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Hidden fermionic structure on the lattice Partition function

Partition function on cylinder
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Hidden fermionic structure on the lattice Fermionic basis of quasi-local operators

Fermionic operators

Describe the basis of quasi-local operators via certain creation
operators. Jimbo, Miwa, Smirnov, Takeyama, HB (07—-09)
Creation operators t*, b*, ¢* together with annihilation operators b, c
are constructed with help of representation theory of quantum affine
algebra Ug(slz) and act in space ,

W = P Wq s

where W _s s is subspace of qua&-local operators of the spin s. They
are formal power series of {? — 1 and have the block structure

t*(C) : Wo—ss = Wo—ss,

b*(£),c(8) : Wo—st1,5-1 = Wa—ss,

C*(C),b(C) : Wocfsf1,s+1 — Wocfs,s-
t*(C) is bosonic and generates commuting integrals of motion. It
commutes with all fermionic operators b({),c(£) and b*({),c*(§).
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Hidden fermionic structure on the lattice Anti-commutation relations

Anti-commutation relations and fermionic basis

Fermionic operators satisfy canonical anti-commutation relations

[c(©),¢"(€)], =w(&/C, @), [b(g),b"(C)], =—w(/C )

2
with w(C,0) = % o éztl .

Annihilation operators b and ¢ “kill” lattice “primary field” g2*5(0)

k
b(0)(*%9) =0, o(Q)(*®) =0, S(Kk)=, }. o

1:700

Space of states is generated via multiple action of t*(£),b*({),c*(£) on
“primary field” g2*5(%) In this way we get fermionic basis.
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Hidden fermionic structure on the lattice Mode expansions and locality

Mode expansions and locality

Annihilation operators are singular at {> — 1 while creation operators

are regular:

— CfocfS i(cz . 1)7pbp, C COH—S Z pcp

= (ot Z P (=0 L
£

=) (€
p=1
Locality:
by(X) =cp(X) =0 for p>length(X)
length(bj,(X)) < length(X) +p, length(c,(X)) < length(X)+p

length(t;(X)) < length(X) +p
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Hidden fermionic structure on the lattice Jimbo-Miwa-Smirnov theorem

Jimbo-Miwa-Smirnov theorem

Important theorem was proved by Jimbo, Miwa and Smirnov (09)

ZH{r(Q)(X)} =2p(Q)Z{x},
2
Z*{b*(5)(X)} = 2%.7{0)(?;,&) Z*{e(8)( }(fz )
r

g2

Z<e"(Q)(X)} = —2%.750)(&,@) Z*{b(&)( }
r

where the contour I goes around £ = 1 and ® is some explicit function.
These formulae allow one to explicitly calculate

X)) (G- b (e (G) e (G (@) =
:ﬁZp(C?)det‘m( ﬁg)’ 1 generating function for series in {% — 1
=1 ij=1:q
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Factorization What does it mean?

The meaning of the JMS-theorem

The Jimbo, Miwa, Smirnov theorem states that

@ any correlation function corresponding to any quasi-local operator O is
generated by two transcendental functions p and ®. p is related to
one-point function, ® is related to nearest neighbor correlators

o(5,¢) = Z(b*(L)e"(£)g**5®)

Both functions depend on temperature, disorder parameter and magnetic
field, we call them physical part.

@ In contrast to this, the basis is pure algebraic. It is built using
representation theory of quantum group. We call it algebraic part.

@ The basis is independent of inhomogeneities in the Matsubara direction.
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Factorization The function o via the function ®

The function ® via function

In more general case  ®({,{) = o({, 0|k, ;)
There are several equivalent definitions
@ via deformed Abelian integrals Jimbo, Miwa, Smirnov (09)

O via solution of linear and non-linear integral equations that come from
thermodynamical description of the six-vertex model Géhmann, HB (og-12)
Introduce function ®: (L, {'|x, ;o) = S(L, [k, s 00) + A?\V(C/C’,a)
it g (XP(C,C"K,K’;OL) / / /
O,k ¥ a) = ( —22 2 oLk, K —a) = (L, |k, K o
CCxi = (5 ) 2 oacg *CL )= 0(C.L kK0
One must solve kind of ‘Riemann-Hilbert’ problem
AC¢(§,CI|K,KI;(X) bl
+ (L, %, «;a) = r(L, Uk, ¥;a)
(Tl )1 +a(G)) e =
(A¢h)(C) == f(qC) — f(a'C)

where the remainder r is a ‘regular’ function of C.
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Factorization The function o via the function ®

@ The function p : p(llx, ') = ((%‘i))
o Baxter's TQ-relation:

T(C, %) @K) d(8)Q(qt, x) +a(C)Q(q '¢x), g=e™
II &/t — /%), a(t) = d(qt)

N/2
Q(L.x) =L A(G, %), A(Lx) =T(E/6—§/0)

Jj=1
d(€)Q(q &, x)
a(f)Q(a'¢,x)’
@ The function m:

L0 LK, @) = i o C’\K ¥,

(Hh)(C) = f(qC) +

a(C,x) = BAE: a({k)=—1,j=1,---N/2

f(a™'8) — p(Cle, ¥ ) (L)

H—a(C K) 1+a(§ K)
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Application to CFT Continumm limit

Application to CFT: continuum limit

ey
o
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Application to CFT Scaling limit

Scaling limit

Jimbo, Miwa, Smirnov, HB (10), HB (11)

@ Scaling or conformal limit  Introduce lattice spacing a and take

T = q1/2, N—o, a—0, Na=2nR with fixed radius of cylinder R
Lieb distribution gives:  §; ~ (mj/N)"

Spectral parameter must be re-scaled: {=213", a=Ca

Some technical point: We generalize definition of the functional Z* by
introducing "lattice screening operator” Y,\(,,_S):

( s) 2KS h* 20.5(0)
{}< T BB 00))

TrsTrm (Y( )Ts mG#S bl bl (q20€3(0)))
(e ZC UL (X)+E e (0)(X), X € Wosi1st
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Application to CFT Conjecture on functions in scaling

Claim: The JMS-Theorem works for new functional Z*-° with the above
functions p(&|x, k'), ®(E, {'|k, «’; o) and kind of Dotsenko-Fateev condition

, 1—v
K =K+0o+25——
v
More precisely, the above functions p and ® are analytical continuations of
p(Clk+a—s,s)and o(E, |k, kx+ o — s, s; o) where, for example,
~ T(,x+o—s,s)

p(Ulk-+0—s,5) =
Aim is two-fold : T(g,x)

0 to obtain the CFT with non-trivial ¢ = 1 — 6v2/(1 —V)

9 to consider asymptotic series for K — o

Conjecture:  p*(Ax, ') = lim p(A@'|k+a—s,s),

scaling

1 v -
o (A ulx, ¥, 0) = — lim oAa",ud’|x,x+o—s,s;o)
4 scaling
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Application to CFT Conjectures on operators in scaling

Conjectures on operators in scaling:

@ The creation operators are well-defined in the scaling limit for space
direction when ja = x is finite

) = lm 2t (A8), B*(A) = fim b*(la) Y (A) = lim ~¢* (A3

a—02 a—02 a—02

Asymptotic expansions at A — oo look

log(t 212/ ATV
1 > 2j—1 1 > 2j—1
*(A) ~ SPDY W *(A) ~ Y
T*()\,)B ( ) /; B2/71 WY( ) I;YS] 1
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Application to CFT Freedom in definition of operators

Freedom in definition of operators

@ "Gauge transform”:

b* > e b e, ¢ — e Ycte?

2 2
s“z:(zjl,)zf"é S LY D). 00+
j

@ We choose @ in such a way that:

(vac|9g*S(®)|vac)
Z.(0g*5©) = 50 =
(vac|q®S(%)|vac)

1, fO=1" meZ
0, otherwise

§*(E) —0, L''(§)—0, {0
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Application to CFT Screening operators

Screening operators

@ The other "gauge” choice:
b* — b =0((%), ¢*—¢c;=0(*%), {—0

o Acting in the subspace Wy, o

oo

bO(C) Z C(X 2+2]bscreen7]7 cO(C) ZC 0Hr:z/cscreen,j
J=1 J=1
b: ....C j» Caroen,j A€ NON- local.
O Scaling
1
: = lim —by(Aa" A) =i Aa’) for A
Bscreen(?\’) éllinozb()(}\’a )7 'Y:creen( ) ainozc ( a ) or - 0
and for p =1
B:creen(}\') Z 7\'(X+2/ 2Bscreen7]7 Yscreen Z }\' (x+2/Yscreen/

Jj=1
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Application to CFT Integrals of motion

Integrals of motion

@ In 1987 Alexander Zamolodchikov introduced local integrals of motion

which act on local operators as
az

(izn-10)(w) = 2—mh2,,(z)o(w) (n>1)

where the densities hop(2) are certain descendants of the identity
operator /. An important property is that

(A_izn—1 (O(Z)) A1) = (By—1 = ln_1)(A-|O(2)|A4)
where 5,1 denote the vacuum eigenvalues of the local integrals of
motion on the Verma module with conformal dimension A.. The Verma
lei by the el
module |:.3 spanne_d y the elements V2oL 2)
ok, 1 dok—1l-2 -+ 12, (00(0)), Aq= (1)
In case when A = A_ the space is spanned by the even Virasoro
generators {l_on}n>1.

Hermann Boos (BUW — FG Physik) Application of hidden fermionic structure to CFT June 5, 2015 17/30



Application to CFT Asymptotic expansions

Asymptotic expansions

O Using the result by Bazhanov, Lukyanov, Zamolodchikov (96-99), we get

asymptoticécexpansjon < 5 N B . ]
logp** (MK, ¥') =~ Zk v Cj(lgj_1 — Izj_1) — Tyi_1 = Cjigj 1

J=1
o (A, ulx, ¥ o) ~ when A2, 1% — +oo

Ve )Vl ) YA 1 (k¢ 0)

Scaling limit of the determinant fotmlila

Z5¥ {7 ()% (DB () B O )7 (7)Y 047 (9a(0)) }

=[P (W Ix,¥) x det(@* (A", A K, K, 1))

ivj:1s“~7r.

—

i=1

Technical problem: We get coefficients m; ; by the Wiener-Hopf
technique only for k = ¥’ when Ay = A_ and p**({|k,x) =1 i.e.
modulo the integrals of motion.
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Application to CFT Correspondence to CFT 3-point correlator

Correspondence to CFT 3-point correlator

o Important conjecture: it is possible to state the correspondence

(A_|Po({1-k})0a(0)|A4) _ o
(A-10a(0)|A) _n%w,aﬂgjnazmﬂz {g S(O)O}'

between a polynomial Py ({l-«}) and some combinations of B, 1,75 +-

Introduce B3, 1 = Dom_1(QW)BST Y, = Do 1(2— 0)ySH
1 _ 2m—1 2m—1 1 r Q+i(2m_1)
ng_1 (a) = 7r(\/) v — V) 2 (2 2V )

Viv (m=0'r(¢4+ 0 2m—1))
together with even and odd bilinear combinations

1/ ~CFT+ . CFT CFT+, CFT
Zvr,?51,zn_1=(m+n—1)§( om-1Yan-1+ Ban_1 m*1)7

1

dd 7 CFT#, CFT CFT+ , CFT

om—1.2n1 =dy (m+n—1) =Bz 1¥om 1 —Bam_1¥om 1)
v(v—2
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Application to CFT Identification with Virasoro Verma-module

|ldentification with Virasoro Verma-module

@ If we accept an equivalence of the spaces spanned by

ok, 1+ dak, 1121 121, (00 (0)) and

. . dd dd
2k 1" '2kp—1¢g\r/§?—1,2m 1 '¢§§,n—1,2n,—1¢gm1 1,27 —1 ¢gﬁr,—1,2fr,—1 (‘Doc(o))

we can identify modulo integrals of motion (A = Ay)

2c—32 2

R P e e I
even o |0 c+2—20A—|—20A| L |

15 == 3(A+2) e °

odd . 24 56 —52A — 2¢ +4cA
075 = A 5l4l 2t -6

ST A+2 5(A+2)

6+3c—76A+4cA

even ~ |3 1 41 e

¢373 ot 6([3'+'2) 412 + 6
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Application to CFT Fermionic construction of primary field

Fermionic construction of primary field

Let V¢ be the subspace obtained by acting BZ;‘—1 ,Y2j—1 and integrals of motion
i>_1. In case ¥ = k¥’ we factor out the integrals of motion

Ve =Vo/ Y izk-1Va
The basis of V§° : Br+. V- Pu(0)
B7+ = Bz;qq "‘Banqv Yﬂ = szjn—1 "'\@—1-
Acting on ®,(0) by B;q Voj—1s Bjcreen’j,ﬁcreen7j, one gets a space Hy D V§°

The claim is: Vq“" y CHa, meZso Jimbo, Miwa, Smirnov (11)

+2m (1 v
In particular: <1>Och (1-v) ( ) = Bl Ve roon,I(m) P (0)
’Y:creen,l(m) :Yskcreen,m“'Yskcreen,ﬁ I( ) - (1a2a ' 7m)’lodd(m) = (1,3, ,2m—1)

Conformal dimensions of operators:
BZj—ﬁ’YE/?‘I : 21_ 17 B:creen,j : V(2—a—2j), ’Yskcreen,/' : V(a_zj)
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Application to CFT OPE in fermionic basis

OPE in fermionic basis

Here we take parameterization used in Liouville CFT

v=14+b%, c=14+6@° Q=b+b"

2a 2a4 2a
o0=—, K=——1, K="S-1, A= A,=a(Q—a
a a a a=a( )
@ The OPE in the fermionic basis looks Smirnov,HB 2015

®a (2),,(0) =

Z o120 A‘5’_A31_A'5'2 Z Z‘IH—HI ‘QI‘F (31,32, )BT*ﬁ_¢a(o)
#T)=#(1")

where = means modulo integrals of motion,

R+ (a1, a2, a)

[Tier Di(@)[Tier- DI(Q— a)

Q,+7,-(a1,a2,a) = Q/Jr,/—(a) =

R+ 1-(a1,az,a) is a rational function.
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Application to CFT Pole structure

Pole structure

The poles of R+ ;- (a1, az,a) are at the points

n—1 m—1 _
a= am~n, am7n: - 2 b_Tb

where mn = 0 (mod 2). We consider only the case n= 0 (mod 2), the case
m =0 (mod 2) is obtained by duality b — 1/b.

O "Resonance” poles: a=appanda=a_m_p= Q—am,withmn=>1

O "Unwanted” poles: a = am , withm=0orn=00orm>0,n<0or
m<0,n>0
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Application to CFT Null-Vectors

Null-Vectors

Introduce formally annihilation operators f3; = t,-(a)f‘Yij, Y =4(Q— a)’1[5ij
so that

[Bja Bi]+ = 8/7/0 [’Yj?’Ylk(]‘i’ = Sl':k

For n = 0(mod2) the null-vectors are constructed as
(Cmy,,)gB}lyji, #(I")=#({")+n  Jimbo, Miwa, Smirnov (11)

252/ 1Y2j—142(n-m) T Z toj—1(am,n) Vo) 1Y2(n-m)—2j+1, N=m
Jj=1 j=1

2

ZB2/+2m n) 172/ 17
= J

to(a) =

—B5 B o n<m
‘ t2,+1(am ) 2j—1P2(m—n)—2j+1>

1
2sing(p b~" —2a)
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Application to CFT Recursion relations

Recursion relations

In 1984 Alexei Zamolodchikov found recursion relations for the residues of
conformal blocks. Here we have a similar relation.

o If n— mis not odd positive (otherwise a bit more complicated), we have
resa:am‘n Z Z‘I*H“Fl QI*,/’(a) BT*Y;Z(Da
#(I)=#(1")

= Wnn #(,—)g’#(,ﬂ znm+\l+\+|/7\Ql+’/7 (@m,n+nb)(Cmn)? BT+—2H’YI**+2I’7’YZ;dd(n) o,

where Y/de(n) ="Y5,_1---Y; and Wp, , contains

n m

—2k+3 _ —2j+3
P = [T [ (o-+e= =507 =2
j=1k=1

m—2k+1 . n—2j+1
x (a1 —ap — > b — > b)

and a multiplier depending on b only. Wy, , is related to 3-point function
of Liouville CFT.
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Application to CFT Conformal block

Conformal block

On a cylinder of radius R = 1 we consider the CFT with boundary conditions

at teo given by ®,,, Pq_4,.

We know that the expectation values of the fermionic descendants of ¢, on a
cylinder are expressed in terms of function ®*° or, more precisely, in terms of
coefficients in its asymptotic expansion at A, u — oo:

o (A Kk, K o) = @(A, ulay, a) Z N 0o 1.2-1(a2,4).

i,j=1

We know from the TBA-like approach
02i—1j—1(a2,a) = Doj—1(a) Doj—1(Q — a)Ozj_12j—1(a2, a),

where ©y;_1 21 (a2, a) depends on a as a polynomial in A,,, and on aas a
polynomial in A, with additional linear dependence on

d(a)=(b""—b)(Q—2a)
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Application to CFT Conformal block

The conformal block on the cylinder is obtained by computing the expectation

values for the OPE. Introduce ®;+ ;- (az,a) by
exp{ Z (°2i—172j—1(3273)72171[32/'71} = Z o - (az,a)y- B+
ij=1 -
Then the conformal block is

F(ay,a,a,2) =z 2Ba A Z ZWHHQH,/*(&,a)@/t/*(az’a)
0=

where Q1 - (a1,a) = Q+ - (a1, a1, a) are the above OPE-coefficients.

Via the conformal mapping of the cylinder to the sphere, one can get
symmetric under a; <+ a» combination

20,
Foym(ar,a,a,z) = <2sinh(z/2)> F(ay,az,a,z)
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Application to CFT Conformal block

@ Remark 1 In the conformal block F(a, a2, a,z) or Fyym(ay, az,a, z)
the unwanted poles cancel. So, we observe a nice duality between ®

and Q.
@ Remark2  The behaviour at a — oo is described by
log (?sym(a1 a2, a, Z)) =

12 73 4 1069 _6 250993 8 . ...
+Aa(logz— 1922 T 74745602 — Tase564802 1 20293720473600% T )

1.2 5 _4 17 _6__ 1705 8, .
+(Aa1+Aaz)(ﬁz 120882 T 20491202 — Teoiiaazizs? T )

12 7 419 g 16019 8, .. 1
+(c—=1)(~5122° + 7864322" — Tes7asos0?. T Tosz351 75850202 T )+O(a )

This is in full agreement with the formula by Alexei Zamolodchikov
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Application to CFT Application to QFT, further perspectives

Application to QFT, further perspectives

Further applications to QFT:

o Jimbo, Miwa and Smirnov (10-13) succeeded in applying fermionic
structure for computation of one-point functions of the sine-Gordon
model on cylinder

9 also for sinh-Gordon model at finite temperature ~ Smirnov, Negro (13)
Some problems are still open:

o “p-problem” of escaping the restriction k = ¥’ and developing new
methods for general case

@ Generalization to higher spin and higher rank case. Some preliminary
steps were undertaken for better understanding of the functional
relations Gohmann, Klimper, Nirov, Razumov, HB (10-14)
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Conclusions Conclusions

Conclusions

o The factorization of static correlation functions of the XXZ spin
chain was origially observed as a factorization of corresponding
multiple integrals

o Factorized form is represented through polynomials of two
transcendental functions p and .

o There is reach algebraic structure behind this factorization —
hidden fermionic structure.

o This structure holds in conformal limit and for sine(sinh)-Gordon
model.
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