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Lindblad Master equation 

Our goal:  to  investigate  a nonequilibrium steady state  
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Most general time evolution 

preserving positivity and trace of a 

reduced density matrix 

and having a semigroup property 
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Non-unitary evolution 

Trace is conserved 



Lindblad Master equation 

Our goal:  to  investigate  a nonequilibrium steady state  
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Matrix product Ansatz for NESS    
†

†
    Tomaz Prosen, 2011
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where  satisfies local divergence condition
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where , ,  are  operators in an auxiliary space
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Solution of  the Matrix Product Ansatz 

, ,  satisfy (2)
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Representation  
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for XXZ Heisenberg model and  =  

for XXX Heisenberg model and  arbitrary twisting  

MPA solution for XXZ model:
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1D Hubbard model 
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Exact observables for steady state and twisting  
angle π/2 in XY plane  

X-  magnetization profile, from MPA, 

along the XXX spin chain, for chain of 

40 sites 

( 1)
cos

2( 1)

x

n

n

N







  ,

2
2

2

*

( )

( )
( ) 0

for 1/

k N kM Tr M x

M x
M x

x

N

k
x

N

  




 



 


 



   





Exact observables for steady state and twisting  
angle π/2 in XY plane  

N=30 

N=40 

N=50 

Z-magnetization current, from MPA ,as function of 

system size N and coupling  

J=3.2/x 



Exact observables for steady state and twisting  
angle π/2 in XY plane  

N=30 
N=40 

N=50 

X- and Y-magnetization current, from MPA ,as function 

of system size N and coupling Γ 

2

X Const
J

x




Commutativity property 
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R-matrix properties 
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 All coefficients  are generically nonzero

YBE gives an infinite overdetermined set of recurrence relations for 
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Comparison with usual YBE for periodic 
isotropic Heisenberg model 
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Comparison of  two „transfer matrices 
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Conclusions 
• Fundamental integrable quantum statistical models 

(Heisenberg model, Hubbard, SU(N)) are integrable also 
in a  nonequilibrium setting via Matrix Product Ansatz, 
at least for the Non-Equilibrium Steady State  

• Respective L- matrices have infinite-dimensional 
auxiliary space,  

•  Monodromy matrix expectation w.r.t. vector form 
commuting family of operators in Hilbert space, 
depending on two continuous parameters 

 
Very first review on the subject:   T. Prosen,  . 
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