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(K. & Peltola [arXiv:1408.1384])
» seek: n-point correlation functions defined for x; < -+ < xp
* Mbbius covariant, satisfy PDEs, behavior as [Xjy1 — x| — 0
> use: quantum group Uy(slz) and its representations My
> correspondence: associate functions to vectors v € @/, Mq,
* representation theoretic properties of v guarantee

desired properties of the function

Applications to random conformally invariant curves:
» Extremal multiple SLEs (K. & Peltola [arXiv:7777.7777])

~~ classification of random curves w/ non-trivial conformal moduli
~~ effect of bdry conditions on interfaces in lattice models

~~ crossing probabilities
» Chordal SLE bdry visiting probabilities  (Jokela & Jarvinen & K. [arxiv:1311.2297])
~~ multi-point boundary Green’s function for SLE [Lawler & ...]
~~ correlation fn of SLE covariant measure on bdry [Alberts & Sheffield]
~~ lattice model probas, e.g. Potts model bdry spin correlation

Correlation functions with hidden quantum group
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1. INTRODUCTION: CONFORMALLY INVARIANT
RANDOM CURVES
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Lattice model interfaces: loop-erased random walk

SRW: simple random walk
- started at bottom left corner

- conditioned to exit the box
through top right corner

LERW: loop-erased random walk

- chronologically erasing the loops
of the SRW ~~ simple path from
bottom left to top right

Scaling limit result [Lawler & Schramm & Werner 2004, Zhan 2004]
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Lattice model interfaces: critical percolation

Critical site percolation

- color the hexagons black or white
according to independent fair
coin tosses

The exploration path

- path from midpoint of the bottom
side to the top corner of the
triangle, leaving white hexagons
on its immediate left and black
hexagons on its immediate right

Scaling limit result [Smirnov 2001, Camia & Newman 2007]
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Lattice model interfacesF: random cluster model

-model [Fortuin-Kasteleyn 1972]

- random subset w of edges
P[{w}] o (%})Mo#conn. comp.(w)

- parameters: Q >0, p € (0,1)

] e
] ] 18]

[

(pcritical = %)

il

BEEEE s - all left and top side edges

T Eﬁrqgf‘m conditioned to be in w

Al The exploration path

I :!i”f - path from bottom left to top right

Hors e closely surrounding the
connected component of left and
top sides

Scaling limit result for Q = 2
[Smirnov 2010, Chelkak & Duminil-Copin & Hongler & Kemppainen & Smirnov 2013]
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Lattice model interfaces: loop-erased random walk

Critical Ising model with Dobrushin
boundary conditions
- spins o, € {+1} at each pixel z,
+1 on top and left bdry,
—1 on bottom and right bdry
_ probability o X# disagreeing neighbors
with X = Xgrifical = V2 — 1

interface / domain wall

- curve between the macroscopic
components of +1, —1 spins

Scaling limit result [Chelkak & Duminil-Copin & Hongler & Kemppainen & Smirnov 2013]
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Schramm’s classification result
The chordal Schramm-Loewner evolution (SLE,):

[Schramm 2000, Lawler & Schramm & Werner, Rohde & Schramm, .. .]

b Random curve vp.5p in
domain D from
boundary point ato b

a law PD;a,b

Classification:
» Conformal invariance:

» Domain Markov property:

—> Jx > 0: Pp.4p = "chordal SLE, in D from ato b*
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Schramm’s classification result
The chordal Schramm-Loewner evolution (SLE,):

[Schramm 2000, Lawler & Schramm & Werner, Rohde & Schramm, .. .]

b Random curve vp.5p in
domain D from
boundary point ato b

a law PD;a,b

Classification:
» Conformal invariance: if f : D — f(D) is conformal then
f(Yp.a,b) ~ Vi(D):f(a).f(b)-
» Domain Markov property: given an initial piece v of vp.ap
starting from a, the rest has the law of yp\.tip,p-

—> Jx > 0: Pp.4p = "chordal SLE, in D from ato b*

School of Science 1. Conformally invariant random curves
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Properties of SLE

random fractal curve, dimpaysgori(7) = 1+ § for £ < 8 (sefiara 2008)
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Properties of SLE

random fractal curve, dimpaysgori(7) = 1+ § for £ < 8 (sefiara 2008)

simple curve

doesn’t touch
boundary

non-self-crossing curve

touches boundary on a
random Cantor set
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Generalizing the Dobrushin boundary conditions

Critical Ising model with Dobrushin boundary conditions

[simulation and picture by Eveliina Peltola]
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Generalizing the Dobrushin boundary conditions

Critical Ising model with alternating boundary conditions

[simulation and picture by Eveliina Peltola]
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Classification problem of multiple SLEs

Random curves (v()N | in
domain D connecting boundary
“ points ai, ao, ..., an

law Pp.

[Bauer & Bernard & K. 2005]

Can we give a classification?
» Conformal invariance
» Domain Markov property (w.r.t. all initial segments)
- initial segments absolutely continuous w.r.t. chordal SLE,

| Convex set of multiple-SLE,.’s (Pp.a,.... a,y)
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2. MULTIPLE SCHRAMM-LOEWNER
EVOLUTIONS GROWTH PROCESSES
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Overview of classification of multiple SLEs

local multiple SLEs Mébius covariant
with curves starting from «+—  positive solutions Z
2N boundary points to a system of PDEs

[pictures by Eveliina Peltola]
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Overview of classification of multiple SLEs

local multiple SLEs Mébius covariant
with curves starting from <+—  positive solutions Z
2N boundary points to a system of PDEs

vector space of solutions

convex set of probability measures (finite dimensional)

(finite dimensional)

[pictures by Eveliina Peltola]
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local multiple SLEs Mébius covariant
with curves starting from <+—  positive solutions Z
2N boundary points to a system of PDEs

vector space of solutions
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extremal points: deterministic
connectivity pattern (a planar pair
partition o € PPPy)

[pictures by Eveliina Peltola]

, , Aalto University Correlation functions with hidden quantum group
School of Science 2. Local multiple SLEs
and Technology Kalle Kytéla — Florence, May 2015



Overview of classification of multiple SLEs

local multiple SLEs Mébius covariant
with curves starting from <+—  positive solutions Z
2N boundary points to a system of PDEs

vector space of solutions

convex set of probability measures (finite dimensional)

(finite dimensional)

extremal points: deterministic
connectivity pattern (a planar pair
partition o € PPPy)

0.0 00 0

PPP = | yex PPPn.  #PPPy =Cn = 5t (3
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vector space of solutions
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Overview of classification of multiple SLEs

local multiple SLEs Mébius covariant
with curves starting from <+—  positive solutions Z
2N boundary points to a system of PDEs

vector space of solutions
(finite dimensional)
dim =Cy [Flores & Kleban 2014]

convex set of probability measures
(finite dimensional)

extremal points: deterministic
connectivity pattern (a planar pair
partition o € PPPy)

0.0 00 0

PPP = | yex PPPn.  #PPPy =Cn = 5t (3

solutions Z,, with particular
asymptotic behavior
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Role of the partition function
Local multiple SLE, classification:

H
Z "partition function® defined on
gf Xon={X1 <X <+ < Xon}
g g S :.,2%
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Role of the partition function
Local multiple SLE, classification:

H

Z "partition function® defined on

gf :{ZN:{X1<X2<'”<X2N}
e e

(h=hyp = 5F)

Z specifies Girsanov transforms w.r.t. chordal SLE,:

atonierStey o [y &' 06" x Z(g(x1).....g(tip), ... gleen)):
where g: H \ (j:th curve) — H is conformal s.t. g(z) = z+ o(1).
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Role of the partition function

. Local multiple SLE, classification:
Z “partition function” defined on

gf :{ZN:{X1<X2<'”<X2N}
e e

(h=hyp=%7%)

2Kk
(PDE) D;Z =0forallj=1,...,2N, where
_ kP 2 9 2h
Di=z2og 2 (Xf—X/ﬂTf - (Xf—X/)Z)'

Z specifies Girsanov transforms w.r.t. chordal SLE,:
d(j:th .
o) < o [Ty 0 ()" % 2(g(x1), - g(tip). ... gxen)).

where g: H \ (j:th curve) — H is conformal s.t. g(z) = z+ o(1).
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Role of the partition function
. Local multiple SLE, classification:
Z “partition function” defined on

gf %ZNZ{X1<X2<"‘<X2N}
e e

(h=hyp = 5F)

(PDE) D;Z =0forallj=1,...,2N, where
kO 2 9 2h
Dj:éaszJFZi#j(f*— )

=X OXi  (xi—x)? )"
(COV) Forpu: H—H MObIUS s.t. u(x1) < -+ < pu(xon) we have
Z(X1,...,%N) = H, T )% Z(u(x1), -, p(Xen)).-
Z specifies Girsanov transforms w.r.t. chordal SLE,:

o) < o [Ty 0 ()" % 2(g(x1), - g(tip). ... gxen)).

where g: H \ (j:th curve) — H is conformal s.t. g(z) = z+ o(1).
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Collapsing marked points

Suppose
lim Z(Xq,.-,XoN)
XXt =€ (1 —x) 2 2 WaY
_Z(X17"‘7X]—17Xj+27"‘7X2N)' - ] ’
Then the law of the curves other than l

Jj,j+ 1 under local 2N-SLE,, defined by Z h
tends to the local (2N — 2)-SLE, defined (£~ A\
by Z as xj, Xjr1 — &.

For pure partition functions Z,,, a« € PPP, thus require

(ASY) Z, {Za/{j,j+1} it {j,j+1} € a
0

im —— =
X X1 =€ (Xjp1 — Xj)_2h if{j,j+1} ¢ «

,, Aalto University Correlation function: swnhhdde qua tum group
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Multiple SLEs pure partition function problem

(Za) a€PPP

for « € PPPy, function Z, on Xon = {X1 < Xp < -+- < Xon} S:t.

2
(PDE) p.z — _nO _2 &8 __2h
DjZ, =0 where D; 28x?+z< ~x 0% (x,-—x,-)z)
I i#
(COV) Z(X1,.. ., Xen) = H#/(Xj)hXZ(M(Xﬂ, - (Xen))
(ASY)

lim 2 _ Za/{j,j+1} if {j,] + 1} SeY
X.%:1—€ (Xjp1 — X;)72h 0 if{j,j+1} ¢
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3. SOLUTION OF PURE PARTITION FUNCTIONS
BY A HIDDEN QUANTUM GROUP
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Overview of the quantum group method

Correspondence:

vectors in an n-fold
tensor product representation
of a quantum group

highest weight vectors
of subrepresentations

vectors in the
trivial subrepresentation

prescribed projections
to subrepresentations

functions of n variables
solutions to partial
differential equations

Mobius covariant
functions

prescribed asymptotic
behavior

,, Aalto University
School of Science

and Technology
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Idea: Integral solutions to PDEs
How to solve the PDEs? (D;Z)(xy,...,Xn) =0

2 9 2h
where D; = 5 8x2 + Z:;é/ (x, —X Ox; (Xi_xj)2>.
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Idea: Integral solutions to PDEs
How to solve the PDEs? (D;Z)(xy,...,Xn) =0

2 9 2h
where D; = 5 8x2 + Z:;é/ (x, —X Ox; (Xi_xj)2>.

?

Z(X1,...,X2N):/f(X1,...,X2N;W1,...,Wg)dW1---de .
r
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where Dj = 2 8X2 + 217&] (X: —x Ox; (Xi_xj)2>'

Z(X1,...,X2N):/f(X1,...,X2N;W1,...,Wg)dW1---de .
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Idea: Integral solutions to PDEs

How to solve the PDEs? (D;Z)(xy,...,Xn) =0
2 0 2h
where Dj = 2 8X2 + 217&] <Xl —x Ox; (Xi_xj)2>'

?

Z(Xh---vXZN):/f(xh---vXZN;W17-~aWé)dW1"‘dWZ
r

» find appropriate f(x1,..., Xon; Wy, ..., Wp)
> (Djf)dwy - --dw, is an exact (-form Q
» if o = 0, then the integral Z solves (D;Z)(z) =0
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Idea: Integral solutions to PDEs

How to solve the PDEs? (D;Z)(xy,...,Xn) =0
2 0 2h
where Dj = 2 8X2 + 217&] <Xl —x Ox; (Xi_xj)2>'

Z(X1,...,X2N):/f(X1,...,X2N;W1,...,Wg)dW1---de ?
r

» find appropriate f(x1,..., Xon; Wy, ..., Wp) [Dotsenko-Fateev 1984]

s f =TT (6 = X)% X T (W = X) T x [T e s(Ws — wi)eX !
> (Djf)dwy - --dw, is an exact (-form Q
» if o = 0, then the integral Z solves (D;Z)(z) =0

3. Quantum group solutions for multiple SLEs
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Idea: Integral solutions to PDEs

How to solve the PDEs? (D;Z)(xy,...,Xn) =0
2 0 2h
where Dj = 2 8X2 + 217&] <Xl —x Ox; (Xi_xj)2>'

Z(X1,...,X2N):/f(X1,...,X2N;W1,...,Wg)dW1---de ?
r

» find appropriate f(x1,..., Xon; Wy, ..., Wp) [Dotsenko-Fateev 1984]
w = Tl Cg = x)® 5 T (wr = x0) 7 ¢ T cg(Ws — W)

> (Djf)dwy - --dw, is an exact (-form Q

» if o = 0, then the integral Z solves (D;Z)(z) =0

» find appropriate I' to solve PDEs with boundary conditions?
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Idea: Integral solutions to PDEs

How to solve the PDEs? (D;Z)(xy,...,Xn) =0
2 0 2h
where Dj = 2 8X2 + 217&] <Xl —x Ox; (Xi_xj)2>'

Z(X1,...,X2N):/f(X1,...,X2N;W1,...,Wg)dW1---de ?
r

v

find appropriate f(xq, ..., Xon; Wy, ..., Wp) [Dotsenko-Fateev 1984]

» f =T = X)F % H, (Wr =) T x Tl cs(We — W)X
(Djf)dw; - - -dw; is an exact ¢-form Q
if or = 0, then the integral Z solves (D;Z)(z) =0

find appropriate I' to solve PDEs with boundary conditions?
quantum group Uy(slp) acts on I

[Felder & Wieczerkowski 1991, Peltola & K. 2014]

v

v

v

3. Quantum group solutions for multiple SLEs

, , Aalto Unlverslty Correlation functions with hidden quantum group
of S .
d T hnology Kalle Kytéla — Florence, May 2015



The quantum group and its representations
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The quantum group and its representations

q= ei7r4/f{

(assume k ¢ Q)

A!

, Aalto University
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The quantum group and its representations

q = /s (assume « ¢ Q)
» Algebra U,(slp): gen. E, F, K, K~! and g-Chevalley rel.
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The quantum group and its representations

qg=e™/"r  (assume k ¢ Q)
» Algebra U,(slp): gen. E, F, K, K~! and g-Chevalley rel.

KE = ?EK, KF =g 2FK, KK 1=K 'K=1
EF — FE= 1 (K-K™")
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The quantum group and its representations

q = em4/x (assume « ¢ Q)
» Algebra U,(slp): gen. E, F, K, K~! and g-Chevalley rel.

KE = ?EK,  KF = q—2FK, KK-'= KK =1
EF —FE= (K- K"

» Irreducible rep. Md of dimension d: basis g, €1, ..., €q4_1

3. Quantum group solut 'lmul(\SLE
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The quantum group and its representations

q = em/r (assume « ¢ Q)
» Algebra U,(slp): gen. E, F, K, K~! and g-Chevalley rel.

KE = ?EK,  KF = q—2FK, KK-'= KK =1
EF —FE= (K- K"

» Irreducible rep. Md of dimension d: basis g, €1, ..., €q4_1
K.e/- = qd—1—zfe,-, F.e/- = €j+1, E. e = U] [d j] €j—1
where [n] = ‘2_‘;’_1 are "g-integers®
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The quantum group and its representations

q = er/x (assume x ¢ Q)
» Algebra U,(slp): gen. E, F, K, K~! and g-Chevalley rel.

KE = ?EK,  KF = q—ZFK, KK-'= KK =1
EF —FE= (K- K"

» Irreducible rep. Md of dimension d: basis g, €1, ..., €q4_1
K.e/- = qd—1—zfej, F.e/- = €j+1, E. e = U] [d j] €j—1
where [n] = ‘2_‘;’_1 are "g-integers”

» Tensor products of representations: forve w € V @ W set

3. Quantum group solutions for multiple SLEs
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The quantum group and its representations

q = e/ (assume « ¢ Q)

» Algebra U,(slp): gen. E, F, K, K~! and g-Chevalley rel.
KE=G?EK.  KF=q?FK  KK™'=K'K=1
EF —FE= (K- K

» Irreducible rep. Md of dimension d: basis g, €1, ..., €q4_1
Ke=q" "%, Fe=ey1, Ee=[]ld-/e-
where [n] = ‘2”:(;’:1" are "g-integers”

» Tensor products of representations: forve w € V @ W set
K(vew)=KveKw,
E(vew)=EveoKw+veEw,
F(veaw)=Fveow+KlveFw

3. Quantum group solutions for multiple SLEs
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The quantum group and its representations

q = er/x (assume x ¢ Q)

Algebra Uy (slp): gen. E, F, K, K~! and g-Chevalley rel.
KE=G?EK.  KF=q?FK  KK™'=K'K=1
EF —FE= (K- K

Irreducible rep. Md of dimension d: basis g, €1, ..., €q4_1
Ke=q"""%e, Fe=6u, Eg=1[[d-]e-
where [n] = ‘2":;:1" are "g-integers"

v

v

v

Tensor products of representations: forve w € V @ W set
K(vew)=KveKw,
E(vew)=EveoKw+veEw,
F(veaw)=Fveow+KlveFw

Semisimple tensor products of the irreps:

v
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The quantum group and its representations

q = er/x (assume x ¢ Q)

Algebra Uy (slp): gen. E, F, K, K~! and g-Chevalley rel.
KE=G?EK.  KF=q?FK  KK™'=K'K=1
EF —FE= (K- K

Irreducible rep. Md of dimension d: basis g, €1, ..., €q4_1
Ke=q"""%e, Fe=6u, Eg=1[[d-]e-
where [n] = ‘2":;:1" are "g-integers"

v

v

v

Tensor products of representations: forve w € V @ W set
K(vew)=KveKw,
E(vew)=EveoKw+veEw,
F(veaw)=Fveow+KlveFw

Semisimple tensor products of the irreps:

My, @ My, = Mg, 10,1 S Mg, 40,3 D -+ © Mg, gy 41

v

3. Quantum group solutions for multiple SLEs
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The correspondence theorem (special case)

c (0 8) \ Q, q= ei”/T4/h',
Theorem (K. & Peltola)

Fo): ME2N ., {functions on x50}
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The correspondence theorem (special case)

> :f(QXO) = {(X/ ’ Xp < X1 << X2N}, oy = UXO %(273)
€(0,8)\Q, g= €™/
Theorem (K. & Peltola)

Fo) . MEEN ., {functions on x09)}
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The correspondence theorem (special case)

> %(Xo) = {(X/ ’ Xo < Xy << Xon}, Xony= Uxo %(273)
= (O 8) \ @, q= ei”/T4’/'h~
Theorem (K. & Peltola)
Fxo) . M?2N — {functions on %(xo)}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.
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The correspondence theorem (special case)

> %(XO) — {(X/ ’ XO < X1 < e K X2N}, %ZN = UX() ‘%(2)/(3)
€(0,8)\Q, g =&/~
Theorem (K. & Peltola)
FOo): ME2N _ ffunctions on x50}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.

eog) If E.v =0, then Z = FJ[v] satisfies (PDE).

, , Aalto Unlverslty Correlation functions with hidden quantum group
of S 3. Quantum group solutions for multiple SLEs
d T hnology Kalle Kytéla — Florence, May 2015



The correspondence theorem (special case)

> %(XO) = {(X/ ’ Xp < X1 << X2N}, %ZN _ UXO %(2);3)
€(0,8)\Q, g = e/
Theorem (K. & Peltola)
Fxo) - Mgsz — {functions on %(xo)}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.
eog) If E.v =0, then Z = FJ[v] satisfies (PDE).
cov If E.v=0and K.v = v, then Z = F[v] satisfies (COV).
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The correspondence theorem (special case)

> x(Xo) = {(X/ ’ Xo < Xy << Xon}, Xony= Uxo %(2);3)
= (O 8) \\ ";‘, q= ei74/h~
Theorem (K. & Peltola)
Fx) . MS%N — {functions on %(xo)}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.
eog) If E.v =0, then Z = FJ[v] satisfies (PDE).
cov If E.v=0and K.v = v, then Z = F[v] satisfies (COV).

. Flx ~
(ASY) |Imxj’xj+1_>§ ﬁ = F(XO)[T('I'(V)]
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The correspondence theorem (special case)
> Moo Ms = My & My

> x(Xo) = {(X/ ’ Xo < Xy < -+ < Xon}, Xony= Uxo %(2);3)
= (O 8) \\ ";‘, q= ei74/h~
Theorem (K. & Peltola)
Fx)- MS%N — {functions on %(xo)}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.
eog) If E.v =0, then Z = FJ[v] satisfies (PDE).
cov If E.v=0and K.v = v, then Z = F[v] satisfies (COV).

. Flx ~
(ASY) |Imxj’xj+1_>§ ﬁ = F(XO)[T('I'(V)]
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The correspondence theorem (special case)
> Mo @ Mo = My & Mg, proj. to My ZCis 7: Mo ® Mo, — C.

> %(XO) = {(X/ ’ Xo < X1 << X2N}, %ZN _ UXO %(2);3)
€(0,8)\Q, g= e/
Theorem (K. & Peltola)
Fxo) - MS@2N — {functions on %(xo)}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.
eog) If E.v =0, then Z = FJ[v] satisfies (PDE).
cov If E.v=0and K.v = v, then Z = F[v] satisfies (COV).

. Flx ~
(ASY) |Imxj’xj+1_>§ ﬁ = F(XO)[T('I'(V)]
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The correspondence theorem (special case)
> Mo @ Mo = My & Mg, proj. to My ZCis 7: Mo ® Mo, — C.
> a7 MERN - MEENT) projection # in factors j and j + 1
> 3€(X°) = {(x/ L X0 <X < <xen}, Xon = U, 36(2’,‘3)
k€ (0,8)\Q, g=emr
Theorem (K. & Peltola)
Fo): ME2N —, {functions on x50}

o If E.v =0, then F0)[v]: ) — C is independent of xo,
thus defines a function F[v]: Xony — C.
eog) If E.v =0, then Z = FJ[v] satisfies (PDE).
cov If E.v=0and K.v = v, then Z = F[v] satisfies (COV).

. Flx ~
(ASY) |Imxj’xj+1_>§ ﬁ = F(XO)[T('I'(V)]
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Translation of the multiple SLE problem
> Mo @ Mo = My & My, proj. to My 2Cis 7: Mo ® Mo, — C.
> 70 ME2N — MEENT) projection # in factors j and j + 1

The translation: If (v,,).cprp,, Satisfies
(SING) K.vy = Vo, E.vy =0, (F.va=0)
if{j,j+1} e
it{j,j+1} ¢ o
then the functions 2, = F|v,] satisfy (PDE), (COV), (ASY).

(PROJ) #(va) {ga/{f:fm
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Translation of the multiple SLE problem
> Mo @ Mo = My & Ms, proj. toMy=2Cisa: Mo My, — C.
> 70 ME2N — MEENT) projection # in factors j and j + 1

The translation: If (v,,).cprp,, Satisfies
(SING) K.vy = Vo, E.vy =0, (F.va=0)
if{j,j+1} e
it {j,j+1} ¢ o
then the functions 2, = F|v,] satisfy (PDE), (COV), (ASY).

(PROJ) #(va) {ga/{f:fm

Trivial subrepresentation:
dim{v € My*" | (SING)} = Cn = 5+ (%))

Correlation functions with hidden quantum group
3. Quantum group solutions for multiple SLEs
Kalle Kyté1& — Florence, May 2015
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Translation of the multiple SLE problem

> Mo @ Mo = My & My, proj. to My 2Cis 7: Mo ® Mo, — C.
> 7 M§2N — M?Z(N 1), projection # in factors j and j + 1

The translation: If (v,,).cprp,, Satisfies
(SING) K.vy = Vo, E.vy =0, (F.va=0)
if{j,j+1} e
it {j,j+1} ¢ o
then the functions 2, = F|v,] satisfy (PDE), (COV), (ASY).

(PROJ) #(va) {ga/{f:fm

Trivial subrepresentation:

dim{v € My*" | (SING)} = Cn = 5+ (%))

Uniqueness of solutions: The only solution of the
homogeneous problem, 7;(v) = 0 Vj & (SING), is v = 0.
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Explicit solution for the maximally nested case

Rainbow configuration:

Ay = {{1,2N},{2,2N —1},... . {N,N+1}} A A a W
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Explicit solution for the maximally nested case

(AN

Rainbow configuration:

nay = {{1,2N},{2,2N -1}, ..., {N,N+1}}

Note: for rainbow configuration m, € PPPy, (PROJ) becomes
n(Vay) = Va,_, and #;(vp,) =0forj# N
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Explicit solution for the maximally nested case

Rainbow configuration:

Ay = {{1,2N},{2,2N —1},... . {N,N+1}} A A a W

Note: for rainbow configuration m, € PPPy, (PROJ) becomes
n(Vay) = Va,_, and #;(vp,) =0forj# N

Explicit formula The solution for rainbow configurations is

7 —COﬂSt XZ k k(N k— 1)X(Fk (e®N))®(FN k(e®N))
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Recursive solution on the poset of configurations

Wr~\ (A AR A (TAN
(A A AN AN A AR
NN~ AN A A AN
AN N N
§9 Aalto Uni Correlation functions with hidden quantum group
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Recursive solution on the poset of configurations

W
l Tying operation
[ PPPN — PPPNZ
Wl , .
- connectjandj + 1
/ \ - connect the points to which
TR n AN jand j + 1 were previously
\ / connected
(AN Laaa PNV~
NN AN AN alaaN
AN N~ A AN A AN AN
, , Aalto Unlverslty Cor;el(a]lion :uncligns wil‘h ridder guanlttunc gsrt:p
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Recursive solution on the poset of configurations

W~
l Tying operation
- PPPN — PPPNZ

- connectjandj+ 1

- connect the points to which
jand j + 1 were previously

connected
AN A (A AN
Recursion based on formula:
l if {j,j+1} € 0 € PPPy, then
NN AN AN A lA A
>< >< (id —77) (Vo)
—1

\ l / @ Bep; " (0)\{o}
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Summary: solution of pure partition functions
Theorem (K. & Peltola)

, , Aalto University Correlation functions with hidden quantum group
School of Science 3. Quantum group solutions for multiple SLEs
and Technology Kalle Kytéla — Florence, May 2015



Summary: solution of pure partition functions
Theorem (K. & Peltola)

» With vy = 1, there is a unique collection (v, )acppp SOIVing
the system (SING) & (PROJ).
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Summary: solution of pure partition functions
Theorem (K. & Peltola)

» With vy = 1, there is a unique collection (v, ).cppp Solving
the system (SING) & (PROJ).

» The vectors (V.)qcppp, Span the Cy-dimensional trivial
subrepresentation {v € W2 | (SING)}
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Summary: solution of pure partition functions
Theorem (K. & Peltola)
» With vy = 1, there is a unique collection (v, ).cppp Solving

the system (SING) & (PROJ).

» The vectors (V.)qcppp, Span the Cy-dimensional trivial
subrepresentation {v € W2 | (SING)}

» The functions Z, = F|[v,], span cy-dimensional solution
spaces of the system

2
(PDE) DjZ, =0, D, = %5)7/2 + iy (X%Xja% - —(Xf’;j)z>
(COV) Z(x1,...) =TIN 1/ ()" x Z(u(x1),...)
and their asymptotic behavior as x;, xj,1 — £ is

. Zo/1i if{j,j+1} e
ASY) | Za — a/{j.j+1}
(ASY) lim =5 {o if{j,j+1} ¢
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4. GENERAL QUANTUM GROUP METHOD AND
SOME DETAILS
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Overview of the quantum group method (again)

Correspondence:

vectors in an n-fold
tensor product representation
of a quantum group

highest weight vectors
of subrepresentations

vectors in the
trivial subrepresentation

prescribed projections
to subrepresentations

functions of n variables
solutions to partial
differential equations

Mobius covariant
functions

prescribed asymptotic
behavior

,, Aalto University
School of Science

and Technology
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Integral solutions to PDEs of CFTs
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The correspondence theorem (general case)

.....
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The correspondence theorem (general case)

(v highest weight vector < E.v = 0) (v in trivial subrepresentation < E.v = 0 and K.v = v)

.....
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The correspondence theorem (general case)

(v highest weight vector < E.v = 0) (v in trivial subrepresentation < E.v = 0 and K.v = v)

.....

. If v is a highest weight vector, then F0)[v]: X80 — C is
independent of Xy, thus defines a function F[v]: X, — C.
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The correspondence theorem (general case)

(v highest weight vector < E.v = 0) (v in trivial subrepresentation < E.v = 0 and K.v = v)

. ®;’:1 My — {functions on 365,"0)}

) If vis a highest weight vector, then FCoO[v]: 249 — Ciis
independent of Xy, thus defines a function F[v]: X, — C.

rog) If v is a highest weight vector, then F[v]: X, — C satisfies
n linear homogeneous PDEs of orders d;, ..., d.
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The correspondence theorem (general case)

(v highest weight vector < E.v = 0) (v in trivial subrepresentation < E.v = 0 and K.v = v)

.....

. If v is a highest weight vector, then FCo)[v]: %0 — Cis
independent of Xy, thus defines a function F[v]: X, — C.
rog) If v is a highest weight vector, then F[v]: X, — C satisfies
n linear homogeneous PDEs of orders d;, ..., d.
oy FOO[v]: X%XO) —Cis
- translation invariant

- homogeneous, if v is K-eigenvector
- Mdobius covariant, if v is in trivial subrepresentation
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The correspondence theorem (general case)

(v highest weight vector < E.v = 0) (v in trivial subrepresentation < E.v = 0 and K.v = v)

.....

. &[4 My — {functions on xLohy
) If vis a highest weight vector, then FCoO[v]: 249 — Ciis
independent of Xy, thus defines a function F[v]: X, — C.
rog) If v is a highest weight vector, then F[v]: X, — C satisfies
n linear homogeneous PDEs of orders d;, ..., d.
oy FOO[v]: X%XO) —Cis
- translation invariant

- homogeneous, if v is K-eigenvector
- Mdobius covariant, if v is in trivial subrepresentation

nsv) M, © Mg, = @4 My induces a decomp. of @, My

FO g V]~ Ogr = )2 x FO v].
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Sketch: definition of the correspondence

* anchor xy, chamber 3€§,X°) ={0 <X <X<-- <X} CR"
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Sketch: definition of the correspondence

* anchor xy, chamber 3€§,X°) ={0 <X <X<-- <X} CR"
* parameters di, b, ...,d, € N
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Sketch: definition of the correspondence

* anchor xy, chamber 3€§,X°) ={0 <X <X<-- <X} CR"
* parameters di, b, ...,d, € N

n
Fo): (KR) Mg, — {functions on xiohy
J=1
Informally, F*0)[v](x [r (X; w)dw”,
where the mtegratlon surface F[v] dependson v € ®j”71 My
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Sketch: definition of the correspondence

* anchor xy, chamber 3€§,X°) ={0 <X <X<-- <X} CR"
* parameters di, b, ...,d, € N

n
Fo): (KR) Mg, — {functions on x o)y
J=1
Informally, FOO[v](x) = “ [, f(x; w)dw",
where the mtegratlon surface F[v] depends on v € @, Mg

Folle, ® e, = <p§ ) . (below), extend Imearly

Zo 1 z2 Tn

QD(XO) (x) =
I1 N 7
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Sketch: definition of the correspondence

* anchor xy, chamber 3€§,X°) ={0 <X <X<-- <X} CR"
* parameters di, b, ...,d, € N

n
Fo): (KR) Mg, — {functions on x o)y
J=1
Informally, FOO[v](x) = “ [, f(x; w)dw",
where the mtegratlon surface F[v] depends on v € @, Mg

Folle, ® e, = <p§ ) . (below), extend Imearly

Zo 1 z2 Tn

(%) _
QDI‘]? 7 (x) -
Z(di=1)(g—1) 2 —24(d-1)
f oc TT0G — %)@ 5 [T(ws — wr) x TT(wr — %)~
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Sketch: asymptotics with subrepresentations
Md;}Mde@Mdj d:dj+dj+1—1—2m
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Sketch: asymptotics with subrepresentations
Mg = My, @My, & — 7" @9 d=d+di—1-2m
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Sketch: asymptotics with subrepresentations
Mg = My, @My, & — 7 "% d=d+d—1-2m

(didh,dy 1) d—1—K]1 [djpq—1—mk]t gh(ch —K)
o O(Zk(_1)k[[;(]![d/-—]1]E[r];lk]![d2—1]!] (g—c;—‘)’" (€x @ ém—r)
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Sketch: asymptotics with subrepresentations
My = Mg, @My, 6 — 1004 d=dit+dii—1-2m

(d:d;,di1) dj—1—K]! [djy1—1—m+K]l  gh(es k)
’7'0 Al O(Zk(_ )k[[k]|[d ]1]||:[rj;1k]'[d2 1];| (q 671_1)’" (ek®emfk)

Calculationforv =g, ®---® e, ,® (F.n)®e @ - e

ails about the qual (mg up method
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Sketch: asymptotics with subrepresentations
Mg — Mg, © Mg, €0 — o) d = gt dig —1-2m

(d:d;,djy1) di—1—k|! [dip1—1—m+k|!  gk(d1—kK)
o o O(Zk(_1)k[[;(]![cjj_l]g[glk]![dz_ﬂ!] (Z_q—1)m (ek®emfk)

Calculationforv =g, ®---® e, ® (F.7) ® e

R ey
Tn

Fov(x) =
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Sketch: asymptotics with subrepresentations
Mg — Mg, © Mg, €0 — o) d = gt dig —1-2m

(d:d;,djy1) di—1—k|! [dip1—1—m+k|!  gk(d1—kK)
o o 0<Zk(—1)k[[L]![C#_l]g[glk]![dz_ﬂ!] (g_q—1)m (ek®emfk)

Calculationforv =g, ®---® e, ® (F.7) ® e

R ey
Tn

Fov(x) =

dominated convergence:

FO V)
Tl 8 FOO (g

/R s Ty
R B

didi  2(1+0?—dP—d ) +r(dj+di 1 —d—1)
where A | = B
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Sketch: anchor point independence
Write <p5 o) ;,(X) in terms of af,’;‘)’)wmn(x)

.....

.....

Omy,..., mn(x) =
99 Aalto Uni Crsll n fun lnwllhhdd n quantum group
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Sketch: anchor point independence
Write <pf o) ;,(X) in terms of af,’;‘)’)wmn(x)

.....

.....

(xo)

Omy... mn(x): @@ : - @

.....

vanlshes whenever my 7& 0.
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Sketch: anchor point independence
Write <pf o) ;,(X) in terms of af,’;‘)’)wmn(x)

.....

,,,,,

(xo)

Omy... mn(x): @@ : - @

.....

vanlshes whenever my 7& 0.
~ F[v](x) well defined for x € X,

§9 AaltoUn Correlation functions with hidden quantum group
A s hool v s 4. Details about the quantum group method

nd Technolo gy Kalle Kytéla — Florence, May 2015



Sketch: Stokes thm and highest weight vectors

» 3y, the {-dimensional integration surface of goﬁx‘?.). I
» g(wy; wa,...,w,) single valued, symmetric in last ¢ — 1 vars
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Sketch: Stokes thm and highest weight vectors

» >y, the {-dimensional integration surface of go(x‘))
> g(w1, Wo, ..., wWp) single valued, symmetric in last ¢ — 1 vars

Stokes formula / integration by parts:
..... In Z€:1 aiw,(g(wr, W17“’7M’7"‘7W5)f(X;w)) dW1 dWZ

= X {(ff1 —q) [I] [d; — ] g>i<i¥=1=20)
- f@“-”j*“--- (v(wr, . W) F(xwa . Wy q)) dwy ~--de_1}
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Sketch: Stokes thm and highest weight vectors

» >y, the {-dimensional integration surface of go(x‘))
> g(w1, Wo, ..., wWp) single valued, symmetric in last ¢ — 1 vars

Stokes formula / integration by parts:
..... In Z€:1 aiw,(g(wr, W17“’7M’7"‘7W5)f(X;w)) dW1 dWZ

- Z:l,'7=1 {(qi1 - Q) [lj] [dj — /j] qzi<j(di*1*2/,-)
X oy O W) (X, Wes)) Ay ~--de_1}
1)

where ~v(wy, ..., w,_
_A(d— /—1 8
= [T [x0—xil ~(d 1)Hr:1 |Xo—wr|= g(Xo; Wi, ..., Wp_q).
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Sketch: Stokes thm and highest weight vectors

» >y, the {-dimensional integration surface of go(x‘))
> g(w1, Wo, ..., wWp) single valued, symmetric in last ¢ — 1 vars

Stokes formula / integration by parts:
""" n Lo ai""f(g(W’;W“”‘7Mfa-~7Wz)f(X;W)) dw; ---dwy
= X {(ff1 —q) [}] [ — }] g>i<id=1=2D
" f@""’f’”" (Wi, W) FOG W, Weq)) dwy ..-de—1}
where ~v(wy, ..., w,_1)

_A(d— /—1 8
= [T [x0—xil < 1)Hr:1 |Xo—Wr|~ g(Xo; Wy, ..., Wy_1).

Highest weight vect.: v =" C,

> Chn J5,

,,,,, L(e,® -®e,)st. Ev=0

0 o (9w ) (x w)) aw =,

.....
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Sketch: PDEs by Stokes

Benoit & Saint-Aubin differential operators:

9 di—k 12
k/4)%~ " (dj -1 ; ;
LSS (/) (g —1)! SYLUNY.N
k=1 ny,...m>1 H ( —1 nl)(ZI_jJH n;)

n1+...+nk:dj
where E(j) (j=1,...,nand p € Z) are 15! order diff. operators
£ = 50— (14 p) TN () 2)
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Sketch: PDEs by Stokes

Benoit & Saint-Aubin differential operators:

r/4)9k a—1 12 i ;
Pl Z T (/) (g —1)! SYLUNY.N
k=1 ny,...,n>1 H ( —1 nl)(ZI_jJH n;)

n1+...+nk:dj
where E(j) (j=1,...,nand p € Z) are 15! order diff. operators
E(/ ZI#/(X’ ) (( + p) w + (Xi — X/)%)

The integrand f(x; w) satisfies

(DU))( w) = Zmaw,( (W,;W1,...,M,...,Wg)><f(x;w)).
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Sketch: PDEs by Stokes

Benoit & Saint-Aubin differential operators:

r/4)9k a—1 12 i ;
Pl Z T (/) (g —1)! SYLUNY.N
k=1 ny,...,n>1 H ( —1 nl)(ZI_jJH n;)

n1+...+nk:dj
where E(j) (j=1,...,nand p € Z) are 15! order diff. operators
E(/ Zlyéj(x’ ) (( + p) w + (Xi — Xﬂ%)

The integrand f(x; w) satisfies

(DU))( w) = Zmaw,( (W,;W1,...,M,...,Wg)><f(x;w)).

Highest weight vectors: '
If E.v = 0, Stokes formula gives DY) F[v](x) =0

,, Aalto University Cor elalo lu ction: swnhhdde n quantum group
School of Science ails about the qu Umg up method
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Sketch: Mobius covariance
‘Pg)?.).,/n(xh"wxn) = / F(X1, .oy Xy Wy, ..., W) dwy - - - dwy
DY

Mébius covariance: if y(x1) <o < w(Xp) for v(z) = 25 want
2(di+1)—r)

FIVI(v(x1), - -, v(Xn) xHu X;) f = FIV|(x1,...,Xn)

» translation mvanance, Z—Z4+E&:
<p§1xo+£l,,( + 57 <oy Xn f) = @5:0..).,1,,()(1 [ 7X")
* make changes of variables w, = w, + ¢
» homogeneity, z — \z:
PP (W, Axa) = A2 ol (LX)
* make changes of variables w) = Aw;
» special conformal transformations, z +— 7%;:
* vary ainfinitesimally
* use a property of the integrand f
* apply Stokes formula

Correlation functions with hidden quantum group

,, Aalto University
School of Science 4. Details about the quantum group method
and Technology Kalle Kytéla — Florence, May 2015



5. CHORDAL SLE BOUNDARY VISIT PROBLEM

, , Aalto University Correlation functions with hidden quantum group
School of Science 5. Chordal SLE boundary visit problem
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Chordal SLE boundary visit amplitude

P.x 00 [SLEH visits B.(y1), then B-(y2), then .. .then BE(yN)}

.....
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Chordal SLE boundary visit amplitude

P.x 00 [SLEH visits B.(y1), then B-(y2), then .. .then BE(yN)}

8—
SN "@K

~

.....
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Chordal SLE boundary visit amplitude

P.x 00 [SLEH visits B.(y1), then B-(y2), then .. .then BE(yN)}

~ const. x eN%F" X CN(X; Y1, Y2, -y YN)

.....
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Boundary visit amplitude problem
(COV) Gn(Xi vt .-, yn) = AN (N + & Ayt +&, . Ay +€)
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Boundary visit amplitude problem
(COV) CN(X: Yas- - yn) = ANP3 S N+ & Ay + €, AN +€)
(PDE) {52 + S, (554 + (jﬂ; )} NG Vi, yn) =0
* 1td for martingale H/‘:1 gt(y,) = X CN(Xe 9:(V1), -+, 9:(n))
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Boundary visit amplitude problem
(COV) CN(X: Yas- - yn) = ANP3 S N+ & Ay + €, AN +€)
(PDE) {52 + S, (554 + (jﬂ; )} NG Vi, yn) =0
* 1td for martingale H/‘:1 gt(y,) = X CN(Xe 9:(V1), -+, 9:(n))

(ASY) As y; — x, asymptotics are

Y= XI5 <) = {4N1(X?y2>-~,y/v) ifj =1

0 otherwise
,, Aalto Unlverslty Correlation functions with hdde qua tumg roup
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Boundary visit amplitude problem
(COV) CN(X: Yas- - yn) = ANP3 S N+ & Ay + €, AN +€)
(PDE) {52 + S, (554 + (jﬂ; )}CN(X Yiree i Yn) =0
* 1td for martingale Hj:1 gt(y,) = X CN(Xe 9:(V1), -+, 9:(n))

(ASY) As y; — x, asymptotics are

CN—1(X; Yo, yn) ifj=1
0 otherwise -

8—k
i — x| = x¢n(..) = {
(ASY) As y;, yx — y, asymptotics are

CN=1(-- o Y5.) dfj—Kk[=1
0 otherwise

|yj—}/k|8_TK X CN(--e) = {

, , Aalto Unlverslty Correlation functions with hidden quantum group
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Boundary visit amplitude problem
(COV) CN(X'Yh---»}’N) = )‘Nh13 X C’Y(AX—’_&. )\Y1 +§7»)\}’N+f)
(PDE) {5% + L (75 + ooy )}cN(x Yiso o YN) =0

* 1t6 for martingale T, 9= x n(Xe e 11)s - -, (W)
(PDE) moreover N third order linear homogeneous PDEs for (y

(ASY) As y; — x, asymptotics are

8—r Cne1(Xs Yo, yn) =1
—X| = )= .
!y, | X< Cn(--) {0 otherwise

(ASY) As y;, yx — y, asymptotics are

Y= vl ) o {C’V—1(“wy’---) itj—kl=1

0 otherwise

A, , Aalto Unlverslty Correlation functions with hidden quantum group
Schoolof S
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Translation of the bdry visit amplitude problem
L points on the left and R on the right, L + R = N, visit order w:

Vo € MFR @ My @ M*
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Translation of the bdry visit amplitude problem
L points on the left and R on the right, L + R = N, visit order w:

Vo € MFR @ My @ M*
(K—-q).v, =0, E.v,=0
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Translation of the bdry visit amplitude problem
L points on the left and R on the right, L + R = N, visit order w:

Vo € MER @ My @ ME"
(K-q).v,=0, E.v,=0
Al ~(3 Vo\wos 1T CONSECUtiVE
((poz)(vw) = 07 7['/( )(Vw) — {0 \(pos)

if not consecutive

T (middle)

if not first visit

/\(2) (Vw) _ {gw\(1;stvisn) |f fII’St V|S|t

,, Aalto Unlverslty Correlation functions with hdde qua tumg roup
Sh ol of S 5. Chordal SLE boundar y roblem
nd Te hnology Kalle Kytola F\ M y2015



Translation of the bdry visit amplitude problem
L points on the left and R on the right, L + R = N, visit order w:

e MR @ My @ MGt
(K—-q).v, =0, Ev,=0

20 (v)=0, 2®()= Vo\eos If CONSECUtive
Mooa e A 0 if not consecutive

T (middle)

/\(2) (Vw) _ {gw\“;stvisn) |f fII’St V|S|t

if not first visit

Thm (Jokela & Jarvinen & K., K. & Peltola)
If v, satisfies this, then the function
(w = F|[v.,] satisfies the PDEs and
asymptotics for the zig-zag problem.
Solutions exist and are unique.
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Boundary visits of interfaces in lattice models
LERW Percolation Q-FK model

Z‘E:
?
— chordal SLE,_» — chordal SLE,._¢ » chordal SLE,_,(q)
as lattice mesh o \, 0
A” Sehoolof Science O hordal SLE boundary vah prepiom
and Technology Kalle Kytéla — Florence, May 2015



Boundary visits of interfaces in lattice models
Percolation

LERW

— chordal SLE,_»

— chordal SLE,._g

as lattice mesh o \, 0

Q-FK model

T
T

il
anall

—*, chordal SLE,—x(q)

» sample configuration and find the curve (interface)

, , Aalto University
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Boundary visits of interfaces in Iattlce models
Percolation

LERW

— chordal SLE,_»

— chordal SLE,._g

as lattice mesh o \, 0

K model

T
T

il
anall

—*, chordal SLE,—x(q)

» sample configuration and find the curve (interface)
» collect frequencies of boundary visits from the samples

Aalto Unlverslty
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Boundary visits of interfaces in Iattlce models
Percolation

LERW

— chordal SLE,_»

— chordal SLE,._g

as lattice mesh o \, 0

K model

T
T

il
anall

—*, chordal SLE,—x(q)

» sample configuration and find the curve (interface)
» collect frequencies of boundary visits from the samples

» P[y visits xq, ...

,xn] ~ const. x TT,(8 /(%)) =" Cn(F(x1), ...,
where f = conformal map to (H; 0, co)

Aalto Unlverslty
5 tate

d Te hnology
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Lattice model simulations vs. solutions

N = 1, one-point visit frequencies, log-log-scale

GOGyr) o [y — x|

log|yil

blue: percolation
red: Q = 2 FK model
green: Q = 3 FK model

(set x = 0)

>
001 01 i 10 100 ozl

magenta: LERW

, , Aalto University
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Lattice model simulations vs. solutions
N = 2, two-point visit frequencies, log-scale

the 4 pieces of (o(x; y1, y2) are hypergeometric functions

(setx =0,y; =1)

i 0 5 72

blue: percolation
red: Q = 2 FK model magenta: LERW
green: Q = 3 FK model

,, Aalto Unlverslty Correlation functions with hidden qua tum group
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Lattice model simulations vs. solutions

N = 3, three-point visit frequencies, log-scale

solving for the 8 pieces of (3(x; y1, 2, ¥3) not reducible to ODE

percolation
i i 0.2]
0.15
0.1
1 2 37 ) O 2 3’
(setx =0,y; =1,y3 =2) (setx =0,y1 =1, y3 = —1)

Correlation functions with hidden quantum group
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Lattice model simulations vs. solutions
N = 3, three-point visit frequencies, log-scale
solving for the 8 pieces of (3(x; y1, 2, ¥3) not reducible to ODE

Q = 3 FK model

0.1

(setx =0,y1 =1,y3 =2)
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Lattice model simulations vs. solutions

N = 4, four-point visit frequencies, log-scale

solving for the 16 pieces of {4(x; y1, V2, ¥3, ¥4) not reducible to ODE

: i
| H 05
| H
i 03
i , ‘ ‘ ‘
0 2 4 05 0 15 20 25 30°
(setx =0,y =1,y0 = —1,y4 = 2) (setx =0,y1 = =1, y2 =1,y4 = 2)
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THANK YOU!
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