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From dual models to the relativistic string

Prologue: the string as an analogous mechanical
model for DRM spectrum

1969 Nambu, Nielsen and Susskind formulated independently the
conjecture that the underlying microscopic structure of the
physical states of dual resonance model (DRM) is a vibrating
string

Nambu: ” ....This equation suggests that the internal energy of a
meson is analogous to that of a quantized string of finite length.. “

Susskind: ”... a continuum limit of a chain of springs...”

1970 Nambu (unpublished) and Goto wrote a string action proportional
to the area swept by the string in the external target space as a
function of the string coordinates xµ(τ, σ) (µ = 1, . . . ,D)

S = − 1
2πα′

∫ τf

τi

d τ
∫ π

0
d σ

√
(ẋ · x ′)2 − ẋ2 x ′2
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From dual models to the relativistic string

The GGRT paper

❁ The correct treatment and the quantization of the Nambu-Goto
action was performed in the seminal paper of Goddard,
Goldstone, Rebbi and Thorn (October, 1972)

❁ They pointed out the fundamental role of the reparametrization
invariance of the string action

❁ The choice of the orthonormal (or conformal) gauge
ẋ2 + x ′2 = ẋ · x ′ = 0 implied at once

➫ the D’Alembert equation of motion ẍµ − x ′′µ = 0
➫ at the classical level, the vanishing of 2D energy momentum tensor

T++ = T−− = 0 [T±± ≡ (ẋ ± x ′)2]
➫ at the quantum level, the Virasoro gauge conditions on the physical

states:
Ln|phys〉 = (Lo − α0)|phys〉 = 0 [Ln = 1

2iπ

∮
dz zn+1T++ , z = e−iτ ]

➫ no Lorentz anomaly and only transverse degrees of freedom for
D = 26
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From dual models to the relativistic string

The Brink & Nielsen mass formula
✽ The physical states of string models can be written in terms of free

Bose (ai
n) and Fermi (bi

r ,d
i
n) harmonic oscillators acting on a

vacuum state |0〉 (m,n ∈ N ; r , s ∈ Z− 1
2)

[aµ
m,a

† ν
n ] = ηµ νδm n ; {bµ

r ,b
† ν
s } = ηµ νδr s ; {dµ

m,d
† ν
n } = ηµ νδm n

✽ The free string Hamiltonian (in the transverse gauge)

HNS = L0 − α0 = −α′M2 +
D−2∑
i=1

∑
n∈N

a† i
n ai

n +
∑

r∈N+ 1
2

b† i
r bi

r

− α0

suggests interpreting −α0 as the zero point energy of a free
vibrating string (Brink & Nielsen 1973):

−α0 = M2
0 =

D − 2
2

 ′∑
n∈N

n −
′∑

r∈N+ 1
2

r


with

∑′ regularised sum
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From dual models to the relativistic string

❄ zeta-function regularization (FG 1976)∑′
n≥0(n + a) = ζ(−1) + a(a−1)

2 = − 1
12 + a(a−1)

2

➫ Open bosonic string: α0 = D−2
24

➫ Lorentz invariance of the “photon” state a† i
1 |0〉 with mass

α′M2
1 ≡ 1− α0 requires M1 = 0 ⇒ α0 = 1 i.e. Dcrit = 26

➫ Open NS string: α0 = D−2
24 + D−2

48

➫ Lorentz invariance of the “photon” state b† i
1
2
|0〉 with mass

α′M2
1 ≡

1
2 − α0 requires M1 = 0 ⇒ α0 = 1

2 i.e. Dcrit = 10
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The Ademollo et al. Collaboration

An unusual collaboration

Shortly after the appearance of the GGRT paper (30 October 1972) a
group of former students and young collaborators of Sergio Fubini in
Florence,Naples, Rome and Turin decided to join their efforts to
understand the dual resonance model in the light of this new
mechanical model.

There was no recognised leader inside the group and the ideas
circulated freely (by ordinary mail and/or extemporaneous meetings)
without any care of priority questions (May 1968 was not too far!)

Ideally, they prosecuted the line of thought of the Fubini-Veneziano
collaboration which was concluded that year, combining it with the new
physical insight coming from the string picture
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

1973-The interacting bosonic string and DRM
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

1973 : The interacting string

❋ “.. the relativistic string theory is more than an analogue model for
the spectrum of DRM, it can be used to obtain informations on the
couplings.. ”

g

g

c

c

r

α’=
hρ
o
c3
1

c

ρ
c
= 2 ρ

o

c

❋ Leading Regge trajectory of the open string

J =
π

2
cρor2 =

c
2ρoπ

m2 = ~α′m2c2 + α0

m = πρor ( ρo mass density in the string frame)

➫ The gyromagnetic ratio is G=2, like in the coupling
of the “strong photon ” in DRM

➫ α′ of the open string is twice that of the closed
string, according to the spectrum of the “Pomeron ”
sector calculated by Olive and Scherk (1973)

➫ αP
o = 2αR

o
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

the open string in an external electromagnetic field

❋ S =
∫ τf
τi

dτ
∫ π

0 dσL(x , ẋ , x ′) ; L = Lfree + Lint

❋ Lint = 1
cρ(σ)ẋµ Aµ(x) ; ρ(σ) = goδ(σ) + gπδ(σ)

❋ Aµ(x) = εµ e ik ·x

➫ Reparametrization invariance (RI) of the string world-sheet
required

k2 = ε · k = 0

i.e. the external field had to be the massless photon state of the
open string

➫ Under these conditions it turned out that the interacting open
string had the same mass spectrum of the free case
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

➫ The probability amplitude for the emission of a number of photons
from an initial string state to a final one coincided exactly with the
corresponding N-point DRM amplitude

➫ This argument was extended also to excited external fields: in the
conformal gauge RI implied the conformal invariance of
Lint =

∫
dτ V (x , x (r)):

i[Lf ,V ] =
d
dτ

{f (τ) V}

➫ this established in turn a one-to-one correspondence between the
excited vertices and the open string spectrum at D=26. (this was
explicitly verified at the level N=2)
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

Dictionary from DRM to string theory

➫ All relevant quantities of DRM can be constructed out of the two
Fubini- Veneziano operators Qµ(z) and Pµ(z)

➫ Koba-Nielsen circle z ↔ exp(−iτ)

➫
√

2 Qµ(z) ↔ xµ(τ,0)

➫ −i
√

2 Pµ(z) ↔ ẋµ(τ,0)

❋ Alternative approaches to the interacting string based on
functional integration were proposed by Mandelstam (1973) and
Gervais & Sakita(1973)
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

The bosonic string in an external gravitational field

❋ This game was extended also to the case of external gravitons by
coupling Nambu-Goto action to a target-space metric gµ ν

➫ Reparametrization Invariance yielded the right vertex operator of
the “strong graviton” i.e. the massless closed string state

➫ as in the case of the photon, the external gravitational field was
required to be on shell

❋ this appears to be a precursor of the equations of motion obtained
much later requiring the vanishing of the β-function in the σ-model
formulation of the string action (Lovelace,1984)
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The Ademollo et al. Collaboration 1973: The interacting string and DRM

Ademollo et al. 1973:

“... The problem is whether the gravitational interaction may apply to
an open string as well as to a closed one. In principle there is no
difficulty in solving this problem and it would be interesting ... to have
some information on the couplings between an open string and the
strong graviton which is a particular state of a closed string.”

Ademollo et al. 1974:

“We are led .. to a geometrical formulation of duality: all the physical
laws which describe the dynamics of the string must be covariant
under the reparametrization group of their world surface“
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The Ademollo et al. Collaboration 1974: Unified model for open and closed strings

1974:Unified dual model for interacting open and
closed strings
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The Ademollo et al. Collaboration 1974: Unified model for open and closed strings

closed

string

open string

open string

closed string

1

2 i

N

1
2 Mj

❋ Covariant vertex of emission of a
closed string from an open one
Wβ(z, z̄; k) = Vα(z, 1

2k)Vᾱ(z̄, 1
2k)

❆ z = world-sheet coordinate
❆ Vα(z,p) = covariant open string

vertex of momentum p
❆ α = internal quantum numbers

❋ dV =
∏N

i=1
∏M

j=1
dxi
xi

d2zj

|zj |2
θ(xi+1 − xi)

❋ T ∗ ordering prescription according to
the moduli of zj and xi

A(M,N) =

∫
dV

dVabc
〈0|T ∗

 N∏
i=1

M∏
j=1

Vαi (xi ,pi)Wβj (zj , z̄j ; kj)

 |0〉
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The Ademollo et al. Collaboration 1974: Unified model for open and closed strings

Factorization in a closed string channel

1

2 i

N

1

2

j

M

open 

string

osedcl

string

✽ The mixed amplitude can also be factorized
in a closed string channel (here is the first
example of what nowadays is called
boundary state formalism)

✽ The closed string factor coincides with the
Shapiro-Virasoro model

✽ A new feature: closed-open string transition
represented by a double pole whenever this
transition is kinematically possible
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The Ademollo et al. Collaboration 1975: Soft Dilatons and Scale Renormalization

1975-Soft Dilatons and Scale Renormalization in
Dual Theories
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The Ademollo et al. Collaboration 1975: Soft Dilatons and Scale Renormalization

✽ Unitarity corrections to string amplitudes= sum over topologically
inequivalent surfaces

✽ The topology of a (orientable) surface is determined by the
number of holes and handles

✽ Two kinds of
holes ⇒

✽ One kind of
handle ⇓

=

=

tadpole

=

tadpole
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The Ademollo et al. Collaboration 1975: Soft Dilatons and Scale Renormalization

Ademollo et al. 1975:
✽ The divergent part of the tadpole-like diagrams can be thought of

as the contribution of the on-shell soft dilaton decaying into the
vacuum

✽ The tadpole contribution to string amplitudes can be decomposed
into a sum of a divergent part and a remainder in a Lorentz
covariant and reparametrization covariant way

✽ For the planar tadpole (Cremmer & Scherk ’72; Clavelli & Shapiro
’73) such a decomposition can be explicitly performed by
factorization, through the use of the IR k → 0 limit of the on-shell
covariant dilaton vertex of the unified open-closed string model
(the tachyon divergence is cancelled by analytic continuation)

=

dilaton
soft

annulus

+ ...
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The Ademollo et al. Collaboration 1975: Soft Dilatons and Scale Renormalization

✽ The soft dilaton limit of the amplitudes is particularly simple when
all the physical states of open and/or closed strings are massless:
limk→0 T (k ,p1,p2, . . . ,pn) =

πgcα
′ d−2

2

[√
α′ ∂

∂
√

α′
− d−2

2

(
1
2g ∂

∂g + gc
∂

∂gc

)]
T (p1,p2, . . . ,pn)

➫ The sum over all the possible soft dilaton insertions can be
explicitly performed

➫ the net effect is simply a Renormalization of the slope α′ and the
open string (g) and closed string (gc) couplings

➫ α′R = Zα′ ; gR = Z
2−d

8 g ; gcR = Z
2−d

4 gc
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The Ademollo et al. Collaboration 1975/76: New Superconformal Algebras

1975/76: New superconformal algebras
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The Ademollo et al. Collaboration 1975/76: New Superconformal Algebras

A feedback from Supersymmetry

✽ 1971: Gervais & Sakita reformulate the NS-R algebra as a
supersymmetry in 2D field theory

✽ 1973: Wess& Zumino define supersymmetry transformations in
D=4 space-time

✽ 1974: Salam & Strathdee introduce the notion of superfield and
extended supersymmetry

✽ 1975: Ademollo et al. extend the NS-R algebra to N = 2 and
N = 4 superconformal algebras using D=2 free superfields (fully
appreciated only after the first String Revolution)
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The Ademollo et al. Collaboration 1975/76: New Superconformal Algebras

[L m n, L ]=(m−n) L
24

{G
r

G
s

}
r + s + (

16

b + f ) D,

[ ]L G

2 L=
j j

, = (r
n
2

r
rn

j

{ G G }r s
o j

= 2 i ( r −s ) T
j

r+ s

[ Lm T
j

] = −
n

n T
j

m + n

]
j

T
n

j
T
m

[

,

,

, = (b + f )D

16
δ
m , n−

[
m

j
, G

o
r

]
r+m

j
G

i

2
= G

r

jT T
m

j
,[; −

{G
i

G
r , s

}=
j

2 i ε
i j k s+r

k
Ts)

[ ]T T
i j

m , n
= i εi jk

T
k
m + n r+m

G
o

Virasoro

U(1)

N=2

N=4

SU(2)

N S−R

−r(

; [T
i
m ,G

j

r
] =i

2
ε
i jk

G
k

m + r
i

2
δ

i j,

=] i

2
G

m + r

o

( 4r2− δ r ,−s

m
2

− ) G
j
n +

1

2

VM

NS−R

4 4

1

f
0

b

2

1

N=2

N=4

Kac−Moody 

,Dn(nm+n
+ 2b+f

)1

−1)δ −n
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The Ademollo et al. Collaboration 1975/76: New Superconformal Algebras

➫ 1976: the N = 2 string turned out to have Dcrit = 2 and only one
physical state; the N = 4 string contained ghosts for any D ⇒ no
room for a realistic string theory of strong interactions

✽ The extra dimensions of the bosonic and NS-R strings appeared
rather embarrassing for a theory of the hadrons

✽ QCD was emerging as a sound field theory of strong interactions

✽ The connection between strings and Yang-Mills-Einstein theory in
the α′ → 0 limit (Neveu & Scherk ’72, Yoneya ’73) led to a
re-interpretation of the dual models being a short-distance
modified theory of fundamental forces rather than a hadron theory
with the wrong spectrum (Scherk & Schwarz, 1975)
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1976: A magic spring in Paris
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1976: A magic spring in Paris

The first theory of supergravity was proposed in March 1976 by
Ferrara, Freedman and van Nieuvenhuizen at ENS (which I
witnessed from a very short distance) and soon after by Deser
and Zumino at CERN.

At that time I began to discuss with Joel Scherk the possibility to
have a similar structure in the NS-R string theory.

We realized that in the closed string sector, besides the bosonic
states already studied by Clavelli and Shapiro (1973), there was
also a fermionic sector (with Neveu-Schwarz left movers and
Ramond right movers) with a massless gravitino, hence in the
α′ → 0 limit the massless sector had to yield a D=10 version of
supergravity.

We used this fact as a secret tool to extract information on the
matter couplings in D=4 supergravity.
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1976: A magic spring in Paris
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1976: A magic spring in Paris

❋ The Lorentz invariance of the NS-R
model implies that the gravitino ψµ is
massless

❋ The two-dimensional reparametrization
invariance requires the on-shell gauge
invariance δψµ = pµ ε (ε = arbitrary
spinor) hence the conservation of a
supercharge

➭ the gravitino can be consistently coupled
only in a supersymmetric theory at any
order in α′

➭ this would imply (global) supersymmetry
of the open string sector of NS-R model

? why the tachyon does not have a
supersymmetric partner?

❋ I started to study this problem with David
Olive and Joel Scherk

=
ψ ψµ + ε p

µµ

J
µ

ψ
µ εp

µ
J

µ

= 0
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1976: A magic spring in Paris

❋ The Neveu-Schwarz sector having
α′mass2 = n − 1

2 (like the tachyon) has no
fermionic counterpart in the Ramond sector

❋ This sector transforms a right-handed
fermion into a left-handed fermion

➫ It decouples altogether if one imposes the
Weyl condition ψleft = 0 on the ground state
spinor of the Ramond sector (m = 0)

❋ the fermion-fermion and the
fermion-antifermion have the same spectra
of bosonic bound states

➫ to avoid infinite degeneracy of the bosonic
spectrum one is led to require that the
fermions satisfy the Majorana condition
(possible only if D is 2 or 4 modulo 8)

right−handed

fermion

left−handed
fermion

.

boson

m
2
=n−1/2
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1976: A magic spring in Paris

Counting the physical open string states

α′m2 = n, (n = 0,1, . . . )

[aµ
m,a

† ν
n ] = ηµ νδm n ; {bµ

r ,b
† ν
s } = ηµ νδr s ; {dµ

m,d
† ν
n } = ηµ νδm n

n Fermi sector (Ramond) multiplicity Bose sector (NS)
0 |0〉ψ 8 b†µ

1
2
|0〉 (µ=1,2,...D−2)

ψ = Majorana-Weyl spinor gauge boson
d†µ

1 |0〉ψ b†µ
3
2
|0〉

1 128
a†µ

1 |0〉ψ a†µ
1 b† ν

1
2
|0〉

b†µ
1
2

b† ν
1
2

b† ρ
1
2
|0〉

2 . . . . . . . . .
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1976: A magic spring in Paris

reedmanF Gliozzi Ferrara

math books.

LPTHE Library
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1976: A magic spring in Paris
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1976: A magic spring in Paris

fB(q) =
∞∏

n=1

(1− q2n)−8 1
2

[ ∞∏
n=1

(1 + q2n−1)8 −
∞∏

n=1

(1− q2n−1)8

]

fF (q) = 8 q
∞∏

n=1

(1− q2n)−8
∞∏

n=1

(1 + q2n)8

✽ The “Aequatio identica satis abstrusa”

fB(q) = fF (q)

is a necessary condition for supersymmetry in the target space
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