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Binary trees, Paths and tableaux

T € {o, O}N

B(7) number of trees of canopy 7

M (7) number of paths of shape 7 B(7)/Chas1 is the probability

to be in state 7 of the TASEP with open
C'(7) number of tableaux of shape 7 boundaries and N sites

Y. C(71) = Cy41 Catalan numbers



Matrix Ansatz [Derrida et al 93]

Matrices D and F, and vectors (W] and |V)

o (W|E = (W]
o D|IV)=|V)
o DE=D+ FE

Steady state 7 € {0, e} = {0, 1}V

Zn = (W|(D + E)N[V).

P(7)

(WITTiS [ D+(1 =) E||V)
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Matrix Ansatz [Derrida et al 93]

Matrices D and F, and vectors (W] and |V)

° <W|E — <W|
o D|IV)=|V) Zn = (WD + E)N]V>.
e DE=D+F

N o .
Steady state 7 € {o, e} = {0, 1}N P(T) _ (W] Hi:l[Tle):;(l z)EHV>

Solution: (W] =(1,0,...), |[V) = (1,0,...)%

OO ==
T

I

SO O = =
O = = O
= = O O
= o O O

Y Y

Motzkin paths [Zeilberger, Duchi and Schaeffer, Brak and Essam]



Matrix Ansatz [Derrida et al 93]

Matrices D and F, and vectors (W] and |V)

o (W|E = (W]
o D|IV)=|V) Zn = (WD + E)N]V>.
o DE=D+ FE

N o .
Steady state 7 € {o, e} = {0, 1}N P(T) _ (W] Hi:l[%?}i‘(l z)EHV>

Solution: (W] =(1,0,...), |[V)=(1,1,...)7%

O 1 0 0 ... 1 0 0 0 ...
(O O 1 0 \ (1 1 0 O \
p—10 0 0 1 p—|1 1 10
O 0 0 0 ... 1 1 1 1 ...
\ y \: »,

Lukasiewicz paths, Catalan tableaux
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Matrix Ansatz

o (Wi(lal —~yD) = (W]
o (8D —4E)|V)=1V)
e DE=qED+ D+ E
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e (W|(aE — D) = (W]
o (BD—0E)|V)=|V)
e DE=qED+ D+ E

e

e Trees = tree like tableaux
e Paths = moments of AlSalam-Chihara Polynomials
e Tableaux = Permutation tableaux, Alternative tableaux




Asymmetric exclusion process with 5 parameters

O O

N

Matrix Ansatz

®
8
i
q
Y
@)

e (W|(aE — D) = (W]
o (BD—0E)|V)=|V)
e DE=qED+ D+ E

e

e Trees = tree like tableaux
e Paths = moments of AlSalam-Chihara Polynomials
e Tableaux = Permutation tableaux, Alternative tableaux

|[Aval, Boussicault, C. Josuat-Vergés, Nadeau, Viennot, Williams. . .|



Asymmetric exclusion process with 5 parameters

AR

General model
e Moments of Askey Wilson polynomials [Uchiyama, Sasamoto, Wadati 04]

e Staircase tableaux [C., Williams 10]



Askey Wilson polynomials
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Poyi(z) = (= bp) Po(z) — An Pr—1()

b, =1/2(a+1/a — A, — C}) A= Ap_1Cy /4
A — (1—abq™)(1—acq™)(1—adq™)(1—abcdg™ 1)
n a(l—abcdq?™)(1—abedg?™—1)

o _ (1—abg" 1) (A—bcg" 1)(1-bdg" " 1)(1—q")
symmetric in a, b, c,d Cp = (T abeda™ T (1—abed P 1)

orthogonal
dz 2421 2421 2tz
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2272_23 00 _
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Askey Wilson polynomials
Poyi(z) = (= bp) Po(z) — An Pr—1()

b, =1/2(a+1/a — A, — C}) A= Ap_1Cy /4
A — (1—abq™)(1—acq™)(1—adq™)(1—abcdg™ 1)
n a(l—abcdq?™)(1—abedg?™—1)

P (1—abg"~1)(1—bcg™ 1) (1—bdg" ") (1—q™)
symmetric in a, b, c,d C, = (T abeda®™ 271 —abedg® 1)

orthogonal

C 4§lrjzw (Z—'_;_l) P’m (Z—i_;_l) P’n (Z+§_1) — hnémna

22,2_2; 0O —
w(a:) — (az,a/z, bz(b/z cz c(;)z dz,d/z;q) oo L= (Z + 2 1)/2

B o— (1 q"~tabed)(q,ab,ac,ad,be,bd,cd;q)n
n (1—q2n— 1abcd) (abed;q)n

Moments Z—|—Z_1 Z—|—Z_1 N
'uN C 47Tzzw 2 2




Combinatorics of moments

[Flajolet, Viennot 80s]
Poyi(z) = (o — bp) Pp(z) — A Pr—1()
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(0,0) (N, 0) W (P) = b1baA1 A5



Combinatorics of moments

[Flajolet, Viennot 80s]
Poyi(z) = (o — bp) Pp(z) — A Pr—1()

pun = p W(p)

W (P) = byba A A2

UNr — fC’

dz

Az




Solution of the 5 parameter model [USW 04]

(dg di 0 -\

dy di di
d — b h .
0 & d -
b "bd b __
dp, = — (1—qnaqc)(1—qnbd) An € = (1—q”ac)1(1—q”bd) Ao d]

(W|=(1,0,...), |[V) =



Solution of the 5 parameter model [USW 04]

(d(h) di 0 \

dy di
d = b
0 & &
\: ) d? + el = b,
b __ "bd b _ _
d;, = —A=gragt=gb) ™ Cn = (1—q”ac)1(1—q”bd) Ao di=1¢]

(W =(1,0,...), [V) = (1,0,...

py = (W](d +e)"V)




Solution of the 5 parameter model [USW 04]

(dg
d
d —
0
b q"bd
dy, = — A=grac)0=gbd) "1

&L oo ...
£ d \
1 @1
& d
- d? + el = b,
b __ _ _ n
e, = (1—q”ac)1(1—q”bd) A, df =1 ¢ef = —q"ac

(W] =(1,0,...), [V) = (1,0,...)7

py = (W](d +e)"V)

1-g-aty+y/(1—g—aty)*+4ay , 1-g—B+5++/(1-q—B+6)>+455

a = 20

D = 14-d E — 14-e
1—q’ 1—q

23

Zy = (WD + E)Y|V)




Koorwinder polynomials

Multivariate version of the AW polynomials Py(z1,...,2zm;a,b,c,d|q,t)

at g =1t

m

det(pm_j_|_>\j (zi;aabacad|q))7j,j:1

det(pm—;(zi;a,b,¢,d[q))7" 4

P)\(Z; a, b) C, d’Qa Q) = const -

Density

zi—l—zz._l
hcicicm( —2i25) (1 — 2i/2;)(1 — 2 /2:) (L — 1/zi2) | [ i<y @ ( >



Koorwinder polynomials

Multivariate version of the AW polynomials Py(z1,...,2zm;a,b,c,d|q,t)

AW-polynomials
at g =1 (/
det(pm_j+>\j Zi;aabacad|q)>??j:1

det(pm—;(zi;a,b,¢,d[q))7" 4

P)\(Z; a, b) C, d’Qa Q) = const -
Density
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AW.-density___—""

Possible definition of moments
M)y = [k(SA(xly SRR xm)v a, b7 C, d7 q, Q)



Koorwinder polynomials

Multivariate version of the AW polynomials Py(z1,...,2zm;a,b,c,d|q,t)

AW-polynomials
at g =1 (/
det(pm_j+>\j Zi;aabacad|q)>??j:1

det(pm—;(zi;a,b,¢,d[q))7" 4

P)\(Z; a, b) C, d’Qa Q) = const -
Density

H1§i<j§m(1 — 2z )(1 — 2i/25)(1 — 25/ 2:) (1 — 1/2;2;) H1§z‘§m w (Z“LQZi_l)

AW.-density___—""

Possible definition of moments
M)y = [k(SA(xly SRR xm)v a, b7 C, d7 q, Q)

— Schur functions

Integrate with respect to the Koorwinder density



Koorwinder polynomials

Multivariate version of the AW polynomials Py\(z1,...,zm;a,b,c,d|q,1)
AW-polynomials
at g =1 (/
det(pm_j+>\j Zi;aabac7d|q))??j:1
det(pm—;(zi;a,b,¢,d[q))7" 4

P)\(Z; a, b7 C, d’Qa Q) = const -
Density

H1§i<j§m(1 — 2z )(1 — 2i/25)(1 — 25/ 2:) (1 — 1/2;2;) H1§z‘§m w (Z“LQZi_l)

AW—density_/

Possible definition of moments
M)y = Ik(S)\(CCl, SRR xm)a a, b7 C, d7 q, Q)

m

M)\ _ det(ﬂ)\i+m—i+m—j)i,j:1

Lemma

Rains m

det(ﬂQm—i—j)@jzl




Koorwinder moments

M)\ _ det (N)\i+m—i+m—j)g?7‘:1

det(/@m—i—j)%zl

Path interpretation

m

det(MZm—i—j)i,jzl

Lindstrom, Gessel, Viennot

[Lo, A
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Koorwinder moments

M)\ _ det (N)\i+m—i+m—j)r%‘:1
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Koorwinder moments

m

M)\ _ det(ﬂ)\i—i—m—ﬂ—m—j)@',j:l

det(/@m—i—j )%:1

Path interpretation

m

det(MQm—i—j)i,jzl

Lindstrom, Gessel, Viennot

[Lo, A

My = det(,u)\i —I—n—i—l—m—jaj)




More Koornwinder moments

AM2>..2A, >0
K)\ _ det(Z)\Z-—Fm—ier—j);'Z’:l

det(ZQm—i—j)?szl

Ky = det(K(Arl-j—z',O,O,...,O))Zj:l

Conjecture [C., Rains, Williams 14]
The Koornwinder moment K, is a polynomial in a, 5,7,9, q
with positive coefficients (up to a normalizing factor).



More Koornwinder moments

AM2>..2A, >0
K)\ _ det(Z)\Z-—Fm—ier—j);’Z‘:l

det(ZZm—i—j)?szl

Ky = det(K(Arl-j—z’,O,O,...,O))Zj:l

Conjecture [C., Rains, Williams 14]
The Koornwinder moment K, is a polynomial in a, 5,7,9, q
with positive coefficients (up to a normalizing factor).

True for A= (N —r,0,...,0)
——

r

Theorem [C., Williams 15; Cantini 15]
K (n—ro....0) Partition function of the two species ASEP




Two species ASEP

X ® N sites

EANS

X O ® X r particles equal to X
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Two species ASEP

% X ® N N sites

® X r particles equal to X

@O0 —» 00

X0 —» O X



Two species ASEP

X ® N sites

EANS

X O ® X r particles equal to X

s

s

Matrix Ansatz [Uchiyama 08]
o (W|(aF — D) = (W

e (3D SE)|V) = |V}

e DEE—gqED =D+ FE

e DA=qgAD+ A — .
e AE =qFA+ A Partition function

o (W(D+E+y AN V)
Znr =" <W\Ar%v> -




Two species ASEP

N
Ty = [y WD+ B+ AN V)

’ WAV
K(N-r0..0) = WD+ E)NVT) [V} =(0,...,0,1,0,.. )"
bl )\2)\ bl (N,’I“)
1b0
(0,0)

L L dz
K(N=r0..,0) = UNy = fﬁo amiz U

_ a"(1—q)"
Theorem. Zy, = A X Kn—rp,...0)




Sketch of proof

Lemma. The theorem is true if (W|DY|V™a" (1 —q)" = [y"] (WID+yA) V)

(W[AT|V)
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Sketch of proof

Lemma. The theorem is true if (W|DY|V™a" (1 —q)" = [y"] (WID+yA) V)

(WIAT|V)
Proof. Matrix Ansatz

D= (1+d)/(1-q)
Lemma. The theorem is true if (W|dV|V7") = [ N ] (Wiard™ " |V)
q

r (W[AT|V)

Proof. Matrix Ansatz



Sketch of proof

Lemma. The theorem is true if (W[D¥|V™)a" (1 —q)" = [y"] <W|<(‘?/TLX;?‘)/];|V>.

Proof. Matrix Ansatz

D= (1+d)/(1-q)

Lemma. The theorem is true if (W|dV|V7") = [ N ] (W]A™dY V)
q

r (W[AT|V)

Proof. Matrix Ansatz

.. | N—r : -
Proposition Zé\fo?“(_nz[ , } q(2)(bqu)ZBN_r_q;(b,d,q)Bi(aacal/Q)
(W[ATdN V) i g
(W[ATV) [1i=0""" (1—abedg?r+)

Bn(b,d, q) = (Z}”o [ m Lbjdmj>

J



Enumeration formula

Theorem. [Stanton 15]

2

—J3% g 27
Zk 0 Z =0 k Tq (q,qt =27 /a? qq)J(q a?ql*27;q),_ (1 T aqj T 1/(a’q3))N/2N

Fp = (o) H (aba acq’ ads”)eer (059)r (a1 e, ad, be, bd, cd; q)q(2)
q

, r (abcdg®",q)k—r  (abed;q)2r

1—g—a+vy++/(1—g—a+7)2+4ay h= 1—q—B+06+4/(1—q—B+6)2+4B6

a4 = 20 283



Enumeration formula

Theorem. [Stanton 15]

2

N k —J% 27 . .
Ny = Zk:o Zj=0 Fk’qu (q,ql_Qj/aQ?q)j(q,a2q1+2j;Q)k—j (1+ag’ + 1/(aq3))N/2N

k abq” ,acq” ;adq” o -q) - r
Fk’r B (—a)r [T] ( bq(ébcgqﬁr ,Cf]%k’_qik (al()(i,czz])gr (CLb, ac, ad, be, bd, cd; Q)rq(2)
q

0 — 1—q—04—|—’y—|—\/(1—q—oz—|—fy)2—|—4ow b — 1—q—5—|—5—|—\/(1—q—5—|—5)2—|—455

2 25

Remark. Zy - is a polynomial with positive coefficients in «, 3,7,0 and ¢
with 4V =" (n — r)!(:f)Q terms



Can we extract the combinatorics of the two species ASEP?



Triangular alternative tableaux
g = 0 [Mandelshtam 14]

y=0=0 [Viennot, Mandelshtam 2015]
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Z(t,t) = > . weight(T)




Triangular alternative tableaux
g = 0 [Mandelshtam 14]

y=0=0 [Viennot, Mandelshtam 2015]
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Triangular alternative tableaux
g = 0 [Mandelshtam 14]

y=0=0 [Viennot, Mandelshtam 2015]

Weight= o’ 3° ]| entries

Fix a tiling ¢

Z(t,t) = > . weight(T)

P(T) — Z(Tv t)/ZT Z(Tv t)

For t and t' tilings, Z(7,t) = Z(1,t")



Triangular alternative tableaux
g = 0 [Mandelshtam 14]

y=0=0 [Viennot, Mandelshtam 2015]
Ke)
® /X « >

Weight= o’ 3° ]| entries

Fix a tiling ¢

|
- tableaux

()5

(r+1)!



Triangular staircase tableaux [C., Mandelshtam, Williams 15]
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Triangular staircase tableaux [C., Mandelshtam, Williams 15]
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Triangular staircase tableaux [C., Mandelshtam, Williams 15]
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Triangular staircase tableaux [C., Mandelshtam, Williams 15]

/ i T = uq,ou or yq

B or o

& L7

o or 7y xr=q,a,B,vord

7| o or
xr = uq, Bu or 0q

Q or 7y r=1,a,8,vo0ro

Q| S| B R

2 0 0 1o
é Staircase tableaux [C., Williams 09]




Triangular staircase tableaux [C., Mandelshtam, Williams 15]

AQ 2q2 i i T = uq, QU or yq

q B or o

Uu

(87

wy

: e Wﬁ

o
u
q

o or 7y xr=q,a,B,vord

Q or 7y r=1,a,8,vo0ro

Uu /B

u
q
q
p
?aory
xr = uq, Bu or 0q

Q| S| B R

J Y1
é Staircase tableaux [C., Williams 09]




Type

u/u,/q
aﬁ | o) 9 O ZT — ZT type T W<T)
U u\ly
a A © Zn (o, B,7,6,q,u) = > Z;
(e
X
Bl
‘ P(r) = Z,/7,

Zn(a, 8,7,0,1,1) = () TS ((a+7)(B+0)i+a+ B+ +6)

47" (n —1)! (";“)2 tableaux

Bijective proof?



More to do?

% Links with Affine Hecke algebras?

% How to prove the general conjecture?

Conj. K is a polynomial in a, 3,7, 0,q with non-negative coefficients



More to do?

% Links with Affine Hecke algebras?

% How to prove the general conjecture?

Conj. K is a polynomial in a, 3,7, 0,q with non-negative coefficients

Thanks!
Thanks!
Thanks!



