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Introduction - ——————— 2

Ising ferromagnet: phase separation emerges when T<T., R > &

exact magnetization profile [Abraham, '81]

Issues :
— role of integrability

— other universality classes
— structure of the interfacial region

— different geometries
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Ising ferromagnet: phase separation emerges when T<T., R > &

exact magnetization profile [Abraham, '81]

Issues :
— role of integrability

— other universality classes
— structure of the interfacial region

— different geometries

field theory yields exact answers and suggests applications in
D > 2



Pure phases and Kinks

bulk system at a spontaneous symmetry breaking point

scaling limit <+ Euclidean field theory <« QFT with imaginary
time

Q5
coexisting phases <> degenerate vacua |2q) .K/ ;
12
Q1 /<23
elementary excitations in 2D : kinks |K_(6)) connecting °Q,

124) and |€2) (e,p) = (Mg, cosh @, my,sinh 0)

1€2,), |S2) non-adjacent if connected by [Kac (01)Ke,(02) ... K. (6;)) with
7 >1 only

iMp_ oo IR . pure phase a () = (Qa|o(x,y)|a)




Phase separation (adjacent phases)

a b
interfacial free energy:
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boundary states:
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order parameter profile:
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[Berg, Karowski, Weisz, '78; Smirnov, 80's; GD, Cardy, '98] does not require
integrability

(o(2,0))ap = 3[(0)a + (0] — 2[(0)a — (o)) erf(y/22 )
—
_¢2

+Co\/# e—2ma?/R = erf(z) = = Jgdte

kinematical pole at 8;,=0 accounts for phase separation in 2D



Ising: (o)y = —{(0)_, co=0 = (o)_4 ~ (o) erf(,/22x)
matches lattice result [Abraham, '81]

q-state Potts (¢ < 4):
O-C(a;):ds(x),c_l/Q7 c=1,...,q

<0'c>a — (qéac - 1)%

Cgb,c = [2 — Q((Sac + 5bc)]B(Q)
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B(3) =, B(4)=

Py
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e non-local (erf) term amounts to sharp separation between pure phases

e local (gaussian) term sensitive to interface structure




Passage probability and interface structure

<0'(CC, O)>ab — fj_ogo du O'ab(:lj|u) p(u) a b
p(u)du = passage probability in (u,u+du) | S -
a b

oap(z|u) = O(u—2x){(0) e+ (x—u){o)p+Agd(z—u)+ A1 (z—u)+. ..
o =1{5 ¢

matches field theory for p(u) = «/i—% e—QmUQ/R, Ag =<

e |local terms account for branching



for y = 0 the passage probability density becomes
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. = 4y — e X
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Double interfaces

suppose going from |Q2,) to |€2p) requires two kinks
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g-state Potts: the order of the transition changes at ¢ = 4

1 1
g=3, T<7 \ g=5, T=T; E\I E
0
3e 2 40/<

q — 4t T =T.: field theory gives 1 <o> 2

(o102, 0012 ~ T [ 525 (1 - 2727 - Zzerf(z)e +erf() )

+.4 <\/Z% e erf(z)>] 2= @x

2 2
=- passage probability p(x1,zp) = %—"}% (21 — 29)2 e~ (1 122)

mutually avoiding interfaces



Wetting transition

Ashkin-Teller: ¢1,00 = +1
H= - Z {Jlo1(z1)o1(x2) + 02(1)02(22)] + Jao1(xz1)o1(x2)o2(z1)02(22)}
(T122)
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4 degenerate vacua below T¢ N
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scaling limit — sine-Gordon
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Z=1- ;arcsm(m) on square lattice




Boundary wetting

phenomenological description in terms of contact angle g

wetting transition for 6o = 0O

equilibrium condition at contact points (YYoung's law, 1805):
2 pq = Lpp T 2qp COSHo



field theory : Vi

B, boundary condition selecting 3
the vacuum |Q24)p whit energy Ej

gy (y) switches from By to By

O<Qa|:uab(y)|Kba(9)>O =e M cosh QF(/SL(Q)

forbid the particle to stay on the boundary = ]—‘5(9) = c0+0(6%)

Lorentz boost Bp sends 6 — 0 + A

B_;q rotates by an angle o F5(0) = F4(0 — icv)

FE(O) ~ c(0 4+ ia) for 6, a small



interface in a wedge :
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passage probability density:
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wedge wetting:

a=0: for T' < Ty < T boundary bound

b
state |€2))g with energy <
b

Ej, = Eg+mcosfy Young's law!

resonance angle o = contact angle

wetting transition = Kkink unbinding: 65(1Tp) = 0O

66,




wedge wetting:

b
a=0: for T < Ty < 1T boundary bound /
state |Q2,)g with energy TS
Ej, = Eg+mcosfy Young's law! b

resonance angle o = contact angle

wetting transition = kink unbinding: 6g(7y) = 0

a# 0. E!, = Es+ mcos(fy— a)

wedge wetting at T, such that 60p(7n) = @
p 1(650)
condition known phenomenologically [Hauge, '92]

"wedge covariance’” actually is relativistic

covariance
b —(8sa)



Higher dimensions

What done so far relies on the fact that 2D interfaces are tra-
jectories of topological particles (kinks)

2D Ising: kink



Higher dimensions

What done so far relies on the fact that 2D interfaces are tra-
jectories of topological particles (kinks)

2D Ising: kink

3D XY: vortex

Generalization: (n41)-dimensional n-vector model

H=—FYcij>Si S, T <Te

radial boundary conditions produce topological defect lines
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Fs5.s(0|0) = const = (s's(x,0))r oxe” B* (passage probability)



Fs(p1|p2) ~ "y m+1—kl%znxia”p+q P1, P2 — O

P+ =P1 T P2
r(%) 2 S 2m
— n=1,2DIsng o8
---n=2, 3D XY
...... n = 3, 4D Heisenberg
3 4

reduces to verf(z) form=1 z

kinematical singularities are necessary in this case and yield testable
predictions



Conclusions

e field theory yields exact results for phase separation in 2D (or-
der parameter, passage probability, branching, wetting)

e due to the limit R > &, most results follow from general low-
energy properties of 2D field theory

e integrability essential in establishing presence of bound states,
which determines wetting properties

e relativistic nature of particles explains fundamental origin of
contact angle and wedge covariance

e in any dimension kinematical singularities in momentum space
characterize non-locality of order parameter w.r.t. topological
particles and lead to exact and testable predictions



