parton cross section

D(x1)D(x2)D(x3)D(x4)



Oops: Independent parton approximation underestimates the DPI Xsection

It has a limited range of applicability : 0.1 > x > 0.001
which, however, covers the Tevatron - as well as the main LHC - kinematics.

In the Tevatron kinematics the PT parton correlations 
can explain the  missing factor 2  enhancement 

Non-PT intra-hadron 2-parton correlations should emerge at  x < 0.001
based on the analysis of inelastic diffraction 
in the framework of the Gribov-Regge Pomeron picture

has been developed based on an assumption that the partons 
are uncorrelated at the level of the non-perturbative proton wave function. 

in: Origins of Parton Correlations in Nucleon and Multi-Parton Collisions
B.Blok et al                             e-Print: arXiv:1206.5594 [hep-ph]

Good news: 

a model

Such a model cannot be true all over the range of parton momentum fractions.

the model has predictive power! 

Physical input from the HERA physics

http://inspirehep.net/record/1119587
http://inspirehep.net/record/1119587
http://arxiv.org/abs/arXiv:1206.5594
http://arxiv.org/abs/arXiv:1206.5594


γ∗ V 0

x1, k1

t = −∆2

Such an amplitude describes 
exclusive photo-(/electro-)

production of vector mesons 
at HERA !

Generalized parton distribution :

G - the usual 1-parton distribution (determining DIS structure functions)
F - the two-gluon form factor of the nucleon

F2g(∆) ! 1
(
1 + ∆2/m2

g

)2the dipole fit : m2
g(x ∼ 0.03, Q2 ∼ 3GeV2)

! 1.1GeV2

2GPD vs 2 GPDs

Note : the analogy is imperfect. 
Imaginary part of the “skewed” amplitude vs. that of non-diagonal “elastic” transition ... 

OK  for high enough energies:  A ! i ImA

x1, k1 + ∆′



If partons were uncorrelated, we would write

Another mechanism : 2 partons from a short-range PT correlation

and use the dipole fit to get the estimate 

! F 4
2g(∆)

The “interaction area” : 

No         dependence from the upper side ! ∆−

1 x 2  contribution vs.  2 x 2  is enhanced by a factor

2× 7
3
" 5

∫
d2∆

(2π)2
F 2
g (∆

2)× F 2
g (∆

2) =
m2

g

28π

∫
d2∆

(2π)2
F 2
g (∆

2) =
m2

g

12π



4-parton interaction is a “higher twist effectʼʼ

hard 2-parton scattering :

plus two additional jets :

4 jets from 
4-parton scattering :

extra 
m2

g

Q2

Always a small contribution to the total 4-jet production cross section

What distinguishes “double hard collisions” is the differential spectrum
End of story?.. Not at all

power counting



J 3

J 1

2JJ 4
δ24

δ13

J 3

J 1

2J
J 4

δ24

δ13
δ′

δ2
13, δ

2
24 ! J2

i⊥ δ′2 ! δ2
13 " δ2

24 ! J2
i⊥

back-to-back kinematics



What if  both parton pairs  originate from PT splittings ?

No              dependence whatsoever... ∆−
The integral diverges ?..

This is not  an amplitude of a 4-parton collision 

2 -> 4 processes

but a one-loop correction to the 2-parton collision

A large (“leading twist ”)  contribution  but  not  an MPI (DPI)
No enhancement in the back-to-back kinematical region!



J 3

J 1

2JJ 4
δ24

δ13

J 3

J 1

2J
J 4

δ24

δ13
δ′

δ2
13, δ

2
24 ! J2

i⊥ δ′2 ! δ2
13 " δ2

24 ! J2
i⊥

back-to-back kinematics



Both these regimes are present 
in differential momentum 

distributions due to 
Double-Parton Interactions

reminder :



Quark form factor :

Gluon form factor :

Parton splitting probabilities

Massive lepton pair production cross section

Drell-Yan process



Generalization of the DDT-formula for back-to-back 4-jet production spectrum

Not forgetting the          integration and short-range correlations :∆−
[2]Da × [2]Db + [2]Da × [1]Db + [1]Da × [2]Db

Additional  1 x 2 contribution :

4-jet diff. spectrum



× 1
S

effective interaction area

two contributions :

At TEVATRON energies, pQCD 1 x 2 contributions explain, 
quite naturally, the factor 2 enhancement of the DPI rate 



Results of
Numerical Analysis

At TEVATRON energies, 1 x 2 contributions explain, 
quite naturally, the factor 2 enhancement of the DPI rate 

Perturbative QCD correlations in multi-parton collisions 
Eur.Phys.J. C74 (2014) 2926;    e-Print: arXiv:1306.3763 [hep-ph]

http://inspirehep.net/record/1238823
http://inspirehep.net/record/1238823
http://arxiv.org/abs/arXiv:1306.3763
http://arxiv.org/abs/arXiv:1306.3763


The 1 x 2 contribution in terms of the ratio

For the effective interaction area (“cross section”)

( using the pheno value (HERA)            )   

for Tevatron

and LHC energies
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CDF: 20 GeV photon &jet plus a pair of 5 GeV jets

translates into cf. CDF: 

Very mild x-dependenceRather large value.



Multiparton interactions in pA.--- probing parton correlations in nucleons  - 
maybe feasible at LHC (4 jets) . Two forward pions at RHIC  (Vogelsang, MS)

where f (x1,x3), f (x2,x4) longitudinal light-cone double parton densities and

 S is ``transverse correlation area''.  One selects kinematics where 2 →4 contribution is small

41

 CDF observed the effect in a restricted x-range:  two balanced jets, and jet + photon and found

No dependence of  S   on   xi     was observed.  

 A naive expectation (based on rN=0.8 fm) is  S~ 55 mb. Gluon 
radius is smaller --- S~ 35 mb. So S~ 15mb  indicate  presence of 
significant correlations between partons in the nucleon. Is it   
transverse plane correlation  or  correlation of x’s ?

12

TABLE V: Systematic (δsyst), statistic (δstat) and total δtotal uncertainties (in %) for σeff in the three pjet2T bins.

pjet2T Systematic uncertainty sources δsyst δstat δtotal
(GeV) fDP fDI εDP/εDI JES Rcσhard (%) (%) (%)
15 – 20 7.9 17.1 5.6 5.5 2.0 20.5 3.1 20.7
20 – 25 6.0 20.9 6.2 2.0 2.0 22.8 2.5 22.9
25 – 30 10.9 29.4 6.5 3.0 2.0 32.2 2.7 32.3

The measured σeff values in the different pjet2T bins
agree with each other within their uncertainties, how-
ever a slow decrease with pjet2T can not be excluded. The

σeff value averaged over the three pjet2T bins is

σave
eff = 16.4± 0.3(stat)± 2.3(syst) mb. (16)
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FIG. 11: Effective cross section σeff (mb) measured in the
three pjet2T intervals.

B. Models of parton spatial density

In this section we study the limits that can be obtained
on the parameters of three phenomenological models of
parton spatial density using the measured effective cross
section (16). In the discussion below we follow a sim-
ple classical approach. For a given parton spatial density
inside the proton or antiproton ρ(r), one can define a
(time-integrated) overlap O(β) between the parton dis-
tributions of the colliding nucleons as a function of the
impact parameter β [10]. The larger the overlap (i.e.
smaller β), the more probable it is to have at least one
parton interaction in the colliding nucleons. The single
hard scattering cross sections (for example, γ+jets or di-
jet production) should be proportional to O(β) and the
cross section for the double parton scattering is propor-
tional to the squared overlap, both integrated over all
impact parameters β [28, 36]:

σeff =
[
∫

∞

0
O(β) 2πβ dβ]2

∫

∞

0
O(β)2 2πβ dβ

. (17)

First, we consider the “solid sphere” model with a con-
stant density inside the proton radius rp. In this model,
the total hard scattering cross section can be written

as σhard = 4πr2p and σeff = σhard/f . Here f is the
geometrical enhancement factor of the DP cross sec-
tion. It is obtained by solving Eq. (17) for two overlap-
ping spheres with a boundary conditions that the par-
ton density ρ(r) = constant for r ≤ rp and ρ(r) = 0
for r > rp and found to be f = 2.19. The role of
the enhancement factor can be seen better if we rewrite
Eq. (1) as σDP = fσAσB/σhard. The harder the single-
parton interaction is the more it is biased towards the
central hadron-hadron collision with a small impact pa-
rameter, where we have a larger overlap of parton den-
sities and, consequently, higher probability for a sec-
ond parton interaction [5]. Using the measured σeff ,
for the solid sphere model we extract the proton ra-
dius rp = 0.53 ± 0.06 fm and proton rms-radius Rrms =
0.41 ± 0.05 fm. The latter is obtained from averaging
r2 as R2

rms ≡
∫

∞

0
r24πr2ρ(r)dr = 4π

∫

∞

0
ρ(r)r4dr [37].

The results are summarized in the line “Solid Sphere”
of Table VI. The Gaussian model with ρ(r) ∝ e−r2/2a2

and exponential model with ρ(r) ∝ e−r/b have been also
tested. The relationships between the scale parameter
(rp, a or b) and rms-radius for all the models are given in
Table VI. The relationships between the effective cross
section σeff and parameters of the Gaussian and expo-
nential models are taken from [38], neglecting the terms
that represent correlations in the transverse space. The
scale parameters and rms-radii for both models are also
given in Table VI. In spite of differences in the models,
the proton rms-radii are in good agreement with each
other, with average values varied as 0.41− 0.47 and with
about 12% uncertainty. On the other hand, having ob-
tained rms-radius from other sources (for example, [39])
and using the measured σeff , the size of the transverse
correlations [38] can be estimated.

IX. SUMMARY

We have analyzed a sample of γ + 3 jets events col-
lected by the D0 experiment with an integrated lumi-
nosity of about 1 fb−1 and determined the fraction of
events with hard double parton scattering occurring in
a single pp̄ collision at

√
s = 1.96 TeV. These fractions

are measured in three intervals of the second (ordered
in pT ) jet transverse momentum pjet2T and vary from

0.466± 0.041 at 15 ≤ pjet2T ≤ 20 GeV to 0.235± 0.027 at

25 ≤ pjet2T ≤ 30 GeV.

In the same three pjet2T intervals, we calculate an ef-

Similar results from D0.

x ,  k
4 4 4 4

P P

PP

x ,  k2 2 2

x ,  k3 3 3 3

x ,  k
1 1

2

J

J1 t

3 t

J

J
2 t

4 t

1 1

Experimentally  one measures the  ratio 
dσ(p+p̄→jet1+jet2+jet3+γ)

dΩ1,2,3,4

dσ(p+p̄→jet1+jet2)
dΩ1,2

· dσ(p+p̄→jet3+γ)
dΩ3,4

=
f(x1, x3)f(x2, x4)

Sf(x1)f(x2)f(x3)f(x4)

S = 14.5± 1.7+ 1.7
− 2.3 mb

S≣

Monday, July 30, 12

m2
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Q2
0 = 1GeV2

Q2
0 = 0.5GeV2

σ
eff
[m

b
]

..

D0: effective interaction area for 70 GeV photon 
&jet as a function of the transverse momentum 
of jets in an additional jet pair

mild squeezing with hardness increasing, consistent with data 
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LHC: dependence on the hardnesses of 4-gluon collisions
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Peculiarities of the 1 x 2 MPI mechanism

is bound to bring in a visible x-dependence  of  σeff

introduces specific correlation between jet-pair transverse momentum imbalances 

should cause asymmetry in rapidity  of accompanying multiplicity density

in particular, in “pre-forward” kinemo (                              )  where 1 x 2 is largex1, x2 ! x3, x4

vs.

δ′2 ! δ2
13 " δ2

24 ! J2
i⊥



Multi-parton collisions contribute substantially to 4 jet production 
in the back-to-back kinematics

To describe multi-parton collisions one has to introduce and explore a new object 
- Generalized Double-Parton Distributions 

2 x 2 and 1 x 2 parton subprocesses are both enhanced in the back-to-back region,
while “double perturbative parton splittings” generate effectively 1 x 1, which is not  

punchline

!∆[2]D
a,b
h (x1, x2; q2

1 , q2
2 ; )

the parameter     encodes the information about the impact-parameter-space 
correlation between the two partons from one hadron

!∆

experimentally observed enhancement of a 4-jet cross section indicates the presence 
of short range two-parton correlations in the nucleon parton wave function, 
as determined by the range of integral over !∆

I’d rather experimental studies employed QCD-motivated jet finding algorithms
and concentrated on correlations in transverse momenta rather than angles



A new subject 
Theoretically complicated  

Theorists :

MC builders :

Experimenters :

think harder

think twice

do it

Conclusions

Experimentally challenging

MPI

Q: can one get away within the probabilistic picture, in some approximation, 
or interferences (“cross-talk”) are unavoidable ?

how do you make sure that the two partons originate, space-time-wise, 
from one and the same hadron ?

Q:

A.
(but mind your head, now and then)


