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- many discrete models in “KPZ class” exhibit universality
related to random matrix theory: Tracy Widom distributions:
of largest eigenvalue of GUE,GOE..

RBA: method integrable systems (Bethe Ansatz) +disordered systems(replica)

- provides solution directly continuum KPZ eq./DP (at all times)

KPZ eq. is in KPZ class !
- also to discrete models => allowed rigorous replica
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- other works/perspectives:

V. Dotsenko, H. Spohn, Sasamoto not talk about: stationary initial condition
(math) Amir, Corwin, Quastel, Borodine,.. T. Inamura, T. Sasamoto PRL 108, 190603
(2012)

also G. Schehr, Reymenik, Ferrari, O'Connell,.. reviews KPZ: |. Corwin, H. Spohn..



Kardar Parisi Zhang equation

Phys Rev Lett 56 889 (1986) growth of an interface of height h(x,t)

Oyh = vo2h + 20 2 0,k + (e, 1)

diffusion noise
77(557 t)n(fﬁ': t,) — D(S(x o CE/)(S(t o t,)

- 1D scaling exponents h ~ t1/3 ~ x1/2 T ~ t2/3

- P(h=h(x,t)) non gaussian

depends on some details of initial condition flat h(x,0) =0
wedge h(x,0)=-w [X]
(droplet)

)\O — O Edwards Wilkinson P(h) gaussian



- Turbulent liquid crystals Takeuchi, Sano PRL 104 230601 (2010)
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X is a random variable

h o~ t1/3 ~ g1/2 also reported in:

- slow combustion of paper J. Maunuksela et al. PRL 79 1515 (1997)
- bacterial colony growth Wakita et al. J. Phys. Soc. Japan. 66, 67 (1996)
- fronts of chemical reactions S. Atis (2012)

- formation of coffee rings via evaporation Yunker et al. PRL (2012)



Large N by N random matrices H, with Gaussian independent entries

eigenvalues A; i=1,.N His:
1 (GOE) real symmetric

2
P[] _CNﬂHP‘ — Aj |ﬁ ERNERE ﬁ — 2(GUE) hermitian

' 4 (GSE) symplectic

Universality large N : |
031 ' histogram of
o eigenvalues
- DOS: semi-circle law A“m“ N=25000

-2.00-1.68-1.36-1.04-0.72-0.40-0.08 0.24 0.56 0.88 1.20 1.52 1.84
Ordered Eigenvalue

- distribution of the largest eigenvalue
H— NH 1/3
Amaz = 2N + YN
Prob(x < s) = Fj(s) Tracy Widom (1994)



Tracy-Widom distributions (largest eigenvalue of RM)

Fredholm

GOE Fl(S) = Det[I - Kl] determinants
Ky (z,y) = 0(z)Ai(z + y + 5)0(y) 0% =40~ | Koo

GUE F2(s) = Det[l — K]

( z(x + S,y + 3 :i p=t

Kai(x,y) :/ Ai(x 4+ v)Ai(y + v)

\JAi(x)
Ai(x-E) /\ /\ ﬁ
is eigenfunction E e e —
particle linear potential \/ \/




discrete models in KPZ class/exact results | | | |

- polynuclear growth model (PNG) L | |

Prahofer, Spohn, Baik, Rains (2000)

- totally asymmetric
exclusion process (TASEP)

Red boxes are added independently at rate 1. Equivalently, ~ step initial data
particles with no neighbour on the right jump independently  Johansson (1999)
with waiting time distributed as exp(-x)dx.



Exact results for height distributions for some discrete models in KPZ class

- PNG model droplet IC
Baik, Deft, Johansson (1999) h(0,t) > 0o 2t + t1/3x GUE

Prahofer, Spohn, Ferrari, Sasamoto,..
(2000+) flatiC X=X1 GOE

multi-point correlations

Airy processes

y2

Ai(y) GOE

- similar results for TASEP Johansson (1999), ...



Exact results for height distributions for some discrete models in KPZ class

- PNG model droplet IC
Baik, Deft, Johansson (1999) h(0,t) > 0o 2t + tl/?’x GUE

Prahofer, Spohn, Ferrari, Sasamoto,..
(2000+) flatiC X=X1 GOE

multi-point correlations

Airy processes
2

Ax(y) GUE h(yt?/3, 1) o0 2t — g—t 3 A,(y)
Ai(y) GOE
- similar results for TASEP Johansson (1999), ...

question: is KPZ equation in KPZ class ?



Cole Hopf mapping Continuum

KPZ equation <€ Directed paths (polymers)
In a random potential

Quantum mechanics
of bosons
(imaginary time)

Kardar 87
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- Stationary KPZ => Patrik Ferrari’s talk



Cole Hopf mapping

KPZ equation:
A
Oih = vd2h + %ah)+n@¢)
define:
Z(x,1) = e2whi@d) Xoh(z,t) = T'ln Z(z,t)
T = 2v
it satisfies:
0z =02z - Y20y Ao (1) = —V (z,t)

describes directed paths in random potential V(x,t)



/

Z(x,tly,0) =

xz(t)=x t K dm(T) 2
X Da(7) 6_% fo de(d—q-) +V (z(7),7)

(0)=y

Ve, t)V(z',t')=¢ 6(t—t)o(z — )

Feynman Kac Z(z,y,t =0) =d(z —y)

Viz,1)
T

A

T
2K



initial conditions oo h(x,t) _ /dyz(mjt’yjo)gg—gh(y,to)

1) DP both fixed endpoints  Z(xg, t|xg, 0)

t L0 KPZ: narrow wedge <=> droplet initial condition
hiz,t=0) = —w|z| th
CU w — o0
o — 0

2) DP one fixed one free endpoint /dyZ(xo,t|y, 0)

€T
t 0 KPZ: flat initial condition

h(x,t=0)=0




Schematically

Ao h
4 = e 2v
calculate Zn = /dZZ”P(Z) n €N

“guess” the probability distribution from its integer moments:

P(Z) — P(InZ) — P(h)



Quantum mechanics and Replica..

Z, = Z(x1,t|y1,0)..Z(xp, t|y,0) = (z1, Tnle My, )

K L2 X1
8‘[;Zn — _HnZn —C
r=T3kx"1% |, t=2T°k"'t -
drop the tilde.. G
Yyir Y2
n
82
H, = E O(x; —x;
n ax .7

1=1 1<i1<g3<n

Attractive Lieb-Lineger (LL) model (1963)



what do we need from quantum mechanics ?
- KPZ with droplet initial condition 4 eigenstates
= fixed endpoint DP partition sum E, eigen-energies

e =3 "|u>e Pt <y
yd 7

Z(CIZOt‘CUOO)n =< CEQ...CUQ‘G_tH"’ ‘ZIIQ, Lo >

symmetric states = bosons

*- 1 —
= Z\Ifu(xo..xg)\llﬂ(:co..xo) 5€ Eut
M 7]
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- flat initial condition

1,:Yn

(/ Z(zot|y0))™ = Z \I’:(wo, .:1:0)/ U, (y1, -Yn) ||ul||2 o—Eut



LL model: n bosons on a ring with local delta attraction

ST
1<i<j3<n




LL model: n bosons on a ring with local delta attraction

Z——2C Z 5(377;—33]')

1<i<g<n

Bethe Ansatz:

all (un-normalized) eigenstates are of the form (plane waves + sum over permutations)

WV, = Ypdr H?:l et AP

By = ZA? Ap = Hn2€>k21(1 — = i\g;(g;zk)))

They are indexed by a set of rapidities )\1 - )\n



LL model: n bosons on a ring with local delta attraction

Z——QC Z 5(337;—$j)

1<i<ji<n

Bethe Ansatz:

all (un-normalized) eigenstates are of the form (plane waves + sum over permutations)

WV, = Ypdr H?:l et AP

By = ZA? Ap = Hn2€>k21(1 — = i\g;(fg\;zk)))

They are indexed by a set of rapidities )\1 - )\n
which are determined by solving the N coupled Bethe equations (periodic BC)
)\ — A¢ +1C
0 £




n bosons+attraction => bound states

Bethe equations + large L => rapidities have imaginary parts
Derrida Brunet 2000

- ground state = a single bound state of n particules Kardar 87

(—:2

Yo(T1,..Tpn) ~ exp(—g Z |z, — x;]) Ey(n) = _En(n2 — 1)
1<J

2

— _ c 3

exponent 1/3



n bosons+attraction => bound states

Bethe equations + large L => rapidities have imaginary parts
Derrida Brunet 2000

- ground state = a single bound state of n particules Kardar 87
=2

C C
Yo(T1,..Tpn) ~ exp(—§ Z |z, — x;]) Ey(n) = —En(n2 — 1)
1<J
— —tEo(n) ﬁ 3t
n—enlnz ~, € ~ e12™ exponent 1/3

can it be continuedinn? NO!

information about the tail
of FE distribution

P(f) ~p o0 exp(— 3 (—)?)



n bosons+attraction => bound states

Bethe equations + large L => rapidities have imaginary parts
Derrida Brunet 2000

- ground state = a single bound state of n particules Kardar 87
=2

C C
Yo(T1,..Tpn) ~ exp(—§ Z |z, — x;]) Ey(n) = _En(nZ — 1)
1<J
— —tEo(n) ﬁ 3t
n—enlnz ~, € ~ e12™ exponent 1/3

need to sum over all eigenstates !

- all eigenstates are: All possible partitions of n
into ns “strings” each with mj particles and momentum k|
k1

2 ks i
©é® To ® n=y .1, m;

mi=3 me=2 mzg=1

By = 2?21(mjk? — Sym;(m7 —1))



Integer moments of partition sum: fixed endpoints (droplet IC)

U,(0..0) = n!

7=y e
2
||'“|| norm of states: Calabrese-Caux (2007)

A |
2" = Z ns!(;ﬁé)”s Z R




how to get P(In Z)i.e. P(h) ?
—2

C 1/3 random variabl

InZ = —)\f A= (Zt) / f expec:te(;/Ol(a1)e

iIntroduce generating function of moments g(x):

o0 (_EAE)H

glx) =1+ Z n' 7" = exp(—eAz—f))

so that at large time:

lim g(x) =0(f —x) = Prob(f > x)

A— 00



how to get P(In Z)i.e. P(h) ?

2
InZ=-\f  A=(7p"? f

iIntroduce generating function of moments g(x):

n!

, — ] - (_E}'AI)”_H . . )t(iI.‘—f)
glx) =1+ Z /" = exp(—e )
™~

what we actually study
so that at large time:

lim g(x) =0(f —x) = Prob(f > x)

A— 00

random variable
expected O(1)

what we aim

to calculate=
Laplace transform
of P(2)



reorganize sum over number of strings

= 1
g(r) =1+ Z mZ(ns,x)

= ()
Z(ns,x) = Z (47 \3/2)ns T

M, My =1

ﬁ/ 11 (ki — k) + (mi — m;)* A 5 g3\ —m k- Azm,
=1 (ki — kj)? + (m@—l—mj J2AT

m; 1<i<ji<ng J=1




reorganize sum over number of strings

= 1
g(r) =1+ Z mZ(ns,x)

Airy trick
o m; dyAi(y)e?? = ¥ /3
T N
S — | (47r)\3/2)ﬂ5 T

MMy =

[t [T Gohlemam i o,
=17 M <ici<n, (ki = Feg)* o (i - m 207 =1

l double Cauchy formula
1

Z(k@ — ]Cj))\_S/Q —+ (m@ —+ mj)]

ki —kj)? 4 (my —m;)2N\3 5 1
_H( ) J
(ki — kj)? 4+ (m; +m;)2 X3 L4 2m,

i1=1

det|

o0
— z/ dve X
0

1<J



Results: 1) g(x) is a Fredholm determinant at any time t

Z(ng, ) = ﬁ/ dv; det[K(vj, ’Ug)] \ — (%t)l/:g

ey

1+ eMy

K(’Ul,'UQ /—dyAz y+k2_33+’01+’02)e ik(v1i—v2)

. @]

Z L Z(ng, x) Det[[ -+ K] by an equivalent definition
N

n. of a Fredholm determinant

K (v1,v2) = 0(v1) K (v1,v2)0(v2)



Results: 1) g(x) is a Fredholm determinant at any time t

Z(ng,z) = H/ dv; det|K (v, vy)] \ — (it)ug
eV

1+ eMy
=1+ Z —Z (ng, x Det[I — K] by an equivalent definition

of a Fredholm determinant

K('U]_, 'U2 /—dyAz Y+ k2 — T+ v+ Uz)e ik(v1i—v2)

n—l

K(’Ul, ’Ug) = 0(1}1)K(vl, ’1)2)9(’02)
ey

2) large time limit X\ = 400 > 0

) larg + o — ()
Airy function identity

/ dkAi(k? +v+0)e™ ) = 9237 4i(2130) Ai(2V/3)

gx)=Prob(f > x = —2%35) = Det(1 — P,K 4;P,) = Fy(s)

K 4, " = A'z,'u—|— Afz, v};|- GUE-Tracy-Widom
4i(0,0) = Jysp Ailv + )40 +) distribution




An exact solution for the KPZ equation with flat initial conditions

P. Calabrese, P. Le Doussal, (2011) needed:

/dyl..dyn\I!M(yl, ~Yn)
1) g(s=-x) is a Fredholm Pfaffian at any time t

N m;
=2 X3 4 k23 am,
Z(ns) — Z H /k H 2”{3 _|_ qg 3 m_;l m; b m;s

m;>1j=1""i g=1
2w . i 1 .. . in(m;,m; e ) - 1 ,
fo[ ( 255 (ki + ) (= 1)™ Oy + 3 (27) 20 (k) (kg ) (= 1)mInmemi)sgn (my —my)  L(2m)d(k:) ) ]

1 ik, +m;—2ik;—m,
—7(2m)0(k;) Qiki—l—m.,;+21'kj —I—m_:

> 1

ga(s) = PII + K] = >~ —Z(n,)

0 I ns=0 """
= (50)

ns

Z(ns) — H/ ) Pf[K(Uz’an)]Qns,QnS
14V~

.

]:



An exact solution for the KPZ equation with flat initial conditions

P. Calabrese, P. Le Doussal, (2011) needed:

/dyl..dyn\I!M(yl, ~Yn)
1) g(s=-x) is a Fredholm Pfaffian at any time t

e o —2 A3 3 2,3
Z(Tlg) _ Z H/ H . €ij—4mjkj)\ —Am;s
m;>1j=1"ki g=1 2ikj +q
xpf{ ( 25 5(ki + k) (—1)™ Oy, + (2m)20(ki)3 (ks ) (—1) MM sgn (my —my)  F(2m)d(ks) ) ]

1 ik, +m; —2ik, —m,;
—5(2m)d(k;) Qiki—l—m.,;+21'kj —I—m_:

> 1

gr(s) = Pf[J + K] = Z — Z(ns)

0 I ns=0 """
= (50)

ns

Z(ns) — H/ ) Pf[K(Uz’an)]Qns,QnS
’Uj>

J=1

2) large time limit A = 400

Joo(8) = F(s) = det|] — Bs]
- GOE Tracy Widom
By = 6(z)Ai(x +y + 5)0(y)



Fredholm Pfaffian Kernel at any time t

e—?i(vi—’vj)k
Ky = / Ai(yy +v; + 5 + 4k?) Ai(ya + vj + s+ AE?)] o fk/A(EA(yl+y2))
Y1,Y2,k ke

wo(k)

+ F(2eM1, 2e72)]

—27kz1F5 (1;2 — 2ik, 2 + 2ik; —z)

) = @k T @ = 2k T @ + 2ik)

(19)

1
F(zi.2;) =sinh(zg — 21) +e %2 —e %! +f du
0

x Jo(2v/z122(1 — u))[z1 sinh(z1u) — 2o sinh(zou)] .

gx(s) = V/Det(1 — 2K10)(1 + (K|(1 — 2K10)"(5))

Kio(v1,v2) = Oy, K11 (v1,v2) Kia(vi,v0) = K(v1)6(v2)



Fredholm Pfaffian Kernel at any time t

e—?i{vi—’l!j)k
Ky = / Ai(yy +v; + 5 + 4k?) Ai(ya + vj + s+ AE?)] o fkm(e)\(ywryz))
Y1,Y2,k ke

ok
1 \ + I g gehuny)
K9 = E_/Ai(y +s+uv)(e”2" —1) o(vj)
y
Koo = 26" (v; — vj) , large time limit

lms 400 fi/a (1Y) = —0(y)
limy— 400 F/(2eM1, 2eM2) =

0(y1 +y§)(9(y1)9(—y2)— 0(y2)0(—y1))

Ful2) —27kz1F5 (1;2 — 2ik, 2 + 2ik; —z)
Z ) = .
g sinh (27k) T (2 — 2ik) T (2 + 2ik)

(19)

1
F(zi.2;) =sinh(zg — 21) +e %2 —e %! +f du
0

x Jo(2v/z122(1 — u))[z1 sinh(z1u) — 2o sinh(zou)] .
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how to calculate /dyl--dyn%(yl,--yn)

first method:  flat as limit of half-flat (wedge)

ot — 00 X

lim  Zps(x,t) = Zgar (2, 1) N

r——o0,w—0

0
Zhs,w(l?.t):/ dye™ Z(x,tly,0)

—00
z=

Z(x,t=0)=0(—x)e"”" Y |

no .0
(H/ dyaewya>\11u(y1...yn) = ZAPGP,\ n 1

a=1% P —
G = ij+z‘)\1+..+z'.)\j

i=1
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how to calculate /dyl--dyn%(yl,--yn)

first method:  flat as limit of half-flat (wedge)

ot — 00 X

lim  Zps(x,t) = Zgar (2, 1) N

r——o0,w—0

0
Zhs,w(l?.t):/ dye™ Z(x,tly,0)

—00
z=

Z(x,t=0)=0(—x)e"”" Y |

no 0
(H/ dyaewyc")\IJ#(yl...yn) = ZAPGP’\ n .
0o P

Gy = ij+z‘)\1+..+z'.)\j

i=1

a=1"Y "

' !
miracle t ) 2w 4 i\g +idg — 1

B [T, (w+i\,) H 2W + TAo + 18

a=1 1<a<fB<n

M@= Fi+ L(j+1—2a)

strings:
a = ].7 ceny mj



/w U, =nl(-2) H H T ——
=1

1<z<]<n

[(1—2z+ —mlng)F(z + —mlgmz)

DY = (=)™ z = 1ky + ko 4+ 2w

my,k1,mz2,k2 (11— Z—i—@)r(z—l— m1-5m2)
(=1)"T(z) .
m.k [(z+m) 2k + 2w
in double limit lim
r——00,w—0
expand the product [[; S; [];.; Dij
_1 my
S ) 216 (k;) + S?ni, s each momentum k, appears

mok ™ 9T ()

only in exactly one pole

DY o s (= 1), 276 (ki + k) +

mZakZamja 7 mz,kzamj)kj

pairing of string momenta and pfaffian structure emerges



n L
second method: . oo H/ AYya¥ (Y1, - yn) — <(DO|,U'>
a=1 0

use Bethe equations: % — T Aj = Ae—ie is the overlap
s N T Aetic with uniform state
=> integral vanishes for generic state O 1
oberve: requires pairs opposite rapidities (xb ) -

Can be seen as interaction quench in

Lieb-Liniger model with initial state BEC (c=0)  9© Nardis et al., arXiv 1308.4310

overlap is non zero only for parity invariant states  {A1, —A1, .., Ay /2, = Ap 2}

n/2 2, 2 2, 2
(Aa = Ag)" + = (Aa+Ag)" + ¢
(Do|p) = nlc™? x det G9.
U A2 1<a£[<n/2 (Aa—=Ag)? (Aot Ap)?
n/2
Q g
Gap = JaalL 3 K0 A) = Ko 1) Brockmann, arXiv1402.1471.

KQ(Ivy) =K(z —y)+ Kz +y),
P. Calabrese, P. Le Doussal, arXiv 1402.1278
K(z) = 2¢ | large L limit, overlap for strings
partially recovers the moments Z”n for flat



Summary: we found

for droplet initial conditions )\20h InZ = veot + 22/3(1&* )1/3
1%
at large time has the same distribution
X as the largest eigenvalue of the GUE
- " Aoh t\1/3
for flat initial conditions 5, =InZ =vect+ () /3x
2v
similar (more involved)
5
X at large time has the same distribution t* = 8(2]/)4
as the largest eigenvalue of the GOE DQ)\O
in addition: g(x) for all times decribes full crossover from
=> P(h) at all t (inverse LT) Edwards Wilkinson to KPZ

t* is crossover time scale
GSE ? large for weak noise, large diffusivity



Summary:

for droplet initial conditions  Z3% = InZ = veot + 2 / (t*) 3x
at large time has the same distribution
X as the largest eigenvalue of the GUE
- . Aoh t\1/3
for flat initial conditions 5, =InZ =vect+ () /3x
similar (more involved) g
| o . 8(2v)°
X at large time has the same distribution A— SV
as the largest eigenvalue of the GOE D >\o
in addition: g(x) for all times decribes full crossover from
=> P(h) at all t (inverse LT) Edwards Wilkinson to KPZ

t* s crossover time scale

GSE ? KPZ in half-space



DP near a wall = KPZ equation in half space

T. Gueudre, P. Le Doussal,

tA EPL 100 26006 (2012
g(s) = \/Det[I + K] (2012)

K(vy1,v9) = —260(v1)0(v2)0y, f(v1,v2)

e—Qik(vl —v3)

dk ,
f(”U1,U2)=/%/yAl(y+s+v1+vg + 4k?) fr/a (M) o

frlz] = % (J—4ik(%) + J4ik(%)>
—1F5 (151 — 2ik, 1 4 2ik; —1/2)

LY
5
(o))

y X

>

€

Z(:I},O,t) — Z(O7y7t) =0
Vh(0,t) fixed



DP near a wall = KPZ equation in half space

T. Gueudre, P. Le Doussal,

t A EPL 100 26006 (2012
g(s) = /Det[I + K] (2012)

K(vy1,v9) = —260(v1)0(v2)0y, f(v1,v2)

e—Qik(vl —v2)

dk ,
f vy, v2) Z/%/yAl(y+s+v1+vz + 4k?) fr/a (M) o7k

2k 2 2
1= ey (-l + )

\ X —1F5 (151 — 2ik, 1 4 2ik; —1/2)
()

X All)ngo frya[eM] = —6(y) (1 — cos(2ky))
Z(LU,O,t) — Z(O7y7t) =0

) \ A )
InZ = 2—Oh(0,t) — Voot + 223 \yy
14

X4 distributed as  F4(s)

Gaussian Symplectic Ensemble

S




Integrable directed polymer (DP) on square lattice

Ziw) = >, ] wes
m:(0,0)—=(z,t) (' ,t')em
- |og_Gamma DP on-site weights  w € [0, +o0]
1

inverse Gamma distribution eV

Seppalainen (2012) Brunet
C0OSZ(2011) BCR(2013), Thiery, PLD(2014)

Plw) = I'(7)




Integrable directed polymer (DP) on square lattice

2@ - Y I wer
m:(0,0)=(z,t) (2’ ,t')em
- log-Gamma DP  on-site weights  w € [0, +o0]
inverse Gamma distribution P(w) = ! ——w e
Seppalainen (2012) Brunet F('Y)
COSZ(2011) BCR(2013), Thiery, PLD(2014)
- Strict-Weak DP ue0,+o00f v=1
Gamma distribution =1
Corwin,Seppalainen,Shen(2014)  P(u) = T e
O’Connell,Ortmann(2014) (@)
- Beta DP u,v € [0, 1] v=1-u
Beta distribution Pas(tt) = I'(a+ B) uo=1(1 — )1

L(a)T(B)

Barraquand,Corwin(2014)

a>0and g >0




Integrable directed polymer (DP) on square lattice e

Zi(z) = Z H Wy ¢/

m:(0,0)=(z,t) (2’ ,t')em

- log-Gamma DP  on-site weights  w € [0, +o0]
inverse Gamma distribution P(w) = F(l )w —1mrem /e
v

Seppalainen (2012) Brunet
C0OSZ(2011) BCR(2013), Thiery, PLD(2014)

- Strict-Weak DP ue0,+o00f v=1
Gamma distribution o1

Corwin,Seppalainen,Shen(2014)
O’Connell,Ortmann(2014)

- Beta DP u,v € [0,1]
Beta distribution
Barraquand,Corwin(2014)

v=1—u

pa,ﬁ(u) = %ua—l(l _ u)ﬁ_l a > 0 and B >0

- Inverse-Beta DP u € [1, 400 € [0, +oo] v=u—1
inverse-Beta distribution I 8 1 =
> — gt =1—-(a+
T. Thiery, PLD(2015) Dy,p(1) = [(+)D(B) ul+ (1 - 5) ! (o+5)



A\

SWH

Integrable directed polymer models on square lattice

Inv - Beta
(61) 62) = (1! _1)

SWH

Beta
(€ &= (1,1)

T. Thiery, PLD(2015)

What do they have in common ?

no (@)ny (B)n,

i e

(€1,€2) € {—1,1}2

Inv - Beta
(€1, €2) = (-1, 1)

lSWV

(@), = ala+1)..(a+n—-1)

vyi=1—(a+p3)



V(1. an) = Zi(x1) .. Ze(zn)  => Transfer matrix =~ Ap¥u = Iny

Zis1(x) = Ups1.224(2) + Vi1 0 Ze(x — 1) Contaln? all integer
moments — ey

niy+ne =n



V(1 - ) = Ze(@1) - Zi(@n) => Transfer matrix = Ap¥u = n@bu

Zi41(x) = U1 2 Z¢(T) + Vey1 2 Ze(x — 1) contains all integer

moments MBI
Bethe Ansatz v, (z1,...,2,) = u(z1,...,20) if 21 < -+ < 2 ni+ng =n
V(1. .. Tn) = Z A, szzi)
oesS, i=1
’IZ)#(ZL'I',IB-; — 1) = azﬁu(mi,zi) + b’l,zp(lfi — 1,1131') + C’l,zl_‘(l'i — 1,1‘i — 1)
w?—(@)? 2w - (w)(v) v? — (v)°

Aa _ 6(0’) 1—[ c+ bza(,-) + azo(i)za(j) — za(j) a=

C+ bz, +az;z; — 2z
1<i<j<n T Dz +azizj = z;



V(1. an) = Zi(x1) .. Ze(zn)  => Transfer matrix =~ Ap¥u = Iny

Zi41(x) = U1 2 Z¢(T) + Vey1 2 Ze(x — 1) contains all integer

moments W
Bethe Ansatz 4, (z1,...,2 ):&u(azl,... W) if g <o <y, ni+mns=n
Yular,...an) = Y A H 22
oesS, i=1
1/;#(1';',.’&; — 1) = azﬂu(m,ﬁ,mi) + bi,zu(l'i — ].,1131) + C?ﬁu(l‘i — l,l'i — ].)
C 4 bzg(s) 4+ 320 () 20 (1) — 2ol _E-@  _2w-@@ - (@)
4, =e0) I i ed) el TTem T @m @)

1<i<j<n Cc+ bZz + azizj —Zj

A. Povolotsky (2013) zero-range process quantum binomial formula

BA = 3A2 -+ bAB -+ CB2 (EA —|_ EB)m — Z Pnlﬁbq,ﬂ,y(nﬂm)Anle_m
n1=0
condition for integrability (WA +vB)™ Z unipm—mi M Am pm—m
n1=0

v T. Thiery, PLD(2015
(5 @n (1 Dns (@ @y gmg 1 iery, PLD(2015)

Viq)ni+n qd:49)n qannn n—1
( ) 1+n2 ( ) 1( ) 2 1+no (a;q)n:H(l—aqk)

k=0

u"tyn2 =




Inverse-Beta polymer: main results via Bethe Ansatz T. Thiery, PLD(2015)

- Laplace-transform representations e~ uZt(r) = Det (I + Ky,)

1 1
KBA(z,2') = / dw , uv?
arasr " An(w — ) sin(r(w — 2))

(Fe=) " (e=) T (e

KB :L?*(a+a+iR) —» L?(a+a+iR) 0 < a < min(l,7) and 0 < @ < 7 — a.

a7 — dw;
e = /R)JH 7 H F j — W)

J?ék 1

(lj ui T [a — w;]”’ (F(’Y 41:((17)_ u’j))’ (P(wjr_(;)+ 5)>I+12)

conjecture

j=1

contains log-Gamma polymer 88— oo
optimal angle

- large time o — _%d,fé€(+/~;;2) <0
7Y
tlim Prob (log Zt((1/2)\+ P)t) + tey < 2%2:) = F5(2) Cox = V(7/2) — V(B +7/2)
— 00 @

; 1/3
oo = (573212 - /20 )
- zero temperature limit
v =€y and B = €3’ with € — 0 B’ /4" — oo exponential site energies
exponential-Bernoulli bond energies recovers Johansson’s 2000 formula



Probability that 2 directed polymers in same disorder do not cross

Andrea de Luca, PLD, arXiv 1505.04802

non-crossing probability Karlin Mc Gregor

Zn(w2sy1[t) Zy (215 y2lt)
Zn(z1;91[t) Zn(22; Y2lt)

Pn($1,$2;y1,y2|t) =1-

pn(—€,€| — €, e;t)

py(t) = }:_i_l}% 1632 = 0,0y In Zp(x; y|t)|:528



Probability that 2 directed polymers in same disorder do not cross

Andrea De Luca, PLD, arXiv 1505.04802

non-crossing probability Karlin Mc Gregor

Zn(x2;y1|t) Zn (215 y2lt)
Zn(z1;91[t) Zn(22; Y2lt)

Pn($1,$25y1,y2|t) =1-

pn(_fa €| — €, G;t)

py(t) = li_l)% 1632 = 0,0y In Zp(x; y|t)|::528

Moments of the non-crossing probability

On.m(t) = lin(l) [(26)_2.27(72)(6)]"1[277(0; 0ft)]-2m

py() = lm e, .. ()

Z$(€) = Zy(eelt)Zy(—6 ~elt) — Zy(~e:elt) Zy(e:~elt)



Probability that 2 directed polymers in same disorder do not cross
Andrea de Luca, PLD, arXiv 1505.04802

non-crossing probability Karlin Mc Gregor

Zn(x2;y1|t) Zn (215 y2lt)
Zn(z1;91[t) Zn(22; Y2lt)

Pn($1,$2;y1,y2|t) =1-

_o Po(ed-eet)
py(t) = lim " = 0,0y In Zp (x5 y|t)|§:8

Moments of the non-crossing probability

- . T o 7(2 _
@7 = lim e,  OCam®=Im[292Z7 (] [Z(0;01)]" 2"
n—0 ’
Zr,(IQ)(E) = Zy(e€|t)Z,y(—€ —€lt) — Zy(—€ €lt) Z,(e;—€lt)
Lieb-Liniger with general symmetry (beyond bosons) [ n 38;2 . Z (as — )
i=1 7t 1<i<j<n

Dy, 2
Onm () = Him(26) ™" (W (€)™ [ (€)= ) | |Tiﬁ|(2x)| e
L

U (€)) = 2/(@0Ly e, ~€) = |=¢.€)) ©]0...0) R U



Nested Bethe ansatz b
AQ inside irreducible representation of S_n

T E, =30 12 2-row Young diagram £ = (n—m,m)

n

J— P )
¢u(x) = Pge:s ﬁQ(X)AQ eXp[Zj_Z_:lej'tu] example n =8 and m =3

113751779 antisymmetry D,,_3

rQ, £xQ,..-LxQ, 5 3) =
( , ) 21416 L1 <> X2,T3 <> Tyg,T5 <> L6

C-N Yang PRL 19,1312 (1967)

auxiliary spin chain

a = [t +1¢/2 auxiliary rapidities Ag a=1,.m

=> |large L: strings again !
but not all strings contribute !

,u?:kj+%(mj+1—2a)+5;



—— d(k,m)A, 1(k, m)

nlé" 400 dk e~ Azt
On1(t
() = Zl ng!(2me)ns ./

(ml, mns)n .7 1 Irn’]

A = 1 (nA —A2+Méz) :
LL conserved charges A, = ¥ u} " am-1)\ 2 ! 12



On.0(t) = 2a(t) = Z,(x=0;0t) Api—Ano=1

nlé" +00 dk e~ Azt
On,1(t ——®(k,m)A, 1(k,m
1( ) Z:1 77“8'(27rc)ns (ma,. mns)n Jj= 1'[ m; ( ) n,l( )
1 n?(n? ‘1)-2)
Apy=———|nAs- A3+
LL conserved charges A, =Y, M? 1 n(n-1) (n 2T

=> Apm(Ap)



On.0(t) = 2a(t) = Z,(x=0;0t) Api—Ano=1

| A1 oo dk; —Aat
Ona(t) = Z e f S d(k,m)Ay (k,m)
=1 ns!(2me)ns mns)n <1 m;
1 ( 2
Ay = ——— [nAy- A3+
LL conserved charges A, = ¥ u} n(n-1)
=> A m(Ap)

Introduce GGE partition function ZP(t) e~A2t =5  mA2t+Y s BpA

Ap = 0p =03, Onm(t) = Ay ({8p}) [ 2 (1)]
7111_{%8 ...8kT‘ﬁ=0 =—/(; 78“ 8% Det(1+H0’CuHO)

n?(n®-1) 2

)



On.0(t) = 2a(t) = Z,(x=0;0t) Api—Ano=1

| AN +00 dk — Aot
Oni(t) = Z e f T d(k,m)An1 (k,m)
=1 ns!(2me)ns mns)n <1 m;
1 n?(n? ‘1)-2)
Apy=———|nAs- A7+
LL conserved charges A, = ¥ u} 1 n(n-1) (" 27T

=> Ap,m(Ap)

Introduce GGE partition function ZP(t) e~A2t =5  mA2t+Y s BpA

Ap = 0p =03, Onm(t) = Ay ({8p}) [ 2 (1)]
7111_{[(1)8 ...8kT‘ﬁ=0 =—/(; 78“ 8% Det(1+H0’CuH0)

We calculated the Ay, m(Ap) from the Borodin-Corwin “conjecture”
’ BC arXiv11114408

_ d”‘l . d~n —t¥7 Zh h(u) = u(u —ic)
Oun®) =g [ 5o [ 5 £(u) = uf(u - ic)
x( H (‘kj)) (Hh Z2q-1 2q))
1<k<j<n

ij =Zk — ZJ imaginary part C; for z; satisfying Cj.1 > Cj +¢€



Results: - first moment: simple from STS | In Z,(z; y|t) = h(t) - (= - y)?/(4t)
1

pn(t) = lill%) @n,l(t) — E h(t) =In Zn(OQOIt)




Results: - first moment: simple from STS ! In Z,(z; y|t) = h(t) - (= - y)?/(4t)

1 -
pn(t) = lim O, 1(t) = — h(t) = In Z,(0;0]t)
o 12

- second moment = we find exact relation to average free energy

1 1 &2 xe?
5_ _ (15 . 252 . _
Pq(£)°= (tat + 50 ) h(t) = 157 ~ ~o3




— 1 1 &2 Dael?
2 - - P = ¢ 2 ~ _
Pn(t) - (t 0 + QOt ) h(t) 12t 0¢5/3

106= T T T T ™
— pB=15
— B=1.75
- — p=2. |
1000 - small t
mmmmm analytics
2
P
0.001r
10




Results: - first moment: simple from STS ! In Z,(z; y|t) = h(t) - (= - y)?/(4t)

pn(t) = lil% On1(t) = % h(t) =1n Z,(0;0t)

- second moment = we find exact relation to average free energy

— 1 1 &2 xel?
2_ _ = -7 ~ _
(D) = (tat + 26t)h(t) e

- higher moments

=> conjecture 1

4 —-8/3
S ; ) _ _
py(t)® = 105t - 5:5/3 + complicated py(t)™ =~ ’ymcg(m 1)/t



Results: - first moment: simple from STS ! In Z,(z; y|t) = h(t) - (= - y)?/(4t)

. 1 _ .
pn(t) = 717,12%) On1(t) = o7 h(t) = In Zy(0; 0[t)

- second moment = we find exact relation to average free energy

1 1 52 2—X262/3
2 - _ _ ’ _ ‘ 2 ~ _
py(t)* = (t Op + 20t ) h(t) 194 045/3

- higher moments

=> conjecture 1

4 5—-8/3
—— C 2X2C 2(m~—
py(t)® = 1C5t - ;:5/3 + complicated py(t)™ =~ Ym (M1 [t

- conjecture 2 lnpn(t) ~ —a(52t)1/3 a = X2 — _'2% 1.9043

=> p(t) (sub-)exponentially small for typical environments

2

and p,(t) ~c forafraction ~1/(c*t) of environments



Results: - first moment: simple from STS ! In Z,(z; y|t) = h(t) - (= - y)?/(4t)

. 1 _ .
pn(t) = 711125 On1(t) = o7 h(t) = In Zy(0; 0[t)

- second moment = we find exact relation to average free energy

1 1 52 X262/3
2__ —l —12 ~ _
po@P =~ (0.4 23R) h(t) = 135~ o

- higher moments

=> conjecture 1

4 5—-8/3
—— C 2X2C 2(m~—
py(t)® = 1C5t - ;:;/3 + complicated py(t)™ =~ Ym (M1 [t

- conjecture 2 lnpn(t) ~ —a(EQt)l/B a = Yo — X—'zw 1.9043

=> p(t) (sub-)exponentially small for typical environments

2

and p,(t) ~c forafraction ~1/(c*t) of environments

compare with proba q(t) of single DP not crossing a hard-wall at 0 T. Gueudre, PLD 2012

g (1) = —(X2 - ¥2)(E2) 13 ~ —1.49134(c2t) /3 Iy () < gy (1)



Perspectives/other works
- replica BA method

Airy process
stationary KPZ Sasamoto Inamura t — o0 As(y)

Prohlac-Spohn (2011),
Dotsenko (2013)

2 times Prob(h(0,t),h(0,t")) Dotsenko (2013)

2 space points Prob(h(z1,t), h(xa,t))

endpoint distribution of DP  Dotsenko (2012) Schehr, Quastel et al (2011)

- rigorous replica.. Borodin, Corwin, Quastel, O Neil, ..
g-TASEP qg—1 avoids moment problem Zn ~ €7
WASEP Bose gas moments as nested contour integrals

- sine-Gordon FT P. Calabrese, M. Kormos, PLD, EPL 10011 (2014)

- Lattice directed polymers



