Firenze, 3 October '07

Progress on
Singlet QCD Evolution
at Small-x




Based on G.A,, R. Ball, S.Forte:
nep-ph/9911273 (NPB 575,313)
hep-ph/0001157 (lectures)
hep-ph/0011270 (NPB 599,383)
hep-ph/0104246
More specifically on
hep-ph/0109178 (NPB 621,359)
hep-ph/0306156 (NPB 674,459),
hep-ph/0310016

and finally, on our most recent works: hep-ph/0512237
(NPB 742,1,2006), hep-ph/0606323 and
R. Ball, hep-ph/0708.1277 + work in progress)

Related work (same physics, same conclusion,
different techniques): Ciafaloni, Colferai, Salam, Stasto;
Thorne&White [see also Schmidt, Forshaw, D. Ross,
Sabio Vera, Bartels, Kancheli, K. Ellis, Hautmann....]



Part 1

Short summary of previous
results (very fast)

Part 2

New rESUItS Paper nearly completed



The problem is clear:

® At HERA & LHC at small x the terms in (o, log 1/x)" cannot
be neglected in the singlet splitting function

® BFKL have computed all coeff.s of (o log 1/x)" (LO BFKL)

® Just adding the sequel of (o, log 1/x)" terms leads to a

dramatic increase of scaling violations which is not observed
(a too strong peaking of F, and of gluons is predicted)

® The inclusion of running coupling effects in BFKL was an issue

® Later, also all coeff.s of o (o, log 1/x)" (NLO BFKL) have been
calculated

® (Fortunately) they completely destroy the LO BFKL prediction

The problem is to find the correct description at small x
H'he P p



The goal is to construct a relatively simple, closed form,
improved anomalous dimension v,(o,N) or
splitting function P (o,x)

P,(o,x) should
reproduce the perturbative results at large x

based on physical insight resum BFKL corrections at small x

broperly include running coupling effects

be sufficiently simple to be included in fitting codes

The comparison of the result with the data provides a
qualitatitevely new test of the theory
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1 o*
Moments g = log_; t = log

= G Q%) =G(g, 1) = x[g(x, Q°) + k=(x, Q9]

For each moment: singlet eigenvector with
largest anomalous dimension eigenvalue

Singlet quark

1 o _
G(N.1) = | N lG(x, 0*)dx = [ NSG (e, 1)z
"\ 0
Mellin transf. (MT) G(E 1) = +200 NEG{N 1) AN dN
: - frm 25i
t-evolution eq.n Inverse MT (£>0)
{%G(H, t) = v(N, a(t))G(N, 1)

v: anom. dim

2 3
Y(N, o) = ay)(N)+ oy ,(N)+a y3,(N)+..

Pert. Th.: LO NLO NNLO
GB known Moch, Vermaseren, Vogt ‘04
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Recall: 1(N) = [ N P(x)dx
0
- 1. 7 - n+1
_ ¢ ) es —n!l 2
P(x) = I(mlngx) v(N) u.(N)
splitting function anomalous dimension
At 1-loop:
1
a vy (N) = o [E_A(N)}
This corresponds to the “double scaling” behavior at
small x:
2 2
i e logQ /A
G(E, f}'”ﬂip{f—' g } o) =—P,0%+...
TPg log Hzfﬂz B( ) BO

A. De Rujula et al ‘74/Ball, Forte ‘94
Amazingly supported by the data



The singlet splitting function in perturbation theory
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In principle the BFKL approach provides a tool to control
(o/N)" corrections to y(N, o), that is (o log1/x)" to xP(x,Q2)/«

Define t- Mellin transf.:

o Rl I o o
G(E, M) = f e G(E, t)dt
[ ] [ ] _I:::‘:::I
with inverse:
{200 ﬂff A NA

G 1) = [ G(g M)5 =
_i-.:::.e:.

E-evolution eq.n (BFKL) [at fixed o:

fe |
dE , A
Yor X; contain all ™ known A//

info on (olog1/X)"  Bad behaviour, bad convergence
@ and a(olog1/x)"



The minimum value of oy, at M=1/2 is the Lipatov intercept:

1 'EL”{:-
F-. —_— - | . | _— A '.j _— —— '.j =y — =
Ao= Sl E.-'l - 4In2 = o co~ 2.65a 0.5

It corresponds to (for x->0, Q2 fixed):
XP (X) ~ 0x 20 Too hard, not supported by data

'4: | ! ! ! ! T ! ! | ! T T ! | T T T T

But the NLO terms | Y
are very large 3

S

Y, totally
overwhelms y,!l T

G_
E mmua\u / \
L
@ 0.25 D'?E




Basic ingredients of the resummation procedure

® Duality relation x(v(c, N), o) = N
from consistency of 1/x and Q2 evolution
® Momentum conservation x(0, o) =1

as y(o,1) =0

® Symmetry properties of the BFKL kernel

® Running coupling effects



In the region of t and x where both

a

TGN, 1) = y(N. )G(N, 1)

TG (s M)= x(M, )G, M)

are approximately valid, the "duality” relation holds:

w(yv(o, N), o) = N

Note: vy is leading twist while y is all twist.

Still the two perturbative exp.ns are related and improve
each other.

Non perturbative terms in ¥ correspond to power or

exp. suppressed terms in 7.

<>



X(Y(N)) =N Graphically duality is a reflection

1/2

s M N
1/2 40,

Example: if x(M, o) = m[l%&ﬁ 1—1M] —

& Note: v contains (o/N)" terms



For example at 1-loop:

Xo(¥s(0uN))=N/ 0

Yo iImproves yby adding a series of terms in (o/N)":
' I:'!'.".

> (3) (5 = SR

?EL(D'-, N) = o- TII{N) - vS(%) +... -double count.

| I I IR A A AR
: xP ]

YpL is the naive
result from
GLAP+(LO)BFKL

The data discard

such a large raise
at small x

<




Similarly it is very important to improve y by using v;,

Near M=0, y,~1/M, 7y, ~-1/M=.....

Duality + momentum cons. (y(o,N=1)=0)

_ v11= %[ =
lim » (M, o) = —= {Y(X('V'))—IVI > 1= %7y

: N f ot f o K
e U (7)) = Sl

Apr(M, o) = o xo(M)+ 7{3()%) +... -double count.

@ e Double Leading Expansion



! T 1 .

Momentum conservation: y(1, o)=0 —> A(1)=1

Duality: YO (M)) =M o - E _A{;{}} = M
X = M+ aA(x) “{f{' O~ i ea)  M+a

Apr(M, o) = o xo(M)+ }:S()%j +... -double count.

Xo(M) = o [%ﬁ U(MZ)}



.:1".
E) +... -double count.

ci"-

?EL{'D'-: N) = ﬂ'Tlf{N)+"f3(

?{DL'[M a) = a- KU{M} -+ 3"‘53( +... -double count.

x: aM"

0 1 2 3 4 5

m m m

H w

In the DL expansion one sums over “frames” rather than
@ over vertical lines like in ordinary perturb. theory



DL, LO: xpp(M, a) = a - xo(M)+ y3| ﬂ_fl +... -double count.
BFKL,‘{O
‘4.‘ | | I I | | I I | | I | | | I | I
| | | _
3 X _|
[ -
The NLO-DL is good
L= near M=0, but it is
: / still bad near M=1
i DL, NLO— " ]
or ;’/ 1 Can be fixed
| BFEL NLG- dual of GLAP, LONLD )
_| | 1 | 1 \\\I-\f:hl / fXXO+(X2X]|\\ l | 1 L l 1 ] y t - t-
028 Con - . symmetrization

—



Symmetrization  G. Salam ‘98

k= Q7
The BFKL kernel is symmetric

under exchange of the external
gluons

This implies a symmetry
under M <--> 1- M for Q? & k*
v(co,M) broken by two effects:

« Running coupling effects (a(Q?) breaks the symmetry)
* The change of scale from the BFKL symm. scale &=In(s/Qk)

to the DIS scale £=In(s/Q?) >

o Xsymm( M), )
D xprs| M+ > ) = *syum(M) X =XpIs

=




Symmetrization makes y regular at M=0 AND M=1

In symmetric variables: fixed coupling: 0=0.2

1.5 —

¢ LO BFKL
1.0 :
o5 {200 res. {f /

0 res————

0.0 :

B NLG BF
-0.5 !
—l.ﬂ ] 1 1 | 1 1 1 1 1 1 1 |

l
-0.5 o 0.5 1 1.2

Note how the symmetrized LO DL and NLO DL are very close!

<>



The same now in DIS variables

2.0

15

1.0

0.5

Illllllllllllllll}éll

0.0

All ¥ curves have a minimum and follow GLAP closer.
@ The remaining ingredient is the running of the coupling.



A considerable further improvement is obtained by including
running coupling effects

Recall that the x-evolution equation was at fixed «

d ... B -
JEG(E M)= x (M, &) G(E, M)

The implementation of running coupling in BFKL is not simple.
In fact in M-space o.becomes an operator

a(t) = L o L
1 + pBgot 1 _ ﬁﬂadiw
In leading approximation:
=G (5 M)= x(M, &) G(5, M)
d ; _ oL -
@ d—EG{é M)= T Xo(M)G(E, M)

<>



By taking a second MT the equation can be written as
[F(M) is a boundary condition]

Ll _ﬁﬂmd‘L,J NG(N, M)+ F(M) = oxy(M)G(N, M)

It can be solved iteratively

F(M) afy d F(M)
G(N, M) = ...
( ) N — D‘.}{H{M) — oy og(M)dMN — oy g(M)
or in closed form:
G(N, M) = H(N, M) +
1 M-M 1 M | JF(M)
+ MDdM'e}s:p[ Boor ﬁﬂﬁJﬂfx“(M ydM' ]ﬁﬂmN

H(N,M) is a homogeneous eq. sol. that vanishes faster
than all pert. terms and can be dropped.

<>



The small x behaviour is controlled by the minimum of (M)

We make a quadratic expansion of y(M) near the minimum.
Xa(Ges M) = [e(éry) + Lr(as) (M — M,)?]
We can solve the equation exactly:

For ¢, k proportional to o : the solution is an Airy function
For example, if we take y(o,M) ~ o %o (M)

For general c(a),«(ar), to the required accuracy, it is sufficient
to make a linear expansion in o — o

the solution is a Bateman function.

<>



The asymptotic small x behaviour is considerably softened

by the running!

Note that the running effect is not replacing o --> a(Q?) in the
naive exponent

naive exponent

Bateman

0.2 frue

exponent

1.ﬂ ] ] | | | ] ] ] | | ] | ] ] ]

X ]

o \ quadratic kernel R
\ «— (LO res) ]

0.6 N -

0.4 —

o
|E
o
o
o
o
o
F
=
o



DL resummation with symmetrization and running coupling
effects progressively soften the small x behaviour

u.E‘ I ! I I | I I ! I ! I ! ! | I ! I

L flr —
| lead sin ]
| mng f,.r’ OCS ~ 0.2 |
0.5 BFKL LO / _
B g res fix NLO . — .
- 7 . i
0.4 — 7 - _
i res fix LO o :
0.3 |- 1O Airy —
- ___Eg,uateiii'all =
0.2 — —
B NLO Bateman
0.1 — T
: | s i
UJG 1 | 1 1
0 0.3 0.4



The scale dependence of the leading exponent at small x is

reduced at NLO

Np(k.Q%) = Np(as(kQ)) + foInk a2(Q?)

d

LY g

0.30

Np(as(Q?))

L]

\

\

)

Bateman pole N;(k,Q?)

Y
\

\

0.25

0.20

0(Q?)=0.2

\—)/I\”-O

— -

0.10 ' '

10-1 109



Here are the complete results using the DL resummation,
symmetry and running coupling effects at LO and NLO

1»0 -lllll I IIIIIIII L] rrrrre ] UL 1 LI ] llllllrl I lllllll
i x P i
0.8 (— 1 —
) naive BFKL ]
0.8 —
0.4 — _
- ] our best
| NLO res - ‘/result
0.2 — —
- T T T L 5_1;5 ~
Dtn F I | L 11 I IIII IIIIII I| 1 IIII|I IIIT
100 101 10° 103 104 109 108



The comparison with Ciafaloni et al (CCSS) is simply too good
not to be in part accidental (given the theory ambiguities

iIn each method)

The main diff.
with CCSS is
that they

solve numerically
the running
coupling eqn.
(no quadratic
expansion near
minimum). They
do not include
NLO GLAP

<>
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Part 2

New results

Paper nearly completed



The previous curves are for n; =0

At finite nfthe 025
diagonalization
of xP i1s more 02|

complicated
0151

0.1
The n;dependence

is not negligible 0.05 |-

n i Ll i i issl I

|
WN

NLO n;= 0,3,4,5,6

RES n,= 0,3,4,5,6

1/x

1 100

L0000 le+06

@ Prel. presented at the HERA-LHC Workshop, DESY, March ‘07



ny # 0: THE GLUON SECTOR

CAN COMPARE WITH THORNE & WHITE: AGREEMENT DETERIORATES AS ny # 0

ng, ng=0,3,4,5 (top to bottom)
NLO, NNLO, RESUMMED

THORNE & WHITE

0.5 i T l||||||| T l||||||| T |l|||||| T |l||l||'| T |||llrl'| T I”.”T [}3 ||||"T|] |||||I|] |||||T|I| |||||T|l ||||||T| 1Tl
| XPgg

0.4 B —

0.3 :—

0.2

i 0.1 — — NLL —
e | - ABF
R e e CCSS
i 1 e NLO
i i I|IIII| i III|II| [ | l|||||| L i l||l||l L ||l||,|l L IIlI|:|-] EI' |||||,|,|_|] IH"”" |||||,|]|| II“I'“" ||||||_|J LLinl
0940 101 102 103 104 10° 108 10 -6 10 -3 10 -4 10 -3 10 -2 10 -1 ]

1/x X
(@ Forte: HERA-LHC Workshop ‘07



o, dependence (n; = 4)

| T T Trrrm '| 1 I T T TUTTl | I T T TTYTR
ngg
025 -
02} -
NLO
i = fﬁ
0.15F . / =
0.1 : =
005 -
ﬂ 1 1 1 1 iiuim ] | 1 1 1 1 ajul | 1 1 I 0 jjaie

1 100 10000 le+06



The xP_, shown so far are in the Q0 scheme because in MSbar
there is a singularity in M=1/2 both in the splitting function
and the coefficient which in QO is absorbed in the pdf’s

(in pert. theory Q0 and MSbar coincide up to and including
NNLO but differ at higher orders)

Catani, Hautmann ‘93; Ciafaloni ‘95....;
Ball, Forte 99.......;

Ciafaloni, Colferai, Salam, Stasto ‘06

An important progress we have accomplished is the
calculation of coefficients and splitting functions (by using

running coupling duality) in both Q0 and MSbar schemes
(complete control of scheme change: could also have DIS or....)

Combining splitting functions and coefficients in the same
scheme is needed to obtain the evolution of pdf's and
@ structure functions
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This is the gg coefficient

ﬂ.ﬂﬁ | ] ||||||’ | ] 11|||r1 1 I |||I||| | ] ||'|||||' I 1 rr||||| | I T TTTITh
- ng Note how the coeff. in MSbaris

05 more singular at small x ’
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0.06

0.05
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0.03

0.02

0.01

qug

[computed using the
Catani-Hautmann ‘93
quark box]

NLO-Res MSPar/ QO

NLO

The resummed result is bracketed
between the LO and NNLO
perturbative curves
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quq
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so the pattern is like for qg
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Here is the n;dep. splitting function matrix

LR

[l =

LULRS o

quq
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— e — -
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0.1

tained by Ciafaloni et al ‘07
' Q0 scheme)

00 - } .
004 - . e =
.-..."- T ___'_,_..- --_‘_..-". i
3 D ———— -
00z |- — —— =
i) i Ll | i
Le+06 1 100 000 Te+i6
] o ]
025l .
0z 3
01sf =16

1{KEE]

| 1y

10CEKD

Lo+

le=ili



....and the nf dep. coefficient matrix
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We are finally ready to applications to pdf's and
structure functions

At the starting point Q=2 GeV we start with some model

for valence, sea and gluon pdf’s. Then, going from

perturbative to resummed formulae, the pdf’s are readjusted
such that the initial structure functions (the physical objects!)
are the same and then compare their evolution with or
without resummation
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gluon pdf
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Z y = Note: the resummed gluon
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(xP has a dip: less scaling
violations)



singlet quark pdf

| IV T T 1T | | | T rrret 1 o rrTaer
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F2 singlet

— LO
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——  LO-Res
—— NLO-Res QO
................. NLO-Res MSbar

QO0-MSPar is very small

E.g at Q=10 NLO- NLO-Res << NLO-LO
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Application to physical quantities is now possible

Here the starting point is at Q= 2 GeV

I I rIII'II'l 1 | IIIIII|

K-factors: F2
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——  LO{Res/LO
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........

......... NLO-Res MSPar/NLO

____________

—— S e — =

e e e i

The small diff. between _Q—O and MSbaf- o
Is due to higher order terms
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K-factors: FL

——— NLO-Res QO0/NLO
NLO-Res MSPar/NLO
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Summary and Conclusion

®* The matching of perturbative QCD evolution at large x and of
BFKL at small x is now understood.

® Duality, momentum conserv., symm. under gluon exchange of
the BFKL kernel and running coupling effects are essential

® The resulting asymptotic small x behaviour is much softened
with respect to the naive BFKL, in agreement with the data.

® We have constructed splitting functions and coefficients that

reduce to the pert. results at large x and incorporate BFKL with
running coupling effects at small x.

®* We have results expressed in the commonly used MSbar
scheme, but can give them in any scheme.

® All formalism is ready for systematic phenomenology (e.g. at
the LHC)



