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Dimer Model

Consider a square m x n lattice ,, on the plane. We label the
vertices of Iy, as x = (j, k), where 1 <j<mand 1< k<n A
dimer on [ p,, is a set of two neighboring vertices (x, y) connected
by an edge. A dimer configuration o on [, is a set of dimers
{x, yw), k=1,..., %"} which cover I, without overlapping.
An obvious necessary condition for a dimer configuration to exist is
that at least one of the numbers m and n be even, so we will
assume that m is even.
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An example of a dimer configuration

An example of a dimer configuration on a 6 x 4 lattice with free
boundary conditions. The dot lines show the standard
configuration. The superposition of the dimer configuration and
the standard one produces a set of disjoint contours.
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Configuration weights and the partition function

To each horizontal dimer we assign a weight zp, and to each
vertical dimer, a weight z,. If for a given dimer configuration, o,
we denote the total number of horizontal dimers by Nj(o) and the
total number of vertical dimers by N, (o), then the dimer
configuration weight is

w(o) = z,ﬂ“h(")zé"v(”).
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Configuration weights and the partition function

The partition function of the dimer model is given by
Z=> w(o),

where the sum runs over all possible dimer configurations o, and
the Gibbs probability measure is given by
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Boundary Conditions

In this work we obtain the full asymptotic expansion of the dimer
model partition function for the lattice with different boundary
conditions:

1. Free boundary conditions.
2. Cylindrical boundary conditions.
3. Periodic boundary conditions,

by using the methods developed in the paper

E.V. Ivashkevich, N.Sh. Izmailian, and Chin-Kun Hu, Kronecker’s
double series and exact asymptotic expansions for free models of

statistical mechanics on torus, J. Phys. A: Math. Gen. 35 (2002),
5543-5561
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Full Asymptotic Expansion: Notations

Function g(x). Introduce the function

g(x)=1In [Csin(ﬂx) +4/1+¢2 sin2(7rx)] :

Observe that g(x) has the following properties:

L g(—x) = —g(x), gx+1)=—g(x),
2. g(x) is real analytic on [0, 1] and

[o¢]
g(x)=> gop1x*',
p=0

where 300241
g =7(, g3= —WC(%H,
_ (P +1)(9¢% + 1)
85 = 120 s e
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Full Asymptotic Expansion: Notations

Differential operator A,. Let S, be the set of collections of
integers (p1,...,pPriq1,---,qr), 1 < r < p, such that

Sp={0<p1<...<priq1>0,...,q9- > 0;
1<r<p|pgi+...4+pa =p}.

Introduce the differential operator

A _Z (82py+1)% ... (82p,41)% d
qi'...q/! d\a’

g=qa+...+q —1.
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Full Asymptotic Expansion: Notations

In particular,
2

g d

A = Ny ==>—
1 83, 2 2 d\ +g57

3 2

g3 d d

Ay ===— —
3T 31 g +g3g5d/\+g7,
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Full Asymptotic Expansion: Notations

Kronecker’s double series. The Kronecker double series of order
p with parameters «, 3 is defined as

! e(ja + kp3)
KeP(r)= -0 Yy SeT
P _
(7270 ooy (K TTIP

)

—2mix

where e(x) =e
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Full Asymptotic Expansion: Notations

We will use the Kronecker double series with parameters

(. 8) = (3. 3). (0, 3).(3,0):

3 _ p! Z (_1)j+k

—27i)P k P’
(Z2m)” o0y (kT T)

0, p! (—1)k
Koi(r)=— 20 3
(=2mi)P t0.0) (k + 7j)P

1o p! (—-1y
Kg (1) =— . Z —
(—2mi)P U20.0) (k+ Tj)P

We will use it for 7 pure imaginary and p > 4. Then the double
series is absolutely convergent.
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Full Asymptotic Expansion: Notations

Dedekind’s eta function. The Dedekind eta function is defined

as
. o0
n= ,,7(,7_) — e% H (1 o eZwiTk)
k=1
oo
:q%H(l—q“),
k=1
where
q= eﬂ'iT

is the elliptic nome.
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Full Asymptotic Expansion: Notations

Jacobi’s theta functions. There are four Jacobi theta functions:
0 2
01(z,7) =2 Z(—l)kq(H%) sin ((2k 4+ 1)z),
k=0

Ox(z,7) =2 i": q(kJr%)2 cos ((2k +1)z),
k=0

oo
O3(z,7)=1+2 Z g~ cos(2kz),
k=1

Oa( ZT—1+2Z )Kq* cos2kz)

where g = e™" is the elliptic nome.
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Full Asymptotic Expansion: Notations

Reduction of the parameters

To simplify the calculations, we write Zp,,(zp, z,) as

mn z
Zmn(ZhaZv) = Zh2 Zmn(l’C)a ¢= ;: >0,
and we will evaluate Z,,(1,¢) as m,n — oo. We will assume that
the ratio % is separated from 0 and oo, so that there are constants
G, > (7 > 0 such that

G<—-<0G.

33
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Full Asymptotic Expansion: Notations

Denote
m+1

n+1"

S=(m+1)(n+1), r=

We will set
T=1i(r,

so that the elliptic nome is equal to
qg=e"T =e ™,
For brevity we will also denote

= 7](7—)7 O = ak(()?T)a k = 2,3,4.

To indicate the free boundary conditions, we denote Zp,,(1, () as
Zi(1,0).
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Full Asymptotic Expansion for Free Boundary Conditions

Our main result for FBC is the following theorem:

Theorem 1. As m, n — oo, we have that

Z,(nfrz(]_ C) — CeSFf(erl)Jf(nJrl)IJrR

where S = (m+1)(n+ 1),

1 ¢
F:F(C):/ arctanxdx7
0 X

s

J= o (cVITa).,
= (1 Vi),
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Full Asymptotic Expansion for Free Boundary Conditions

1/2
(1+¢?)L/4 (263) ,if nis even,
n
C =

1/2
(14 ¢34 (292> if n'is odd,
n
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Full Asymptotic Expansion for Free Boundary Conditions

R
P
and R ~ Elsp,where
p

B pPt1 A K%% </r/\>
2p +2 P_2+2 T ) )\:7rC,
if nis even,
Rp_ B rp+1 A _KO:% <II’)\>_
2P i 2p+2 _ /\=7rC’
if nis odd.

In particular,

2
7
_ s <9§ + 9&*92) , if nis even,

120 \ 8
R = r2g 7
_ 3 ([ 1p8  paps . .
120 <892 9394> , if nis odd.
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Full Asymptotic Expansion for Free Boundary Conditions

Remark. The relation
R
P
R~ op
p=1

means that R admits an asymptotic expansion in powers of S71,
so that forall £ =1,2,...,

uniformly with respect to m, n — oo satisfying ¢ < 7% < (G,
where S = (m+1)(n+1).
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Full Asymptotic Expansion for Cylindrical Boundary

Conditions

In the case of cylindrical boundary conditions, we impose periodic
boundary conditions (PBC) along one direction, horizontal or
vertical, and free boundary conditions (FBC) along the other
direction. We assume that m is even, and therefore we have the
following three distinct cases to consider:

1. nis even, horizontal PBC.

2. nis odd, horizontal PBC.

3. nis odd, vertical PBC.
For simplicity, we will consider Cases 1 and 2.
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Full Asymptotic Expansion for Cylindrical Boundary

Conditions

Notations. In the case of cylindrical boundary conditions we set

S=m(n+1), r=

and )

_icr

==

Respectively, the elliptic nome is equal in this case to

T

TIiT _rmar
q = e = e 2,
For brevity we also denote n = 7 (7), and 0, = 6, (0, 7). To
indicate the cylindrical boundary conditions, we denote Z,,,(1, ()
as Zis(1,€).
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Full Asymptotic Expansion for Cylindrical Boundary

Conditions

Our main result for CBC is the following theorem:

Theorem 2. As m,n — oo,
Z,(ncn)(l,C) — CeSF_mJ+R,

where F and J are the same as in Theorem 1,

03

, if nis even,

if nis odd,

)

7
0
n
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Full Asymptotic Expansion for Cylindrical Boundary

Conditions

and -
RS Fe
p=1 50
where
B P+l A K%’% <,r)\>
2p+2 P72\ 2w ) | [\
if nis even,

rPt1 [0l [irA\]
A, Ky [
2p+2" " 2p+2<27r>_ -y

if nis odd.
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Full Asymptotic Expansion for Cylindrical Boundary

Conditions

In particular,

120

2
e (;0§ + 9392) , if nis even,
Fa= r? 7
&3 <80§ . eg‘ef{) . if nis odd.

120
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Full Asymptotic Expansion for Toroidal (Periodic)

Boundary Conditions

We would like to evaluate the asymptotic behavior of the dimer
model partition function Z,(,,t,),(l,() on the toroidal quadratic lattice

t . .
Fg,,?, of dimensions m x n, when m, n — oco. As before, we assume
that m is even. Denote

m
S = mn, r=—
n
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Full Asymptotic Expansion for Toroidal (Periodic)

Boundary Conditions

We set
iCr, neven,
T =19 iCr
— dd,
2 "°

so that the elliptic nome is equal to
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Full Asymptotic Expansion for Toroidal (Periodic)

Boundary Conditions

Observe that for the toroidal boundary conditions, the partition

function is a sum of 4 Pfaffians, one of which is equal to 0.

Therefore, the asymptotic expansion of Z,Sf,z(l, () is given by a sum

of three terms. The main result is the following theorem, proven by
Ivashkevich, Izmailian and Hu in the case ( =1 and n even:
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Full Asymptotic Expansion for Toroidal (Periodic)

Boundary Conditions

Observe that for the toroidal boundary conditions, the partition

function is a sum of four Pfaffians, one of which is equal to 0.

Therefore, the asymptotic expansion of Z,Sf,z(l, () is given by a sum

of three terms. The main result is the following theorem, proven by
Ivashkevich, Izmailian and Hu in the case ( =1 and n even:
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Full Asymptotic Expansion for Toroidal Boundary

Conditions

Theorem 3. As m, n — oo,
z,(ntn)(é) =eF [C(2)eR(2) + C(3)R?

where F is the same as in Theorem 1, and

cO_%  co_ % _ 5

= 2—772, 2772, = 277727
if nis even,
c?@ — c@®— 572, C® =0, ifnisodd.
n
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Full Asymptotic Expansion for Toroidal Boundary

Conditions

0 (f)
and RO Z 5 {=2,3,4, where

R FO K ()
P p+ 1 ’
2p+1 ,p+1
RG) _ _2 A K2p+2( 7) if nis even,
P P+ 1 ’
R(4) B _22p+1rp+1A K22’i2( )
p p+1 ’)
and
HALK,?
RP) = RV = — 2P+2( ), if n is odd.
p+1
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Full Asymptotic Expansion for Toroidal Boundary

Conditions

In particular,

9 2r’gs (7
R® = = (893 - 9;‘92) :
2
R£3) — _2/;5g3 (;92 _ 9393‘) , if nis even,
4 2rigs (7
RW = = §9§+0392 ,

and

2
RO _ g _ "8 (793 _ 9393), if n is odd.
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Sketch of the Proof

The partition function as a Pfaffian

The fundamental discovery of Kasteleyn is that the partition
function Z is equal to the Pfaffian of some antisymmetric matrix
AKX which is called the Kasteleyn matrix (the superscript K in AK
stands for Kasteleyn), so that

7 = Pf AK.
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The Kasteleyn Matrix

The size of the Kasteleyn matrix AX is (mn) x (mn) and its matrix
elements a(x, y) are labeled by points x,y € Vp,,. The matrix
elements a(x, y) are defined as

(U, k), U +1,k)) = —a(( + 1, k), U, k))
=1, 1<;<m-1, 1<k<n,

a((.j’ k)?(./> k+ 1)) = —3((j, k + 1)’(./7 k))
= (—1Y*¢, 1<j<m, 1<k<n-1,

a(va):Ov ’X_.y|7él

Observe the factor (—1)*! in the second line. It can be
interpreted as the sign of the Kasteleyn orientation of the edges of
the graph I ,p.
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The Kasteleyn orientation of the graph

o - -

The Kasteleyn orientation of the graph. The fundamental property
of the Kasteleyn orientation is that the number of positively
oriented edges along the boundary of every plaquette is odd.
The crucial fact, which allows us to evaluate the Pfaffian, is the
classical formula

(PfA)? = det A.
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The Kasteleyn double product formula

Our goal is to evaluate the asymptotic behavior of the dimer model
partition function Z,,,(1,¢) on the m x n lattice on the plane as
m, n — oo. The first step in this study is to evaluate the
determinant of the Kasteleyn matrix AX by a diagonalization
process. This leads to the Kasteleyn double product formula for

Zmn(1,Q).
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The Kasteleyn double product formula

The Kasteleyn double product formula for Z,,(1,¢) is

-1

[ay

NIE]

[SIE]

4( cos? w
S0 ko [ ( m-+1
—i—Czco 2 (k+ 1)m , (neven,)
Zinn(1,¢) = m_ ntl >}
: +1
1:[ [ (cos +?L7T
+ ¢2 cos? (kn—:_ll)ﬂ’ (n odd.)
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We will assume that n is even. We have the classical identity:
i, (+1)
| | [4 (u2 + cos? W)]
. m+1
Jj=0
m-+1
<u+\/1+u2> —(u—\/1+u2>

B 21 + u?

hence we obtain that
Zmn(1,()

m+1 m+1
_1<“k+\/1+“£> —(uk—\/1+ui)
0 2\/1"_“/%

(k+ 3
+1 -

m+1

(ST

k

where

ug = (sin
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Factorization of the partition function

We write now
an Cmn

Zmn(LC) = D ,

where

NIs =
Il
= o

i
o
/N
<
x-
_|_
—_
_|_
<
XN
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Decomposition of the logarithm of the partition function

Respectively,
In Zmn(]., C) - Gmn + Hmn - In7

where
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Evaluation of G,

Using the Euler—MacLaurin formula, we prove the following lemma:

Lemma 4. As n,m — oo, we have that G, admits the following
asymptotic expansion:
mCr

Gm,,NSF+§—( m+1)J

1 > B2p+2 ( ) 82p+1
—S(m+1
p(m+ )ZJ: (p+1)(n+1)2p71"

where Bypio (%) are the Bernoulli polynomials evaluated at % .
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Evaluation of H,,,

The evaluation of H,,, is the most difficult, technical part of the
work. Remind that

n_q
2
1
Hm,,:ZIn 1+ ST | -

k=0 (Uk+\/1+Ui>

where .
k+5
ug = Csini( n+21)7r.
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Evaluation of H,,,

Lemma 5. As n,m — oo, we have that
Hmn =A+ B,

where -
A= Z In (1 + e_2r)‘(k+%)> , A=,
k=0
and B admits the following asymptotic expansion:

1 N Bopia (3) 82p41
B=—- 1
2" 2 G )+ 1

Y st (7
Sp 2p+2 P 2p+2 T

A=mn(
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Evaluation of H,,,

Remark. Observe that in G, + Hmp the terms, involving the
Bernoulli functions, cancel out!
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Evaluation of /,

Remind that
21 1
k+ 1
I, = In(2\/1+uf>, uk:Csin(:__Fz1)7T.

Using the Euler—MacLaurin formula, we obtain the following result:

Lemma 6. As m,n — oo,

I m+m—mg—4(ufﬁ

+0(n M), vM > o0,

where

:%In(l%—m)-
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Evaluation of In Z,,,(1, {)

In summary, we obtain that

In Zmn(]- Q) = Gmn + Hmn — Iy
w(r In2

a5 e - 2
SF+or+—5 + |(1+C)

o0
n Z In (1 i e—zmg(k+§))
k=0

—(r_n—l—l)J—(n—i—l)l

= 1o B, Ki (2)

Sp 2p+2

p=1 A=m¢
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Evaluation of Z,,(1, ()

If we denote

—nr TIiT :
g=e T =€ T =iCr,

then after exponentiating the previous formula, we obtain that

Zmn(1,0) =V2 (1 + Cz)% g % H (1 n q2k+1>
k=0
x @SF(m+1)J=(n+1)I+R

where

R
RNZ?';,
p=1
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Evaluation of the constant factor

Furthermore, we can express the constant factor
1 > 1 >
g% H (1 i q2k+1> — g% H (1 i q2k71>
k=0 k=1

in terms of the Dedekind eta function as

UG
n(2m)n(3)
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Evaluation of the constant factor

Thus, the constant factor is:

[e.°]

C=V2(1+A)Y4q =[] (1 " q2k+1>

k=0

_ 2\1/4 [n(7)]?
=V oD

This can be further simplified as

C=(1+¢) (293>1/2
77 Y

and this finishes the proof of the exact asymptotic expansion of
the partition function Z,,(1, ().
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Numerical Check

We checked the asymptotic formula
Zmn(17 C) _ CeSF—(m+1)J—(n+1)I+R’
numerically for various values of ¢ and values of m, n of the order

of 10, and we obtained an agreement with a relative error of the
order of 10712
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The End

©

Thank you!
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