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A generalization of Cauchy determinant
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If we replace

9 9
x; by x7, y; byy;, a;byx;, b;byuy;,
or
x; by x;, wyiby —wvy;, a;byl, b;by0,

then this generalization reduces to the original Cauchy determinant.



A generalization of Cauchy determinant
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By replacing

? )
wzbyx?, yzbyy?, a; by 7, b; by y;,

this generalization can be used to evaluate the lzergin—Korepin determi-
nant in the enumeration problem of alternating sign matrices.
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Cauchy Determinant
and
Cauchy Formula for Schur Functions



Partitions and Schur functions
A partition is a weakly decreasing sequence of nonnegative integers

A=(ALA5A3,...), A >2A>A32>--2>0
with finitely many nonzero entries. We put
Al = EE:AM =#{i:\; > 0}
1>1

Let n be a positive integer and * = (x1,--- , ) be a sequence of
n indeterminates. For a partition A of length < n, the Schur function
sy(x1,- -+, xy) corresponding to A is defined by

Ai+n—j
det ('777;] ‘7)
1<i, §<n

det( . J)
1<, 9<n

Remark If [(A) > n, then we define s)(xq,--- ,2xy) = 0.

sx(x) = s\(x1,- -+ ,2p) =



Cauchy formula for Schur functions

Theorem Forx = (21, -+ ,xp) and y = (y1, - ,yn), we have
1
sx(@)s\(y) = ,
%: ic1 [Ti21(1 = 2y;)

where A runs over all partitions.

This theorem can be proved in several ways. For example, it follows
from

e Representation thoeretical proof (irreducible decomposition of GL;, X
GLj;,-module S(Mpy,));

e Combinatorical proof (Robinson—-Schensted—Knuth correspondence)

e Linear algebraic proof



Liear algebraic proof uses

e Cauchy—Binet formula: For two n X N matrices X and Y,

N det X (1) - det V(1) = det (XtY),
I

where I = {i] < --- < ip} runs over all n-element subsets of column
indices, and X (/ :(:13 ) Y (I :(:13 ) .
) Pra)1<p, q<n ) Pha)1<p, q<n

e Cauchy determinant:
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Proof of the Cauchy formula

First we apply the Cauchy—Binet formula (with N = 00) to the matri-
ces

o 1 2 3 - 0 1 2 3 -
I = x% x% /1 Y1 y1 ?J% \
Y _ (1 9 CIZ% 33% \ V — 1 y2 y2 y%

To a partitions of length < n, we associate an n-element subsets of N
given by
Then the correspondence \ — I,(\) is a bijection and
det X (I,(N)) det Y (I,(N))
sy(x) = . syy) = .
Az Ax) A(Y) Ay)




By applying the Cauchy—Binet formula we have

ZS)\( )sy\(y) = ZdetX - det Y'(I)

A
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Now we can use the Cauchy determinant to obtain
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Generalized Cauchy Determinant
and
Column-length Restricted Cauchy Formula



Theorem (Cauchy formula) Forx = (21, - ,xp)andy = (y1, -+, Yn),
we have

S sy(@)s(y) = 1

n n y
A i—1 1 [j=1(1 = z3y5)
where A runs over all partitions.

Problem  Fix a nonnegative integer [. For = (x,---,z,) and
y = (y1, - ,yn), find a formula for

> sal@)sy(y),
I(\)<I
where A runs over all partitions of length [(\) < .



Let [ be a nonnegative integer. To a nonnegative integer r and two
partitions «, 5 with length < r, we associate a partition

A<T7&75> — (T‘l_&la T 77’—|—O47n7‘7"“7 . .l._/’r7t517tﬁ27 o )




Let [ be a nonnegative integer. To a nonnegative integer r and two
partitions «, 5 with length < r, we associate a partition

A<T7 Q, 5) — (T T QT &TLTH . .l._/’r7t517tﬁ27 Co )
We denote r by p(A(r, o, 5)). We put

C; = the set of such partitions A(r, a, 3).
Let A — A* be the involution on C; defined by
Alr,a, )" = Ar, 8, ).
Note that, if [ = 0, then

Co = the set of all partitions,
A* =*A  (the conjugate partition).



Theorem (Column-length restricted Cauchy formula; King) For & =
(21,...,2m) and y = (y1,...,yn), we have

ZM665< )\M|+ZP(M>3N(;B>3M*<ZJ)
lmqu( z)s)\(y) = TG a)

Two extreme cases:

e If [ > min(m,n), then we recover the Cauchy formula:

1
2 ) = [ I

o [f [ =0, then we have the dual Cauchy formula:

Z( )w H H — TiYj)-
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Recall the bijection
Ad— Iy A) ={M+n—-—1, ) +n—2,--- A1+ 1, A}

Then we have

In this case, we have
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Proof of the restricted Cauchy formula

We prove the formula by using

e generalized Cauchy—Binet formula:
» det X({1,...,m =1 U{ir+(m—1),....05+(m—1})
I

xdetY{1,....,n =1} U{ig+(n—=10),....,55 +(n—10})

e generalized Cauchy determinant:

( (az'—bj

i Yj ) 1<i<m, 1<j<n
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Generalized Cauchy—Binet formula

Let m, n, M be positive integers and [ a nonnegative integer such that
[ <mandl <n.let XandY bemx(m—I+M)andnx(n—I+M)
matrices respectively. Then we have

Proposition
» det X({1,...,m =1} U{ir+ (m=1),....i 4+ (m—1)})
I

xdet Y{1,....n—=1}U{i;+(n—=10),...,50+(n—10})
> (F'G D
= (e (T2 0),
where [ = {i] < --- < 4;} runs over all [-element subsets of |M]| =
{1,..., M}, and
D=X{1l,---,m—=1}), F=X({m-1+1,--- , m—1+M}),
E=Y{l,--- . n—-1}), G=Y{n—-I0l+1,--- ,n—I01+M}).



We apply the generalized Cauchy—Binet identity to

S I ) N
v ) 1<i<m,j>0 v ) 1<i<n,5>0

Then we have
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V<
m-—n
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This determinant is evaluated by using the following generalized Cauchy
determinant.
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Theorem A (Generalized Cauchy determinant)
fm+p=n+qgandl=m —qg=n—p >0, then we have
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By applying the generalized Cauchy determinant with

| __—(n=) _
Tp=1x,, a4 =1, , b =0,
we see that
Z sx(@)sx(y)
I(N<I
(_1)mn+m(m—1)/2
- Az)A(y) [T:5 H?:1(1 — TiY;)
( $T+n_l_1 e :Cﬂln O e O ijLTL—l e xgn_l xgn_l_l ... 1 \
o« det x%""n_l_l P x% : O l P O 1 x%_l .. x%_l l‘%_l_l 1 -
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\ ey e gt 0 0 | yp o e oyttt

Finally we use the Laplace expansion to obtain the desired restricted
Cauchy formula.



Application to generating function of plane partitions
A plane partition is an array of non-negative integers
Ti1 M2 T3 -

. M1 Tp9 M3 -
= (7“&,])@' i>1
J 31 73,2 3.3

satisfying

Tig > Wil Wi > Wiy, |ml= ) mij < oo
1,721
Theorem (MacMahon)

7| _ 1
21 [Ty (1 — )P

T

where 7 runs over all plane partitions.



The MacMahon theorem is proved by using the Cauchy formula for
Schur functions.
A shifted plane partition is a triangular array of non-negative integers

01,1 012 01,3 "

(. _ 029 023 -+
o = (Uz,])lgz’gj - o33 - -
satisfying
0ij 2 Oij+l, Oij 2 Oirly, o] = Z"i,j < 0.
1<]

The partition (011,099, ... ) is called the profile of o.



Proposition For a partition A,

Z q|0| — Q‘)\‘S)\CLJ q, q27 Co )7
o)

where the summation is taken over all shifted plane partitions o with

profile .
A plane partition 7 is decomposed into two shifted plane partitions

mh = (mh<i<j, and T = (7 )1<i<;

with the same profile. Hence we have

qu_zqw (Lg% 2= sn(d/% ¢ g% )

A
1 1

[Ljs1(T=g= Y Tl (1= gF)F




Similarly, by using the restricted Cauchy formula, we obtain

Theorem

Z Q‘ﬂ-‘ _ Z/LECZ(_I)‘M‘Q"MS,LL(L q, q27 T >S,LL*(17 q, q27 s )
[T>1(1—gM)*

where 7 runs over all plane partitions with Ti41,0+1 = 0, i.e., plane
partitions whose shapes are contained in a hook of width .

T 411 11=0

Remark Mutafyan and Feign proved that
(_1)]1/]qn(tl/)—n(y)sl/(l7 q, ... 7ql—1)2
T129, (1 — gF)? min(k,l) ’

7 ZV:Z(V)SZ
>, M=
T 41,0410

which was conjectured by Feigin—Jimbo—Miwa—Mukhin.



Schur Pfaffian
and
Littlewood Formulae



Schur-Littlewood formula

Theorem (Schur, Littlewood) For @ = (x1,--- ,xy,), we have
S i) = 1o : ,
S i=1(1 = 7i) [ [1<icj<n(l = 2i7))

where A runs over all partitions.

A linear algebraic proof uses
e Minor-summation formula (Ishikawa—Wakayama), and

e Schur Pfaffian (Laksov—Lascoux—Thorup, Stembridge):

Pf (155]'_352') _ H 1:133'—%2' |
T ki j<n 1<ici<n T




Pfaffian

Let A = (a;j)1<i, j<om be a 2m x 2m skew-symmetric matrix. The
Pfaffian of A is defined by

PIA= ) sen(m)an(1) x(2)0n(3) m(e) """ Gr(2m—1),m(2m):
TESom
where §9,, is the subset of the symmetric group G9,,, given by

( (1) < 7(3) < --- < 7w(2m—1))
Som=4TE€ Gy, A A A -
\ w(2) 7w(4) T(2m)

and sgn(m) denotes the signature of 7.
Example If 2m = 4, then
0 a2 a3 au

—a1ps 0 agsg aoy
Pf

—ai3 —azz 0 agy

—ay14 —agy —azy 0

= 112034 — Q13024 T A14023.



Minor-summation Formula

Let A = (aj;)1<i, j<n be an N X N skew-symmetric matrix, and
T = (ljj)1<i<n.1<j<n an n X N matrix. For an n-element subset
J ={j1 < < jn} of [N], we put

A:(.-) ,TJ:(t-) .
/ ip-da 1<p,q<n (J) PJaj1<p, q<n

Theorem (Ishikawa—Wakayama) If n is even, then we have

N PfAy-detT(J) = Pt (TA?%F) |
J

where J runs over all n-element subsets of [ N].

Remark The minor-summation formula is a Pfaffian version of Cauchy-
Binet formula.



Proof of Schur—Littlewood formula

It is enough to consider the case where n is even.
We apply the minor-summation formula to the matrices

0 1 2 3 0 1 92 3
AR B o
A — 01 ... T I @9 m% m%

For a partition A of length < n, we have
det T'(I,(N))
S A@)
where I,(A) = { ), A1+ 1,--- , A1 + n — 1}. Hence we have

PfA]n<>\> — 1, S)\(J})
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D sylm) =

A

EJ: Pf A ;- det T(J) = @ pf (TAfT)

>

x)

—_

Lg — &y

~ M) Pt ((1 —;)(1 — 515‘7')(1' - f’fi.i'fj)) I<i,j=n

_ ! Pf( J xl) .
Alz) [z (1 — ) L=mizi) o icp
Now we can use the Schur Pfaffian (Laksov—-Lascoux—Thorup, Stem-
bridge) to obtain

o () — 1 . 1 . Zlfj—l“?;
2@ =5 e U T

A 1<i<j<n

1
i1 (1= 2i) Th<icjen(l — zizj)




Variation

For a partition A\, we define

r(A) = the number of odd parts in \.
Theorem (cf. Macdonald)
n
(1 4+ uzy)
Z’LLT()\)S)\<CU) — T 1 22 1 Z 1 Y
\ i—1( —SUZ')H1§i<j§n( — L)

where A runs over all partitions.

If we put u = 1, we recover Theorem 1 (Schur-Littlewood formula).
If we put ©w = 0, then we have

Corollary (Littlewood)
> i) = |
\-aven i=1(1 = 27) [ 1 <icj<n(1 = wizj)

where A runs over all even partitions (i.e., partitions with only even parts).




Generalized Schur Pfaffian
and
Column-length Restricted Littlewood Formulae



Column-length Restricted Littlewood Formula

Theorem (Schur, Littlewood)

1
Z sy(x) = i 1<1 — ;) H1<z<]<n<1 — :EZ'ZE’j)7

A
where A\ runs over all partitions.

Theorem (King; Conj. by Lievens—Stoilova—Van der Jeugt)

1
Z sy(x)= n 1(1 — ;) H1§z‘<j§n(1 — wixj)

(<
n—j [ n— [+7—1
><det (:z:Z —(=1)'x|g > l]z; )19.7]5”
] Y
det (z; )1§7J,j§n
where A\ runs over all partitions of length <[, and x|[j > 1] =1if 5 > [
and 0 otherwise.




Theorem (King; Conj. by Lievens—Stoilova—Van der Jeugt)

1
Z sA(CB): H?:Nl _ I@) H1§z‘<j§n(1 — wix]’)

(A<
det (a7 —(=D)ly[j > 12771

det (:U?_])lgi,jgn

1<, 1<n

)

X

where X\ runs over all partitions of length <[, and x| > 1] =1if 5 > [
and 0 otherwise.

We give another proof by using
e another type of minor-summation formula (Ishikawa—Wakayama), and

e generalized Schur Pfaffian.



Minor Summation Formula

Theorem  (Ishikawa—Wakayama) Suppose that n + 7 is even and
0<n—r<N.Forannx (r+ N) matrix T = (t’ij)lgign,lgjgwr]\f

and a N x N skew-symmetric matrix A = (aij)r+1<¢ j<rp N e have

> PEA;-detT({L,....r}U{j1.- - jn—r})

J
t
o yrlr=1)/2 KA'K H
ayevrpr (R F)
where J = {j1 < --- < jp—r} runs over all (n — r)-element subsets of

r+ 1,74+ N| and

AJ - (ajpajq)lgp,qgn—'r’
H=T{1,...,r}), K=T{r+1,...,r+ N}).



Proof of the restricted Littlewood formula

For simplicity, we consider the case where [ is even.
We apply the minor-summation formula above to the matrices

rr+1 r+2 r+3 ---

0 1 o 7—1 7 7+1 - (0 1 1 \
1 T xq_l xq x7£+1 O 1 1
R I R I o 1 ..

' 0
1 xn x;;_l x:l x?r;'"l \ . )

where r =n — . If () <land J = I,(A\)\ [0,n — [ — 1], then we

have

det X({0,....r — 1} U.J)
sy(x) = A 7

Hence, by applying the minor-summation formula, we have

—yrin=r) A H
Z S)\(ZCL ce ’x‘n) — ( A>(a;> Pt ( —tH O> .
V<l

PfA; =1.




By explicitly computing the entries of K AU, we have

B (_1)r(n—r)
D s\(m) = A@)

I(\)<I
Xi— Iy .

(el o

We need to evaluate this resulting Pfaffian.
Note that

x Pt

Tj— X B 1 X j X
1—2)(1—2;) 1 —ajzj) 1—wmw; \1—z; 1—x;)

Now the proof is reduced to the following generalization of Schur Pfaffian.



Generalizations of Schur Pfaffians
Theorem B Ifn+1r =2m is even and n > r, then we have

j— % 2 r—1
( (1— ' > (1’%’%"”’% )1<'< \
Lt/ 1<i, j<n =r=n

—t(l,x@-,az%--- Tl O

! l )1§i§n )

Pt

\
(—1)(2)+()

T h<icj<n( = ziz))

m—1 _m m—2 _.m+1 m—3 2m—?2
xdet(\xi U + T, , T + T o T +£,
m
a;z ! a;(x]" + xm_Q) o a-(az”_2 + )
7y » L\ 1 y » U\ 1), 1<i<n.

m-—-—r



Example If n =3 and r = 1, then we have

/ 0 az — aj az—a | \
I —x129 Il — xy23
~a—a 0 az—az |
pf Il — 2129 I — x9ox3
ag—a;  az3—ap ) .
I — xyx3 I — xox3
\ —1 —1 —1 0 )

T x%+1 a1xq

(1!

- h<icjs(l = ziz))

det | z9 x%+1 a9
s :1:§+1 a3x3

Example If r =0 and a; = x; (1 <4 < n), then we recover Laksov—
Lascoux—Thorup—Stembridge Pfaffian.



Theorem B follows from the following Theorem C with &k = [ or k =
[ + 1 by replacing x; by x; + :E,L._l and b; by x;.

Theorem C fn+k+1=2miseven and n > k + [, then we have
or [ Sul@;a,b) Vi (@:b)
- @b) O

k—1
—1 < 9 )+(m—/€)l ~ A ~ o]
:( ) det V""" v l(a:;a)detV,gn m k(az;b),

A(x)
where
3 a; —a;)(b; —b;
Sn(z;a,b) = (( J i) J Z)) |
A 1<4, j<n
Vhi@a) = (Lagad -l Lo el al L)
) \7 (R ad} 17\27 171y Y1 y gl ) 1<icn

Y N v _ =

p q



Variation
Recall

r(A) = the number of odd parts in \.
And we put

pON =#{ic N2}, a=N—i, Bi=N—1,
where '\ is the conjugate partition of ), and write
A= (O{b "o 7&p<A>‘617 T 75])()\))-
We call it the Frobenius notation of .

Example If A = (4,3,1), then 7(A) = 2, p(A) = 2, and X is written as
(3,1]2,0).




Theorem

Z uro‘)s)\(a}) S Z’; fl,u(u)slt(w) |
(A< izl(l _ IZ> H1§i<j§n<1 - xz@y)
where A runs over all partitions of length < [, 1 runs over all partitions
f= (a1, aglBL, -, By) satisfying
oif a, >0, then o; +1 = 3; + 1;
oif a; =0, theno; +1 > B; + 1,
and, for such 1, we define
ful_ﬁf‘_l if r is even and o = 0,

1 if r is even and o, > 0,

Jiu(u) = (—1)lo x4 Bt

! if v is odd and «, > 0.

if  is odd and o = 0,

\



Theorem

2 Jip(w)su(x)
W' Ns\(z) = - '
z(%;l Ve im1(1 = 77) [li<icjcn(l — 7iv))

By substituting © = 0, we have

Corollary  (King)
Z (@) > (-1 1) (el =tp(r))/2 s()

Aeven, [(\)<I 2‘21(1 - sz) H1§i<j§n(1 o CE@I‘]’)

where A runs over all even partitions (i.e., partitions with only even parts)
of length < [, and p runs over all partitions = (aq, - -+ , |51, -+, Or)
satisfying the conditions

o = p(u) is even;

oo, +l=0+1forl1 <i<r.



Proof
If we consider the skew-symmetric matrix

o1 2 3 4 ...
(O I v 1 wu \
0 w? u u? -
O 1 wu ---
A= 0 w2 ... |’
0

then we have

Pt AIZO‘) — UT()\>,

and we obtain an expression of Zl<>\)<l u" Mg\ (x) in terms of a Pfaffian.
However the resulting Pfaffian cannot be converted into a determinant.



Instead we prove

3 (u"“w + ul_m)) sx(x)
! 5 (fupw 2 ) su@

[T (1= 2) Thcicjcn(l — @2))

The argument is similar to that in the proof of restricted Littlewood
formula.

)

e Step 1 : Apply the minor-summation formula to express the LHS in
terms of a Pfaffian,

e Step 2 : Use Theorem A to convert the resulting Pfaffian into a
determinant,

e Step 3 : Evaluate the resulting determinant.

The key is the Pfaffian expression of the weight u”(®) + ¢/="(A)



Lemma Let

0 1 9 3 4
(o 14+u?2 20 1+u? 2 ---\
0 1+u2 2U 1+u2
0 1+ u?  2u
A= 0 1+ u?
0

and [ an even integer. For a partition A\ of length <[, we have

P Ay =227 (w4l ).



Application of Generalized Schur Pfaffian
to Schur’s P functions



Schur’s P-functions

Schur's P-functions Py(x) (or @-functions ()\(x)) are symmetric
functions, which play a fundamental role in the theory of projective rep-
resentations of the symmetric groups, similar to that of Schur functions
sy(a) in the theory of linear representations.

Nimmo gave a formula for Py(x1, - ,xy) in terms of a Pfaffian. Let
A be a strict partition of length [, i.e., A\f > X > - > A\ > 0. f n+1

Is even, then we have
( (5& — CUj) (:EM P CCM) \
7 ) 1 ) ) 1 .
Ti T Tj ) 1<i j<n 1<i<n

L v /

A similar formula holds in the case where n + [ is odd.

Pz = [ Z5p

QZZ'—QZ]'

1<i<j<n




Recall
Theorem C lfn+p+q=2miseven and n > p+ g, then we have

o ( Sp(x:a,b) VP(x -b))

tqu( . b) O
< )( 2q>+ Sm,m—p—q ymeam=p
Sl—YPs " et VP s ) det V4P ),
where
N — a Db — b
e ()
X — Ty 1<4,7<n
2 _ 2 -
Vi l(x; a) (15132'733@'7V ¥ Zio Gitds Bty 0it; J)lézén




By replacing x; by x% a; by x;, and b; by x;, the left hand side of the
Pfaffian formula in Theorem C reads

( X; — X 2(p—1 2(g—1)+1 \
( / ) (17$z27$;l7"'7$i(p )7xi7$?7$257°"7$i(q ) .
Tj+ Ti/ 1<i j<n .

. v /

Comparing this with Nimmo's formula, we obtain an algebraic proof of

Pt

Theorem (Worley; Conj. by Stanley) We put
pr=(k,k—1,---,2.1).
Then we have
Epptp (@) = 5p,(2)50/().

In particular, we have

Py (@) = sp.(x).



Similarly, by replacing

T
2 ai by 1

: b; by x,
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x; by x

in Theorem C, and equating the coefficients of t! we can prove
Theorem (Worley) We put

pp=(k,k—1,---,2,1), and (1)) = (Q;'"D'
If 0 <! <k+1, then we have
Ppk+(1l)($) = z}\: sx(x),
where X\ runs over all partitions satisfying pp. C A C pr4q and |A| —

okl =1



