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Preliminaries

Preliminaries

In 1972 R. Baxter noticed that the ground state energy of the periodic XYZ
hamiltonian

N
Hxyz = — Z(JXU,'X ® o1 + Jyo! ® o,y + Jeof ® 0F41)

i=1

has the simple value

im £ o s L, i ddy ekt =0,
N—oo N

In the XXZ case it corresponds to Jx =J, =1, J, = A =-1/2.

In 2000 Stroganov noticed that this statement holds for finite odd N =2n+1
and the ground state wavefunction possesses some remarkable combinatorial
properties. For example, the properly normalized ground state wavefunction
has all integer coefficients with the largest component given by

(3j+1
H (n+J)!



Preliminaries

Preliminaries

Many people have been working on different extensions of these
ideas for the XXZ case (connections to alternating sign matrices,
loop models, Temperley-Lieb processes, lattice sypersymmetry,
etc):

Batchelor, De Gier, Di Francesco, Fendley, Hagendorf, Ikhlef,
Jacobsen, Nienhuis, Mitra, Motegi, Pasquier, Pearce, Ponsaing,
Pyatov, Razumov, Rittenberg, Saleur, Stroganov, Zinn-Justin,
Zuber, ...

These ideas have also been extended to the periodic XYZ spin
chain at odd number of sites (connections to the three-coloring
problem, lattice sypersymmetry, Painlevé equations, etc):
Bazhanov, Fendley, Hagendorf, VM, Rosengren,...



The XXZ model: different scenarios

The XXZ model: different scenarios

There are three different cases to consider:

1. Periodic spin chain, odd number of sites N = 2n+ 1.

The XXZ hamiltonian commutes with the 6-vertex model transfer-matrix with
A = —1/2 (disordered regime).
The Baxter's TQ-relation

T(u)Q(u) = sin" (u +n/2)Q(u — ) +sin" (u — 17/2) Q(u + n).

The ground state eigenvalue T(u) = (a+ b)Y = sin(uv)", N =2n+1,
n=2m/3.
For f(u) = sin"(u)Q(u) we obtain the functional equation

2r
3

which fixes (+periodicity conditions) the trigonometric polynomial Q(u)
uniquely (Stroganov, 2000).

flu)+f(u+ )+f(u+%”):o



The XXZ model: different scenarios

The XXZ model: different scenarios

2. Twisted boundary conditions, even number of sites N = 2n.

N

X X 1 z z
Hxyz = —Z(U,' ® o +of ®of; — 57 ® oit1)
=1

i 2w .
41 = ON, 0ﬁ+1 = el(baf[: ¢ = 3 ot =0 +io”.
The hamiltonian is invariant under left-right reflection + complex conjugation,
the ground state energy is again

Eo = —3N/2, foreven N =2n.
2. Open boundary conditions, any number of sites. Ug(s/(2))-invariant

hamiltonian (Pasquier, Saleur, 1990)
N—1 —1 -1
X X + z z - z z
Hxyz = — Z(U,‘ ®oi1+0ol ® U,-yﬂ + %O’i ®oit1) + %(Ul —0on)
i=1
This hamiltonian can be rewritten in terms of the generators of Temperley-Lieb
algebra. For g = '™/ the ground state energy is

3
Eo=—>(N-1)



Eight-vertex model and TQ-relation

Eight-vertex model and TQ-relation

Zero-field symmetric eight-vertex model (R. Baxter, 1972)

w1 (09) w3 Wy
Whx We w7 Ws
w1 = w2 = a, w3 = wg = b, ws = We = C, wr=wsg=d .

Transfer-matrix and partition function

Y

[T = Te [ [ Wli.di),  Z=Te[T(u)"]



Eight-vertex model and TQ-relation
Weights

Baxter's parameterization of the weights

a=p 94(2n1¢*) Ya(u—n|¢*) V1(u+n|¢),
b= pDa(2n]q®) 1(u—n|q%) Va(u+nlq?),
¢ = p 91(2n]¢*) Va(u —n|¢*) Va(u+n|q%),
d=p91(2n]¢*) V1(u—n|¢*) I1(u+n|¢?),

and the normalization factor p

p=2 92(0]q)"" Ja(0]¢%) .



Eight-vertex model and TQ-relation

One can introduce a Q-operator commuting with T (u)
[T(v),Q(V)] =0, Vu,v

TQ-relation for eigenvalues of T(u) and Q(u)

| T(4) Q(u) = o(u— 1) Qu+2n) + ¢(u + 1) Qu — 21)) |

¢(u) =97 (u| q)
Periodicity conditions
Qe(u+m) =£Qu(u), Qu(ut+mr)=qg "?e ™ Q(u)

i 2 i
Bethe-ansatz equations Q(uj + 21) _ ~ ¢(ui +n)

Q(u;j —2n) P(ui —n)




Eight-vertex model and TQ-relation
Quantum Wronskian

TQ-relation is a second order difference equation
T(u) Qx(u) = d(u — 1) Q(u+ 2n) + ¢(u + 1) Q+(u — 2n)

Quantum Wronskian relation

(Qu(u+mQ (u—1)— Q(u—n)Q (u+n)=(u)W(q,n)]

For odd values of N = 2n+ 1 we don't need the external field and
all states are double-degenerate.

Further we are interested in a disordered regime:

O<n<m/2, n<u<m—n



Properti
Ground state

For N=2n+4+1, n= g, the ground state eigenvalue
T(u) = (a+ b)Y = ¢(u) = 97'(u q)

9" (ulq)

\U:t(U) = w:ﬁ:(“? q, n) = W

Q:I:(U; q, n)v

TQ-relation becomes
2 4
Vi(u+ ?ﬁ) + Wy (u+ ?ﬂ) = —V.(v)

There are exactly two solutions which satisfy the following PDE

6qa%W(u, q,n) = { - 3%22 +9n(n+1)8Bul|q®) + c(q, n)}\U(u, q,n)




Properti

Hamiltonian

Parameters

_(a—btc—d)a—b—c+d) [791(7r/3q1/2)]2
TT G@tbtctd(atb—c—d)  |9:(n/3]q72)

cd  ~v+3
(=gp=aop (=%+

Hamiltonian

N
H:_Z[Jx®0x_La-y(gay"‘go-z@o—z]

i=1 §+1
2
Ground state energy Eg = —Nw7 N=2n+1
§+1
Trigonometric limit v - =3, & — f% corresponds to A = —1/2

6-vertex model



Properti
Polynomial eigenstate

There are two linearly independent solutions

Qi 2(u) = %[QJ"(U) +Q_(u)], Qa(u+7)=(-1)"@21(uv)

9 — u
x=9=3—  Usa(u) =J5a(5 | q'?)
)

Qu(u) = Ta(u) 95" (0) Palx,2),  z=7""

Q) = Ta() 13" (0) Pal 7). 2=

Po(x,2) =Y ri(2)x*, 5o(2) = 7(2),  sal(2) = r"(2)
k=0



Properti

Ground state eigenvectors

The spectrum of the transfer-matrix for odd N is double
degenerate and there are two ground state eigenvectors W
corresponding to different eigenvalues of the Q-operator.

N
T(U)wi = ¢(U)wi’ S\Ui = iwi) s — HO-Z7
i=1

N
Q(u)wi = Qi(ua q, n)wi7 W+ = RW_, R = HUX
i=1

Pi(x,2) =x+3

S;=1/2 ] 5,=-3/2
Yoor =1 | 111 =¢
Table: Components of the W_ for N = 3.




Pa(x,z) = x*(1 + z) + 5x(1 + 3z) + 10

S,=3/2 | S, =-1/2 [y
Y0001 = 2¢ o011 = 2 11111 = (1 + A)
Yoo111 =1+ A

Table: Components of the W_ for N = 5.

P3(x,z) = x3(1 4 3z + 42%) + 7x*(1 + 5z 4 182%) + 7x(3 + 19z + 1822) 4 35 + 21z

S, =52 S, =12 S, =32 [
Yoo00001 = ¢ a1 | Yoooro11 = 1 | Yoro1111 = oz | Y = C oy
Poooo111 = @2 | Yo110111 = ( 3
oo10101 = @3 | Poor1111 = (4
Yoo10011 = ¥4

Table: Components of the W_ for N = 7.
a1 =345\, a=145 42X, a3=T7+\, as=4+3\+\



Pn(x,z) =5,(2) + ... + sp(2)x"
Now a number of conjectures: (checked up to N = 25)
1. The component of the eigenvector W_ with one arrow down is
given by

oo oestn— - cd

A=¢?

2. The component of the vector W_ with all arrows down is given by

n+1

Wy o =l

GBI Ds, (A1),
3. The norm of the vector V_

=) i =@3) N2 s (A ) s, (AT

...y



4. Introduce the component with alternating arrows
An(A) = Wooi01...01, n odd, A,(A) = Woio1...011, N even

In the trigonometric limit A — 0 it gives the number of alternating sign
matrices.

Aok(A) = 2p1 k1 (M) p2.k—1(A),  Azkg1(A) = Pl,k(A) p2,k—1()‘)

(5 + 3)k(k+1) (6 + 3)k(k+1)

1-— 1—
p1(€%) i Th+1,k [37_’_3, po.i(€7) = TokGkD) kLA [ﬁ}

sorr1(¥?) = Tik—1 (V) Thok—1(—Y)s 52k (¥?) = Tker k1 () Fri(y), z=y°



7-functions for Painlevé VI

Modified hamiltonian in Painlevé VI theory h(t) (Okamoto, 1987)
satisfies E\; equation

4

h’(t)[t(l—t)h”(t)}2+[h'(t)[2h() (2t—1)h ()]+b1b2b3b4} =H(h’(r)+b£)

k=1

Starting with a solution ho(t) = h(by, b2, bs, ba; t) one can construct a
series h,(t) = h(by, bo, b3 — n, by; t) applying a sequence Backlund
transformations. Introduce a family of tau-functions

= exp{/ z)dz}

They satisfy ‘Toda’ relations (Okamoto, 1987)

Tnt1(2)70-1(2)

2(2) + va(z, n)[log 74(2)17 + v1(z, n)[log Ta(2)], + vo0(z,n) = 0




The XYZ chain with open boundaries

In 1994 Inami and Konno constructed a general solution of the
Sklyanin's reflection equation for the 8-vertex model. The
corresponding hamiltonian

N—1
Hxvz = _Z(JXU;(@U:)'(H+Jygf®0f+1+~jzgiz®0iz+1)+ Z (¢paot — Jara'lo\él)

i=1 Q=X,y,z

Je=1, J,=dn (ﬂn) , J.=c¢n (ﬂ'ry>
™ T

and ¢T are 6 arbitrary parameters. There is a natural elliptic parameterization

where

ot = 1o (1) [T e

i=1




The XYZ chain with open boundaries

Now we choose n = /3. We expect that

Eo _ &€+¢&+1
N—soo N f—|—1

Similarly to the 6-vertex model we conjecture

E+e+1

Bo=—(N=1)>

Let us choose ¢; = ¢ = ¢i and impose ¢» = 0.
There exists a unique solution for N =2, 3

b = 26 +1 ¢3:i§(§+2)
e P ae

With such a choice of parameters Ey is the ground state energy for all
N=23,4,567!
For N = 2 the ground state eigenvector

v+ =£(1428), vex=—-i2+&E£V1-E



The XYZ chain with open boundaries

Once we know the ground state energy, we can try to choose ¢» # 0.

For N = 2 there is a one-parametric family of eigenvectors corresponding to the
same eigenvalue Ep. It obtained by

1
of =2K <¢>+%>,a§t:2f< (¢—§)7a§t:2K¢.

The eigenvector is highly nontrivial

Vi, +

B i21/3 ((22:;50)2\0/3]‘_%_)71,ik92 o, (3¢ + %‘ qﬁ) 04 (3¢ + g‘qﬁ)

3 3
Vet = +6, (3¢>+ 77‘ q6) 0, <3¢ - 77 q6) +

+i@91 (3¢+ 3l’ q6> 0, <3¢) _ 377' q6>

0> (% CI) 2




The XYZ chain with open boundaries

Now let us look at the eigenvalues of the transfer-matrix. For convenience we
shift u = v+ 3 in a, b, c,d.
The transfer-matrix is defined by

t(u) = tr(Kq (u) To(u) Ky (u) To(u))
where we choose
K+(u) = K7(7U727]), To(u) = RO’N(U)...ROJ(U), i—o(u) = R1’0(u) e RN70(U),

and

o\ _ 6:(2u]q) sn (284)
AT (’* on (%)

This double transfer-matrix commutes with the Hxyz with boundary conditions
described above.

[éx0+ 6,0, + ¢Zaz]>



The XYZ chain with open boundaries

For N = 2 the ground state eigenvalue of the transfer-matrix T (u)
is

03(3(u + ¢)19°)83(3(u — ¢)|¢°) LA
T(w) == 93(3¢\36)2 o <“+ §‘q> '

Conjecture
For any N = 2,3, ... the ground state eigenvalue of T(u) is

03(3(u + ¢)19°)03(3(u — ¢)|9°) m \2N
T(w) == 1GI ) o (u+3]a)"

(checked numerically up to N = 7).



Summary and outlook

We found the open XYZ spin chain where the ground state
energy is preserved by a hidden supersymmetry.

In the trigonometric limit it degenerates into the
Uq(s!(2))-invariant spin hamiltonian at n = 7/3

The ground state eigenvectors nontrivially depend on the
extra boundary parameter.

Is their a hidden algebraic structure which generalizes the
Temperley-Lieb algebra 7 There is no difference between odd
and even values of N.

Is it possible to generalize the twisted case of the XXZ model
?

The special case ¢ = 0 is “almost” polynomial. Can it be
treated similarly to the periodic case ?



Thank you for your attention
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