Graded space Quantum Q system Constant Term Identity Difference Toda Conclusion
0000000 00000000 00000 000000 [e]

Graded tensor and g-Whittaker functions

Rinat Kedem
(With Philippe Di Francesco)

University of lllinois

GGl 2014

Kedem University of lllinois

Fusion and g-Whittaker



Graded space Quantum Q system Constant Term Identity Difference Toda Conclusion

0000000 00000000 00000 000000 [e]

Outline

1 The graded space

2 The quantum Q-system and its conserved quantities
3 A constant term identity for the graded characters

4 Difference equations for characters

5 Conclusion

Kedem University of lllinois

Fusion and g-Whittaker



Graded space Quantum Q system Constant Term Identity Difference Toda Conclusion
®000000 00000000 00000 000000 [e]

The Hilbert space

Hilbert space of the generalized Heisenberg spin chain:
o Choose a set of representations of the Yangian Y (g) {Vi(¢)};
e Auxiliary space representation V4 and periodic boundary conditions:

Va(¢1) Va(¢2) | || | | Vn(Cn)
wer b

The Hilbert spaceis H ~ Vi®---® Wy.

g—mod
Example: XXX spin chain: g = slp, Vi ~ C2.

Example: If g = sl, choose V; ~ V/(kjwj) for each site i, where k; € N and wj
is a fundamental weight.
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Grading on the Hilbert space

m For combinatorial purposes, it is sufficient to consider g[t] modules (for
g = sl, they are evaluation modules isomorphic to V).

m The algebra g[t] ~ g ® C[t] acts on V/(¢) and on
F=Vi((1) ® -+ ® Vi(¢w) by the coproduct;

m There is a filtration on F compatible with the grading of U(g[t]) (Feigin,
Loktev).

m We call the associated graded space F* and the generating function for
graded components the graded character ch, 5" (z < h-grading;
q < t — grading).

m There are several known formulas for these characters, starting with work
by Kirillov-Reshetikhin on completeness of Bethe ansatz solutions.
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Examples

e Example: For the XXX spin chain, |F| = 2" and
cheF" = Z Kxav(q)Sa(z1, 22)
A A|=N,e(A) <2

with z1z0 = 1.
-5x(2) is the Schur function or character of irreducible rep of sly;
-Kx,.(q) is a Kostka polynomial.

e Example: For g = sl, and Vi = V/(ujw1) symmetric power reps of sl,,

Chq,zgj* = Z KA’u(q)SA(Zl,”'Zn)

A[A[=N,L(A)<n

with z; -+ -z, = 1.
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Physical interpretation of grading 1: CFT limit

m Recall: XXX spin chain has CFT limit (WZW). The (chiral) Hilbert space

is a level-1 sl-module. Define F*(N) to be the graded tensor product of
N factors of V(w1).

Nlim chq,:F*(2N) = chV/(No)
the character of the affine vacuum module, level 1.
m For g = sl, choose V; = V(w1), then

Nlim chg . F*(nN) = chV (o)

m For higher level, choose V; = V/(kw1).

m Remark: The finite product is an affine Demazure module in these cases.
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Physical interpretation of grading 2: Lattice model

m In conformal limit, the partition function Z is dominated by order 1/N
excitations: Massless quasi-particles, with linearized energy function,
E(P;) ~ v|(P; — Po)|. (P=momentum and v=Fermi velocity).

+ E(p)

W e T T e

m Periodic system: Momenta P; are quantized in units of ZW”: — Dominant

—27v

contribution to the chiral partition function is a series in g = exp(73F)-

Combinatorics of Bethe ansatz equations.
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Our main character: The polynomial xq(q,2)

Our function of interest in this talk is the graded character of F*
xn(g,2) = chg Ty

where JF, is the tensor product of n,(-a) modules with highest weight iwq:

(o)
W ® ® ) V(iwa)"

i>1 a=1,...,n—
and JF is the graded space associated to it.

e Example: If n{* =0 for all i > 1, we call xn(q,2) a level-1 character.
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An unreasonably nice expression for the graded character

Theorem: (DFK11) The graded character xn(qg,2) can expressed as a
constant term identity in terms of solutions of the quantum Q-system.

Next, we explain:
m The Q-system;
m Its discrete integrable structure;
m The natural quantization;

m The constant term identity.
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The Q-system for g = sl,

Schur polynomials corresponding to rectangular Young tableaux
Q,Ea) = Sya(z), zn--za=1
satisfy a Discrete dynamical system in “time” variable k:
QR = (Q)? — Q™MQ ™, ae{l,..,n—1},k>1
with Boundary conditions:
QP =Q" =1 forallkez
and Initial data:

{7 =1, Q" = ealz),a € [1,n—1]}.

(Proof: Snake lemma from cluster algebras.)
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The Q-system for g = sl,
Schur polynomials corresponding to rectangular Young tableaux

Q,((a) = S(k)a(z), Z1+2Zp = 1

satisfy a Discrete dynamical system in “time” variable k:

QYR = (@) — QLM ™, ae{l,.,n—1}k>1

with Boundary conditions:

QU =Q" =1 forall keZ

Consider the same equation with generic initial data; then
Lemma: Qia) (k € Z) is a Laurent polynomial of {Q{®, Q{*)}.
(Proof: Snake lemma from cluster algebras.)
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Discrete integrability

Discrete Wronskian matrix:

Qk Qk+1
(@) Q-1 Qx
W= = .
Qk—a+1 Qk—a+2

Term Identity Difference Toda Conclusion
000000 o]
Qk+a—1
Qk+o¢72
— oM
3 Qk — Qk .
Qk aXao

Then Q,Ea) = Det W,EO‘) and the Q-system is the Desnanot-Jacobi relation for

W= w(:

(WIWis| = WL WS — WA Wal,

with W® = 1 and additional condition |W"| = 1.
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Discrete integrability

Corollary
{Q,((l), k € Z} satisfy linear recursion relations

Qu—CGQui1+ GQuy2 £ Com1 Quin—1F Quyn =0

Proof.
The boundary condition Qi") = 1 implies Q,E"+1) = 0. Expand
Qx (O TE R Qktn
Q-1 Qx e Qxtn—1
0= Q,EHH) = Det . ) } .
Qk—n  Qreny1 - Qx (n1)x (1)
along any row or column. O
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Constants of the motion

Lemma
The coefficients of the linear recursion relation for Qﬁl) are independent of k.

Proof.
Subtract Q{7 — Q" =1-1=0:
Qu+1 Quy2 - Qk+n Qx Qry1 - Qk+n—1
Qx Qry1 - Qk+n—1 Q-1 Qxk e Qk4n—2
0= . . — . .
Qu—nt2  Qx—pt1 -~ Qu+1 Qu—nt1  Qr—ny2 -+~ Qx
Qitn — (—1)"Qx Qry1 - Q-1
o Qkyn—1—(=1)"Qk—1 Q«k B Qktn—2
Q41— (=1)"Qu—nt1  Qx—n—2 --- Qx
O
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Constants of the motion

Lemma
The coefficients of the linear recursion relation for Qﬁl) are independent of k.

Proof.
Qin — (—1)" @« Qi1 - Qktn—1
Qitn—1 — (—1)" Qi1 Qx e Qitn—2
0= . ) . .

Qi1 — (=1)"Qk—nt1 Qr—pn—2 --- Qx
The columns are linearly dependent, whereas the rows are an index shift. The
coefficients of the linear equation are the constants of the motion. O
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Combinatorial formula for the constants of motion

The integrals of motion are C; have a combinatorial description.

Theorem (DFK10)
C; = partition function of j hard particles on the weighted graph

a) @
n(k) yn(k)

a a—1
_hee
- (a—1) A(a)

Quir @

a+l a—1
e

Weights  y.(k) Qia)l Qia)
+

) Za(k) =

Kedem
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Quantization of the Q-system

Consider the non-commuting, invertible elements {Q(ka)}, satisfying the
quantum Q-system (evolution)

1A (a et a)y2 a+1 a—1
with commutation relations

—1
Q(ka)QEﬁ)l = qcavfo(ki)le(a), C = the Cartan matrix of sl,.
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Quantization of the Q-system

Consider the non-commuting, invertible elements {Q(ka)}, satisfying the
quantum Q-system (evolution)

1A (a et a)y2 a+1 a—1
with commutation relations

—1
Q(ka)QEﬁ)l = qcavfo(k[i)le(a), C = the Cartan matrix of sl,.

Theorem

1 The commutation relations are compatible with the evolution
(independent of k).

2 0% is a Laurent polynomial in the initial data {Q'*)}i—o,1 over Z
(t=q"").

Proof: The quantum Q-system is a mutation in a quantum cluster algebra.
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Discrete integrability of the quantum Q-system

Kedem

The quantum Q-system has n — 1 integrals of motion in involution:

Theorem (DFK10)
The partition functions C; of j hard particles on the graph

)
yi(k) yn(k)

with weights
@ a—1)y—1 a)y— a—1
yalk) = (2 ) (@) Y,

za(k) = =P (Q) Ml ol Y.

Cj[k] independent of k, for j = 1,...,n — 1, commute with each other.

Note: [DF11] The commutation relations between the weights are encoded by

the graph edges.

Fusion and g-Whittaker
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Example of sly:

The quantum Q-system is
tQp11Q5-1 = Qi -1
with t = ql/z, commutation relations given by
Qa1 = tQ41194
and one integral of motion
Cr=C=0,0;"—07"0;" + 979

=09 — 99 + 9
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The series T
Lemma: For each «, considered as a function of initial data {Qﬁa) 1i=0,1},

the limit i
6o = 52 im ()

exists, and can be expanded as a power series in {(an))’l} with no constant

term.
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The series T

Lemma: For each «, considered as a function of initial data {Qﬁa) 1i=0,1},
the limit
§a = q%n/ lim QV(Qf7)™

exists, and can be expanded as a power series in {(an))’l} with no constant
term.

Define the “tail” function 7(q, z):

T(z) = Z H(fa ZQHS ), A= Zf We-

Then
7(2) € <H(Qﬁa>)—1> Ze[{(Q5) Q) .
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Action of conserved quantities on 7(z)

The conserved quantities are partition functions on the graph

a) @
n(k) yn(k)

are independent of k.

Conclusion

[e]

Lemma: In the limit kK — 00, za(k) — 0, ya(k) — Yo := t("_l)/Qﬁa_ﬁa_l. The

Ya(k) commute, and Ci(y) = ei(y), the elementary symmetric functions.
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Action of conserved quantities on 7(z)

The conserved quantities are partition functions on the graph

a) @
n(k) yn(k)

are independent of k.

Lemma: In the limit kK — 00, za(k) — 0, ya(k) — Yo := t("_l)/Qﬁa_ﬁa_l. The
Ya(k) commute, and Ci(y) = ei(y), the elementary symmetric functions.

Corollary: The conserved quantities C; acting on 7(z) give:
CiT(z) = ei(z)7(z) + lower terms

where “lower terms” means terms independent of £, for some « (will evaluate
to 0 in next slide).
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The evaluation ¢

For any polynomial f({Qﬁa)}), define the evaluation ¢ : Zt[QEf)‘),z] — Zt[z] as
follows:

1 Multiply from the left and the right
f i <H Q ")) f 7(z).

2 Express as a function of the initial data {Q(()a), aley.

3 Normal order this expression: Move (by g-commuting) all Qéa)s to the
left of all the Q{*)

2 Evaluate the result at Q(()a) =1 for all a.
5 Extract the constant term in ng‘) in the resulting expression. Call the

result ¢(f).

Example: ¢(C;) ~ ei(z).
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Constant term identity: sl

Theorem
(Up to an overall power of q) the character of the graded tensor product

Fn= V(w1)™™ * - % V(kwr)™™

Xn(@z)=¢( [ 2

1<j<k

Proof: Induction on the explicit character formula involving g-binomial
coefficients (fermionic formula), using the quantum Q-system. (See
DFK-fusion arXiv:1109.6261).
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Constant term representation of characters: g = sl,

Theorem
The normalized character of the graded tensor product of representations
* *ﬂ(l) . *n(a) n(n_l)
Fo = V()™ x- % V(jwa)™  x-- % V(kwn—1)"

1 N—-1

To(@z)=o ][] )

i=k a=1
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Right action on ¢(f)
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Conclusion
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Let g, f be Laurent polynomials in the initial data {Q{® : j = 0,1}. Define the

action of g on ¢(f) as:
g o o(f) = ¢(fg).
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Right action on ¢(f)

Let g, f be Laurent polynomials in the initial data {Q{® : j = 0,1}. Define the
action of g on ¢(f) as:
g o ¢(f) = ¢(fg).

Theorem: The conserved quantities of the quantum Q-system act on ¢(f) as
multiplication by the fundamental characters of sl,:

Cj(k) 0 ¢(f) = ¢(f €;(k)) = ¢(f €j(c0)) = ei(2)o(F).

Proof: We showed
CiT(z) = ei(z)7(z) + lower terms.

The “lower terms” which are missing a factor of £, for some « contribute 0 to
the evaluation ¢, because they do not have negative powers of an).
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Difference equations for sl

Difference Toda
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For 3 = V(w1)™™ # -+ - % V(kw1)""*, we have the graded character
Xn(9,2) = B(Q7" - Q).

Reminder: For sl;,

Ci[oo] = Gilk — 1] = 99, Y — Q.M + 9, Qs
Lemma:

The equation Ci[k — 1] 0 xn(q,2) = Ci[o0] © xn(qg,2) becomes:

X1 —=1me+1 + Xoome_1+1,m—1 — @

In|—k+1

X.ooomp_1—1,m—1 = (21 + 22) Xn.

Kedem
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Difference equations for sl

For 3 = V(w1)™™ # -+ - % V(kw1)""*, we have the graded character
Xn(9,2) = B(Q7" - Q).

Reminder: For sly,
Gioo] = Gilk — 1] = QY — 9,19, + 9, " Qus

The equation Ci[k — 1] o xa(g,2) = Ci[o0] © xn(q,2) becomes:
Lemma:

n|—k+1
Inl X.ooomp_1—1,m—1 = (21 + 22) Xn.

X1 —=1me+1 + Xoome_1+1,m—1 — @
At k = 1 this specializes to an equation for x,(q, z) = xn (9, (z,271)):
Xot1 + (1 —q")xo-1 = (z+2 ")xn specialized Difference Toda equation.

(Relativistic Toda operator for Uy (sl2) on the discrete variable n).
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Level-1 difference equations for sl,:

Kedem

(1) (N—1)
For g = sl,, acting with C; on x&l)(q,z) =chV(w1)™ %% V(wp—1)™"
gives n — 1 difference equations. Insertion of C; gives Toda:

Theorem: The character of the tensor product of fundamental representations
satisfies difference Toda equations for Ug(sl,).

n n—1
D Xntea—ca1(3:2) = @™ D Xntean—ca(.2) = e1(2)xn(g, 2).
a=1 a=1

and n — 2 higher order equations.

Corollary: In this simple case (level-1), xn(q,z) are specialized g-Whittaker
functions of Uq(sl,), aka degenerate Macdonald polynomials (at t — 0).

University of lllinois

Fusion and g-Whittaker



Graded space Quantum Q system Constant Term Identity Difference Toda Conclusion
0000000 00000000 00000 [e]o]e] Jole} [e]

Macdonald operators
Theorem: If k > max{i : n{®) > 0} — 1 then
9 0 xu(q:2) = 4D xa(:2)
where DE(O‘) is the difference operator:

o= 3 M IIz= |15 bz=a

IC{1,...,n—1} i€l Jjél! iel

[H=c
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Macdonald operators

Theorem: If k > max{i : n{®) > 0} — 1 then

9 0 xu(q:2) = 4D xa(:2)

where Df(a) is the difference operator:

o= Y 4 (5% o pa=as

. zZi — Zj :
c{1,..., n—1} i€l Jjél! i€l

[H=c

m When kK =0, Dga) is the t — oo degeneration of the Macdonald operator.

m When k=1, Dgo‘) are the Kirillov-Noumi Macdonald creation operators at
t — oo = The characters are g-Whittaker functions or degenerate
Macdonald polynomials; (also Demazure characters.)

Kedem
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Realization of the quantum Q-system by difference operators

Theorem: The operators DE(O‘) acting on the space of functions in z give a
presentation of the dual quantum Q-system:

C;la « @) @)y2 B [eY B) _ ct B @
g“ e DD = (D)~ [[ DV, DD = ¢“r DD
Bra
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Realization of the quantum Q-system by difference operators

Theorem: The operators DE(O‘) acting on the space of functions in z give a
presentation of the dual quantum Q-system:

q Ca, a‘Dk 1D 1 = (® - H Diﬁ)7 ng—)lDiﬁ) =4 Ca ﬁﬁ Dk+)1
Bra

Recalling xn(q;2) = (H(Q ) ) ), we have Corollary:
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If g =sl, and k = 1, we have

xn(giz) = " V2(DPMy 1
where 1
DY = —=— (D1 - 4Dy),

Z1 — 22

212 = 1.

Kedem

Fusion and g-Whittaker

University of lllinois



Graded space Quantum Q system Constant Term Identity Difference Toda Conclusion
0000000 00000000 00000 000000 [ ]
Conclusion

Kedem

The graded tensor product characters can be realized in terms of an action
of quantum Q-system solutions on ¢(1).

Integrability of quantum Q-system implies difference equations satisfied by
the graded characters — specialize to quantum Toda when all reps are
fundamental.

Solutions in simplest case (fundamental modules) are g-Whittaker
functions at integral values of the parameters: polynomial solutions.

We have obtained expression for characters in terms of (generalized
degenerate Macdonald) difference operators.

Yet to be completed: use this to construct characters in stabilized limits to
obtain CFT characters.

Reference: arXiv:1109.6261; arXiv:1505.01657.

University of lllinois

Fusion and g-Whittaker



	The graded space
	

	The quantum Q-system and its conserved quantities
	

	A constant term identity for the graded characters
	

	Difference equations for characters
	

	Conclusion
	


