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The XXZ spin-1/2 Heisenberg chain

Open chain XXZ chain

N—1
o r x Yy Y z z
H = (Jm0m+1 + Jmam+1 + A (0m0m+1 1))
m=1
r x Yy Yy z z r T Yy Y z z

%, a = x,y, z - boundary magnetic fields.

Due to the U (1) symmetry of the bulk Hamiltonian 5 generic parameters
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Motivations

e All the attributes of the integrability but one: there was no exact solution for generic
boundary terms.

e A simple model for the interaction with an environment

e Relation with open Asymmetric Simple Exclusion Process (ASEP)
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e We need eigenstates, overlaps, form factors, correlation functions
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Open chain. Diagonal boundaries

Diagonal boundary terms (2 parameters):

e coordinate Bethe ansatz: F.C. Alcaraz, M.N. Barber, M.T. Batchelor, R.J. Baxter and
G.R.W. Quispel 1987

e Algebraic Bethe ansatz E.K. Sklyanin 1988.

e Correlation functions, vertex operators approach: M. Jimbo, R. Kedem, T. Kojima,
H. Konno, T.Miwa, 1995

e Partition function, Izergin-type determinant formula O. Tsuchiya, 1998

e Correlation functions, Algebraic Bethe Ansatz approach: N. K., K.K. Kozlowski,
J.M. Maillet, G. Niccoli, N. Slavnov, V. Terras, 2007.

— Typeset by FoillTEX — GGl, 2015 4



N. Kitanine Generic boundaries

Open chain. Non-diagonal boundaries with constraints

Non-diagonal boundary terms with boundary constraints (one constraint, 4 parameters)

e T-(@) equation: R. Nepomechie 2002 (roots of unity), 2004 (general A);

Algebraic Bethe ansatz with gauge transformation: J. Cao, H.-Q. Lin, K.-J. Shi, Y.
Wang, 2003,

Second reference state: W.-L. Yang, Y-.Z. Zhang 2007,

Partition function, determinant representations: G. Filali, N. K. 2010
Separation of variables, XXX chain: H. Frahm, A. Seel, T. Wirth 2008
Coordinate Bethe ansatz: N. Crampé, E. Ragoucy, D. Simon 2010-2011
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Bethe ansatz without boundary contraints

e XXX chain, functional Bethe ansatz: H. Frahm, J.H. Grelik, A. Seel, T. Wirth 2011:
Spectrum of the XXX chain with generic boundary

e Off-diagonal Bethe ansatz: J.Cao, W.L. Yang, K. Shi, Y. Wang 2013: Inhomogeneous
Baxter equation, Bethe-like equations.
Problem: no description for the eigenstates, no possibility to distinguish admissible and
inadmissible solutions. Can produce many different descriptions for the same state.

e Separation of variable approach, construction of the eigenstates. One triangular
K-matrix (4 parameters again): Niccoli (2012), generic case: S. Faldella, N.K.
Niccoli 2013 (construction of the eigenstates).

e Moadified Algebraic Bethe ansatz: XXX chain, conjecture by S. Belliard, N. Crampé
2013, XXZ case new conjectures 2014

e Several other methods: W. Galleas, P. Baseilhac, V. Pasquier...
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Quantum inverse scattering method

L.D. Faddeev, E.K. Sklyanin, L.A. Takhtajan (1979):

1. Yang-Baxter equation:

Ri2(A12) Ri3(A13) Ra3(A23) = Raz(A23) Riz(Ai13) Ria(A12).
We consider the trigonometric solution with A = coshn

2. Monodromy matrix.

M) = Run = 6= -6 - = (A0) )

&, are generic inhomogeneity parameters: £; # &, + en, € = 0, =1.
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Reflection equation

Cherednik 1984

Ri2(A — p) K1(A) Ri2(A + p) Ka(p) = Ko(p) Riz(A + p) Ki(A) Riz(A — ).

General 2 X 2 solution (Ghoshal Zamolodchikov 1994):

| B 1 sinh(A — n/2 4+ ¢) ke’ sinh(2\ — n)
K(>\7 Cy Ky T) " sinh ¢ < ke T Sinh(2>\ — 77) Siﬂh(g — A+ 77/2) )

Right boundary: K" (\) = K~ (A + n),

Quantum inverse scattering method, Sklyanin 1988

u_u)=M</\>K_(A)A7</\>:M<A>K—<A>“3Mto(_/\)“g:@-((AA)) g_%)
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1. Reflection algebra

Rig(A — p) (U-)1(A) Riz(A + p —n) (U-)2(n)
=U-)2(p) Ri2(A + . —n) (U-)1(A) Ri2(A — )

2. Transfer matrix:

T(A) = tro{ K (M) U_(N) }-

[T(A), T(w)] =0

3. Hamiltonian (homogeneous limit):

B 2(sinh )2 d
- tr{K.(n/2)} r{K_(n/2)} dX

T(A)A:nﬂ + constant.
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N—1
o T _x Yy z _z
H = E (aiaiﬂ—|—ai0i+1—|—coshnaiai+1)
i=1

inh
M (07 cosh (_ + 2k_ (o] cosh 7_ + 10 sinh 7_)]
sinh (_

inh
s.ln—n [(af\, cosh 4 + 2k (o cosh 74 + ioy sinh T_|_)] .
sinh ¢

Two obstacles: No reference state! |0), such that C_(A)[0) = 0, VA and K. mixes all
the operators...

No usual Algebraic Bethe Ansatz — Separation of variables

Model case: if K, is triangular separation of variables works (Niccoli 2012). Generic case
can be reduced to triangular case but we need a gauge transformation
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Quantum determinant

det, U_(N)
sinh(2\ — 2n)

=D_(eA+n/2)D_(n/2 — eX) + C_(eA +1n/2)B_(n/2 — €)),

= A_(eX+n/2)A_(n/2 — eX) + B_(eA +n/2)C_(n/2 — €)

where ¢ = £1, Quantum determinant is a central element of the reflection algebra
[det, U (A),U-(1)] = .
Explicit expressions:

det,U_(N) = det, K_(\)det, My(\)det, Mo(—X)
sinh(2A — 2n)A_(A +n/2)A_ (=X 4+ n/2),
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Bulk quantum determinant:
dety M(X) = a(X +n/2)d(X —n/2),
Quantum determinant for the boundary matrices
dety K4 (A) = sinh(2X £ 2n)gs (A +n/2)g+ (=X + n/2).

Notations:
A-(A) =g-(NaN)d(=X), d(X)=a(X—mn), a(X)=]]sinh(A - &),

sinh(A + ax £ 1n/2) cosh(\ F B+ £ n/2)

A) =
g+(2) sinh a4 cosh B4+
a4+ and B4 give a different parametrisation for the boundary parameters:

Y

sinh cosh
Ci, cosh a4 sinh B4 = 5 Ci.
K4

sinh av4 cosh B4 =
2K+
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Gauge transformation

Cao et al (2003): 8-vertex scheme, following Baxter 1972 and Faddeev Takhtadjan 1979.
Gauge transformation to diagonalize the boundary matrices.

G(AIB) = (X(AIB), Y(AIB)), G(AIB) = (X(AB+1),Y(AB-1) (1)
where we have defined the following columns

—[M-(a+8)n] )

. A+ (a—B)n]
xow = (¢ ).

v =(

Evidently these matrices depend also on « but as this parameter will not vary in the
following computations we omit this argument. For ABA one needs K. diagonal and
K _ triangular (with 2 parameter family of the gauge transformations these condition
lead to 1 constraint). For our approach we need K, triangular and K _ generic — no
constraint, one free parameter
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Monodromy matrices

Bulk left to right monodromy matrix:

M(AIB) = G (A —n/218) MG (A —n/2|8+ N) = ( AAB) - B(AIB) )

C(A[B) D(AlB)
right to left monodromy matrix:

MA|B) = G (1/2 = AB+ N) M(N)G(n/2 — A|B) = ( A(AB) - B(AIB) )

C(AIB)  D(AIB)
two-row monodromy matrix

U-(NB)=e M2G" (A =n/2|8) U_(\) G(n/2—X|B) :<?_((;\|‘§ i 22)) g_((AA‘IBBD
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“Dynamical” reflection algebra

Examples of commutation relations for the gauged transformed reflection algebra
generators:

B_(Xa|B)B-(Mi]B = 2) = B_(M]|B)B-(A2]B8 — 2),

A_(X2|B + 2)B-(\1]B)
sinh(A{ — X2 + sinh(Xo + A1 —
- iinlh(,\12— ;3 sinhEAj +/\;) n)B‘(”\lw)A‘(Azw)
sinh(A1 + Ay — ) sinh(A; — Ao + (8 — 1)n) sinhn
sinh(A2 — A1) sinh(A1 4+ A2) sinh(8 — 1)7n
sinh 7 sinh(A; + Ay — 7))
sinh(A1 4+ A2) sinh(8 — 1)n

B_(A2|B)A-(A1]B)

B_(A2|B)D-(A1]8),
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Quantum determinant:

det, U_(N)

U /20 U (n/2 = M) = S

det, U_(N)
sinh(2X\ — 2n)

U-(n/2 = MB)U(N+n/2|B) =

Transfer matrix:

e TET(N) = KIP(AB - DA (AB) + K{P (A8 — 1)22D_(A|B)
+ K (AB = 1)auB- (A8 = 2) + K (A = 1)1:C- (A8 + 2),

where KSFL)(MB — 1) gauge transformed boundary matrix
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More convenient form:

TN =ar(AB — DA(A|B) + a1 (—A|B — A (=A|B)
+ K (A8 = D)2iB-(A18 — 2) + K (A8 — 1)12C-(A|B + 2).

where

sinh(2X + n)
sinh 2A sinh(B8 — 1)n sinh (4

— cosh C_,_ Sinh(A — ?7/2) COSh(>\ -+ 77/2 + /3”'7)

ar(A|B) = [sinh ¢+ cosh(A — n/2)sinh(A 4+ n/2 + Bn)

— k4 sinh(2\ — n) sinh(74 + an + 277)]
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Gauge fixing
We need a triangular KJ(FL)(MB — 1) matrix. If we set
(@ —B+2)n=—7 + (=1)"(ay — By) + ik,
then KJ(FL)()\\B — 1)12 = 0 and
det, K4 (A — 1/2) = sinh(2X + m)ay (A8 — Day (=X + 7|8 — 1)

We introduce

ysinh(2\ 4+ n)
sinh 2

AN = a: (A8 — DA_(A) = (—1) g+ (N g-(Na(A)d(—2)

Quantum determinant identity:

det, Ky(A —n/2)det,U_(N — n/2)
sinh(2X + n) sinh(2\ — n)

= ANA(=X +17).

— Typeset by FoillTEX — GGl, 2015 18



N. Kitanine Generic boundaries

Reference state

Gauge transformation deform the bulk reference states. We define the following left
reference state for the bulk operators:

<B| = ®TJ>7:1 (_1’ e—om—l—(N—n-l—ﬁ)n—fn)

N
= MO [ G I8+ N =),
n=1

(BIB(AIB) = (BIB(A|B) =0,

~ sinh(N + 8)n N .
BlANS) = — g, LLsmh = &)es -1

(BIDAIB) = ]]sinh(A =& —n)(B+1
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Pseudo-eigenstates of 5

Left B_(\|B) SOV-basis the states

N A (=& B+ 2)\ "
<th7"'7h ’:<5| ( ) , h;=0,1
R F:[ A_(—€,) /

form a basis and are pseudo-eigenstates of B_(\|3):

(B, h|B_(A|B) = Bu(A|B)(B — 2,h],

Bu(A|8) = (—1)" M a, (X)an(—A)

sinh(2A — 1) (26— sinh (N + 8 —a —1)n — 7_] — eC_).

X
2sinh {_sinh(N + B)n

In a similar way (with operators D_) we construct the right pseudo-eigenstates |3, h)
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Action of the operators A_

We define the raising (lowing operators)
(Byhiy ey Py oo, AN T = (B, R, ooy ha £ 1,00, By

and
(Byhiy...;ha =1, ..., An|TS = (B, h1,.cc,ha =0, ..., hy|T, =0

Interpolation formula for the action of the operators A _ in the SOV basis

(B, h|A_(A|B+2) = fP (B, hl+ > fo (A(B,hIT, + > fF(N)(B,h|T;

— Typeset by FoillTEX — GGl, 2015 21



N. Kitanine Generic boundaries

Orthogonality

(B —2,h|8,K) = 6uiZ (B8 — 2)N ' (h)

with Sklyanin mesure

No) = T] (cosh 2 (€4 + han) — cosh 2 (&, + hyn) )

1<b<a<N

and

Z(B) = N(1,...1)(8| (H A_;__fil? ;L 2)> | — B)

n=1
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Transfer matrix spectrum

1. Preliminaries

Proposition: Transfer matrix is a polynomial of degree N + 1 of cosh(2M\).
It means that it is sufficient to fix it in NV + 2 points: IN points &, and two special points

where transfer matrix simplifies: 7 and 5=

T (n/2) = 2coshndet, M(0),
T(n/2 —im/2) = —2coshncoth {_ coth {; det, M (im/2).

Interpolation formula:
N
T(A) = FN) + D 9Nz
a=1
here x, = 7(&,)
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(cosh 2X + cosh n) £ cosh 2\ — cosh 2¢,

A) = 2

f( ) 2 coshn i cosh n — cosh 2&, 7'(77/ )

cosh 2\ — cosh N cosh 2\ — cosh 2

2 coshn 7 coshmn+ cosh 2&,,
and
h? 2\ — cosh? h 2\ — cosh 2
gu(N) = cos : cos 277 H cos cosh 2&, fora € {1, N},
cosh® 2§, — cosh™n ;-7 cosh 2&, — cosh 2&,

b#a

It remains to determine =, and construct the eigenstates. We use the SOV basis

— Typeset by FoillTEX — GGl, 2015 24



N. Kitanine Generic boundaries

Transfer matrix spectrum. SOV approach

For any eigenstate |7) of the transfer matrix we consider the wave function
¥r-(h) = (8 —2,h|7)

Due to the properties of the SOV basis the spectral problem for 7 (\) is reduced to the
following discrete system of 2%V Baxter-like equations:

T(&n + hnn)¥r(h) = A(&n + hnn) Y (T, (h)) + A(=&n — hnn)qu(T:(h))a
here

T () = (hy,...,hnt1,..., hy).

It can be written in a matrix form
(&) —A=&) ) [ Ty by =0, ) ) (0
1,....,h1) /U O
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Then (up to an overall normalization) the solution for the wave function is unique, and
can be computed from the x,:

\PT(hl, ,hn — ]., ---,hN) o T(gn)

\IIT(hl, ceey I’Ln pm O, ceey hN) N A(_gn)

This equation means that the wave function is factorized, leading to the following
expression for the eigenstates

1 N
|T> — Z N(h)HQT(£a+han)’Bah17“°7h]\7>7
a=1

Wy yh =0

The coefficients are characterized by a Baxter-like equation (note that A(&,) = 0):

T(£a)Rr (&) = A(—&a)Qr(&a + M) +A() R (&a — 7).

The last step: how to compute x, = 7(&,)
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We established that

e Every eigenstate of 7 () is written in the factorized form in terms of the x,

e Corresponding eigenvalue is given by the interpolation formula in terms of x,

Theorem: (G. Niccoli, 2013): 7(\) given by the interpolation formula is an eigenvalue of
the transfer matrix if and only if it satisfies the g-determinant identities

T(SG)T(ga—i_n) — A(fa""n)A(_ga), Ya € {1,,N}

It means that each eigenstate is characterized by the solutions of the following system of
quadratic equations which replace the Bethe equations here

N
Zn Y ga(&n + N)Ta + nf(En + 1) = gn,
a=1

B det, Ki(&n) det, U_(&n)
" sinh(2€, + 2n) sinh 2¢,,

—1,...N

dn
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T-() relation

In general Q. (&, + hyn) are values of the Baxter Q operator satisfying T-(Q relation.
Related question: are there Bethe equation?

Lemma Let boundary parameters be generic (Nepomechie's constraints are not satisfied).

R+ 7£ 0, k- 7£ 0, Y(i’r)(’riaoé:taﬁ:l:) 7£ 0 Vie {07 1},7’ =0,...N
where

YO (e, an, Be) =7 — 7 + (1) [(N =1 =) n+ (e + oy + - — B1)]

Then for any eigenstate, the homogeneous Baxter equation

T(A)QA) = ANQM —n) + A(=A)Q(X + 1),
has no non-trivial polynomial solution.

It's sufficient to compare leading behaviour at A — oo
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Inhomogeneous 7'-() relation

We define:

N
F(\) = Fy (cosh® 2X—cosh” n) H(cosh 2\ —cosh 2£,) (cosh 2A—cosh 2(&,+1))
b=1

with the obstacle term for the Baxter equation

_ 2k4k- (cosh(ry — 7)) —cosh(ay +a- — B4 + B — (N +1)n))
v sinh (4 sinh (_

Y

Theorem: Let the boundary parameters be generic. Then 7(\) is an eigenvalue of
the transfer matrix if and only if there is the unique polynomial solution Q(\) of the
inhomogeneous Baxter equation

T(A)QA) = ANQA —n) + A(=X)Q(A+1n) + F(X).

Q(\) is a polynomial of degree N of cosh(2)). Solving the corresponding Bethe
equations for the roots of () we obtain the complete set of eigenstates!.
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Constrained case

1. Let the boundary parameters satisfy the following constraint:
ke #£0, k. £0, Fie{0,1} YN (1 ay,By) =0

Then 7(\) is an eigenvalue of the transfer matrix if and only if there is the unique (up to
overall normalization) polynomial solution QQ(\) of the homogeneous Baxter equation

T(ANQMA) = ANQMA —n) + A(=N)Q(A +n),

Q(X\) is a polynomial of degree N of cosh(2)). Solving the corresponding Bethe
equations for the roots of () we obtain again the complete set of eigenstates.
2. More general constraint (for any integer M = 0,... N — 1):

K+ 7£ 0, k— 7é 0, Ji € {07 1} , M € {07 ey N — 1} : Y(i,2M)(T:tao‘:t75:t) =0,

Then there are two sectors: one with homogeneous Baxter equations and Q(\)
polynomial of degree M of cosh(2)) and the second one with inhomogeneous Baxter
equation and () polynomial of degree V.
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Discrete symmetries

Boundary parameters a4, B4, 7+

Proposition: Discrete transformations
T4, O, B+a T—, O—, /B— — €Ty, €EqQy, 6554—7 €rT—, €q¥—, 656—

with €., €, e, = £1 don't change the transfer matrix spectrum (while they change,
Hamiltonian, the eigenstates and the T-Q equation)

It means that the same eigenvalues can be written in terms of different Bethe roots,
moreover this transformation can lead from inhomogeneous Baxter equation to the usual
one and vice-versa.

Example: if Y(i’2M>(’7‘:|:, oL, Bﬂ:) = 0 then Y(i’z(N_M_l))(—Tj:, — 4, _Bj:) = 0.

Conjecture:  Sector described by the inhomogeneous Baxter equation before
transformation is the sector described by the homogeneous Baxter equation after
the transformation (based on the numerical analysis of Nepomechie, Ravanini).
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Scalar products

The scalar product of any two states constructed by the separation of variables:

(w| = Z Hw(£a+ha77>N(h)<57hla--- NI,

p) = Z Hp(C““”)N(h)IBJrz ha, ... ha),

Then
(w|p) = Z(B — 2) dety ./\/l(wbp)

1

(w,p) (b=1)
ME =37 w(€a + han)p(Ea + han) (cosh 2 (€0 + han) ),
h=0
Typical SOV result, now we know it can be rewritten as lzergin (Tsuchiya) determinants
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Scalar products. Toy example

XXX chain with anti-periodic boundary conditions 7 (\) = B(\) + C(\)

SOV-states

<O“ — Z Z Ha<£a_ha77) V({f—hﬁ}ﬂhh--.,fw\,

h1=0 hNZO a=1

18)=> - > |8 —han) V{& = hn})lha, ..., hn),

hi=0  hx=0a=1
Here V ({£}) is the Vandermonde determinant. «(\) and B(A) arbitrary functions

Eigenstates (Q)| is an eigenstate if Baxter equation is satisfied

T(MQRM) = —a(MN)Q(A —n) +d(AN)Q(X + 1)
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Scalar products. Toy example

Scalar product:

B det M(a’ﬁ)
= e
with ) )
MG = &7 (€ B(&n) + (60— )" aléa — mB(Ea — m):
Main results: Let a(\) = 1]\_4[ (A —«aj) and Q(N) = ﬁ (A — Aj) then
J=1 j=1

o if M/ <R

(@]Q) = 0.

e If M = R then the Slavnov formula can be applied:

(a]Q) =2 (H d(an)d(/\n)> Su({A}, {a}).
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e If M > R then we obtain the generalized Slavnov formula

(a]|Q) = (—1)M TN —M=H (H d(an) [ ] d(&)) Sra ({1}, {a}).

detM+SH
S Af,1ay) =

al &
(%) 4\ — ) + Qo+ mtlax — Xy), for § < M,

r=Q(ar — U)d( o)
jk =Q(ax — n)ZE :; ML Qlak + ) (ar + )M for > M,
where t(z) = ;7
35
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Conclusion and outlook

Main result: Complete characterization of the spectrum from the inhomogeneous Bethe
ansatz + construction of the eigenstates and scalar products. Direct way to the form
factors, overlaps, correlation functions.

Similar technique can be applied to the open XYZ chain (S. Faldella, G. Niccoli 2013).

Open questions:

e Connection between the homogeneous and inhomogeneous Baxter equations. Can
we sacrifice polynomiality and retrieve homogeneity?

e Inhomogeneous Baxter equation appear in different frameworks: off-diagonal Bethe
ansatz, separation of variables, modified algebraic Bethe ansatz (Belliard, Crampé). In
the classical limit, what is the meaning of the inhomogeneous Baxter equation?

e ASEP dynamics
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