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String/gauge theory duality:

QCD [ SU(3)] = Large N-limit [SU(N)]

9 e

\

Effective strings

q

Strong coupling

More precisely:

N - o, A=g¢, N fixed

(‘t Hooft)

(‘t Hooft coupl.)

Lowest order: sum of planar diagrams (infinite number)



AdS/CFT correspondence (Maldacena)

Gives a precise example of the relation between
strings and gauge theory.

Gauge theory String theory
A =4 SYM SU(N) on R4 1B on AdS:xS>
A, , O, Pa radius R
“ ] ] . . A
Operators w/ conf. dim. A String states w/ E = o

J; = Ow: R/l = (gg N)**

_ 2 . A large — string th.
N - 0, =gy N fixed = [ onfieid i




Twist two operators in gauge theories

e
/ q2 ¥ OO’
e Y. w =-2 p.q/ g? fixec

or q, - oo, q. fixec
X Near |.c. expansion

P

~/

OPE: (z°-0, light-like, twist), (z?-0, euclidean, conf. dim.)
TJ(2).J(0) = Z O PHLh2 S
@

Z‘A—G—S

A2 LS
This (after including indices correctly) is plugged into:
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Twist two operators from rotation in AdS ¢
(Gubser, Klebanov, Polyakov)

Y12+Y22+Y32+Y42_Y52_Y62:_R2

sink? 0;Q ., cosit o i

2

ds* = - coslt pdt“ + dp*+ sinit pdQ

)
EOS+ %Ins, (S- ®)

O=Tr(00%), x, =z+t



Twist two ops. from cusp anomaly (MK, Makeenko)

The anomalous dimensions of twist two operators can
also be computed by using the cusp anomaly of
light-like Wilson loops (Korchemsky and Marchesini ).

In AAS/CFT Wilson loops can be computed using
surfaces of minimal area in AdS; (Maldacena, Rey, Yee )

The result agrees with the rotating string calculation.



Generalization to higher twist operators (MK)
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In flat space such solutions are easily_sfound In conf. gaug
X= Acos[h-1)o, |+ A(h-1) cosp._ ]
y= Asin[(n-1o.]+ A(h-1sin[o_]



Spiky strings in AdS:

ds* = — cosh? p dt* + dp* + sinh® p d6”

Ansatz: =T, 0 =wt+ o, P:P(U)
Action and momenta:

=

27

I = T/ dbdo \/p’?(c:os'h2 p — w?sinh? p) + sinh? p cosh? p

P,=FE = T/dcr
\/p’g(

cosh® p (p'? + sinh?® p)

cosh® p — w2 sinh? p) + sinh® p cosh® p
\/[)’Q(C:osh2 p — w?sinh? p) + sinh® pcosh® p
Eqg. of motion:

sz_kgz

o sinh® pcosh” p sinh® p cosh™ p — sinh” pg cosh™ pg

[) . y ‘ ‘ ; . ‘
sinh? pg cosh® py cosh?® p — w2 sinh” p



E DS+(gjﬂlnS, (S- o)

T

0=Tr(0S"e 05" 0% 0 ...05"0)

S= ﬁjdtz (cosh2p, - 1)9j - g! dtz {4,01 + In(sinz(

27T




For all couplings we are lead to define f(A) through:
. A )
E=SH2)fA) NS  larges) [ =g T O

)

f(A) = Q + cst. + O(

T
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Further understanding of the spiky strings:

More generic solutions: Russo, Tseytlin, Ryang, Ishizeki,
Mosaffa, Safarzadeh, Spradlin, Volovich, M.K., ...
As solitons in the world-sheet model
Jevicki, Jin, Kalousios, Volovich
Relation with spin chains and more generic non-rigid

AdS configurations Dorey
(also previous work by Belitsky, Gorsky, Korchemsky)



Other applications / results for _ f(A)

e Gluon scattering amplitudes
(Bern, Dixon, Smirnov ...)

e Scattering amplitudes in AdS/CFT
(Alday, Maldacena,...)

e Anomalous dimension f(A) at all loops
(Beisert, Eden, Staudacher ,...)



Large spin limit of the spiky string (w/ A. Tseytlin)

The limit of large spin (E-S ~ In S) corresponds to
w - 1. In that limit the spikes touch the boundary and

the solution simplifies.
COS O

coth2p = -

cot o0y = sinh 2p

In embedding coordinates

Y12‘|‘Y22‘|‘Y32‘|‘Y;12—Y52—1%2:—11

|
Y1Y5‘|‘Y2YG_§COSUU (Y12+3’§2+3/},2+3%2) =0,
Y3=Y,=0.

-

2%9232001: 2

T

I+ 234+ Z54+72, —Zp —Z7 = —1 .
717y — Z2Z5 =0 |

The same f(A) should appear in all of them!




Near boundary limit

We can take p,~o and get a solution close to the bdy.

Half spike — —cosh® p dt* + dp* + sinh p? dﬂﬁj}

.2
i

(1 —=)? do* + dayda;
(1+ )2

— —cosh? p dt? + dp? + sinh p?
Define light-like coords.

p:—ln(QZ), t=x, —u_, 9:$+—|—937,

i e ) xI

r = 8- r

Near bdy,
region Near bdy.rescaling. i

r, — 4de x;

Zooms in the shaded region

Z — £z




In the limit -0 we get the metric:

1

AdS!

~~

ds? — [ng; vdo — it (27 4 a7 da + dvgdr; + d27

So, the tiny string sees an AdS pp-wave in Poincare
coordinates. When z-0, the boundary metric becomes

a pp-wave Iin usual flat space:

ds® = 2dx . dov_ — p a;'Qd:L‘+ + dx;dx;

AN =4 SYM SU(N) on R* pp-wave dual to

IIB on AdS; p

D-wave X S°

P
T

According
to AdS/CFT

This duality s

nould contain all the information about f(A)




Limit in the boundary

n the boundary (RxS?) the

particle is moving along a

Tt Ight-like geodesics so It sees
the of the metric.

U

83

Therefore it suffices to study the gauge theory in
a pp-wave:

ds® = 2dw dx_ — pa;des + dvgde,



We just argued that to compute f(A) we need to study
A =4 1n a pp-wave or strings in an AdS pp-wave.

What should we compute?
Before it was E-S =f(A) In Sfor the folded string.

Following the change of coordinates we find that

P,=P+FPy=F—25, P =—-FP+4+FPp=-F-S5

Since E~Swe can say that for a single charge moving
along x, we should have

P, =~(\)In|P_|, with ~v(A)=—f(\)



This leads us to define a

According to the previous calculations we need to
compute P, in the presence of a charge (WL):

P, = /d:ﬁdzaﬁm/g (TS W )pp_we ,

1

W = —tr Peiovu [ ALt
N
_ PP-wave anomal
Py =~(\)In| P v
1 o,
Equivalently: = ——lime— P E UV
; g 2:—0 Js " |cut-off




PP wave anomaly

We put a particle in a pp-wave background
and compute P, which amounts to computing a
Wilson loop. We can use AdS/CFT since we know
That the dual of the pp-wave is the AdS pp-wave.

The Wilson loop is x,=T and the string solution is simply:

Ty =T, Z = 0, rv_=x; =0
Giving:
L 2.2 2 T VA
prze opd L P.o~=—l|P|=YX2m|P
P+T/€ dZ ZQ NTIHE—Q or + 9 Il’ —’ A Il’ —’
x 1 T )
P =T dz ~ — f()\):£ OK




PP wave anomaly

Again we need to compute a Wilson loop in the
pp-wave background. At lowest order it is a classical
source in the linearized approximation.

We need to solve Maxwell egns. in the pp-wave with
a source moving according to x,=T.

a7 N C(2 L — 147
e 20y pae
- 2 plrt 4+ 4ot
3.2, | —
F_{_z’ _ Iy [T “ i — F—Q—i + ‘U,-QTQF_z'_ — 0 r2—X12+X22

2 p2rd 4+ 422
; Gy, LT
F+Z:F_.i_:_Y;I — () —
T pErt + 4t




We can now compute the energy momentum tensor

L.
_.T,u.y _ F,u.aFaU . Zo,uy FQ,JESQ

Obtaining
A Iy H ’ T+ — _ Yy u%r ’

T ot 2t 4 4 - T (2rt 1 4222
Using

A\T OO ‘ ) T
P+ — ? / dl‘_dz:f "T—*__F ) P_ —

we get

2 )\ L2
:—21 {or_ l ~ 1 :
/ ax / arr “}4_’_4:{ +,w;, 372 AR 2

A
— ——2 / u’l/ dr r : e 2} R ——
(p2rd + a2 + p2et)? 8mips?




Or

A
P, ~ — In|P_]

72

A
Giving f(/\) — 2_7r2

The symmetry of the pp-wave under

OK

Ty = T o=, T =

Implies that P, ~ In P. and therefore that the anomalous
dimension grows logarithmically with the spin.



Other Wilson loops in the pp-wave  w/ Ishizeki, Tirziu

d? = 2 dx, dx_- u?2x,2 dx,2 + dx,? X, = X%

V2
e Light-like line: x,=0, x =0, x,=71
‘1 Ly = T,
<~ — 0,
v_=x; =0
X




e Time-like line: x=x, =0, t=r
: l
<

A

»
>

X

e Parallel lines in x, direction:
t A

\]



e Parallel lines in x, direction: x,=a,b , x =0, X,=7

T, =T a=0 light-like
[ S —

L9 — O

z = z(0o)

e Parallel lines In time-like direction: x=+a, t=r
t ] t=r71
i —)

. 2=z(0)




Conformal mapping

The metric:

Xt
ds = 2 dx, dx_- p? X 2 dx,2 + dx ? X, = 7

Is conformally flat! But this is a local equivalence.
Equivalently the AdS pp-wave is (locally) AdS
space In different coordinates. (Brecher, Chamblin,
Reall)

We can map the Wilson loop solutions to Wilson
loops In ordinary space.



Indeed, the mapping:

- _ . I y 1
Ty =l tan UrL r_ =%T_ — pf..;’l?f tan pury Tr; = T
| 2 | COS (1T
gives:
2dr di_ + di? = — (Qd;}:? dor_ — (Patda? + (1;1?2)
+ ] D, + 7 — ¢
COS? LT 4
and
~ —1 ~ 1 2 2
T, = j tanpr, . T_=r_ — ip..(;rz— + z%) tan pr
. 1 } 1
T, = T; . z = z
COS [LT 4 COS [LT 4
gives:
Lo - 2 | g0 L 2,2 | 2\ 2 2 2
= (Z(Z;_If+d;r_ +di; +dZ7) = — 2dryde_ — p(a; + 27)dat + dat + dz7)




This allows us to obtain new Wilson loop
solutions In usual AdS in Poincare coordinates.

e Light-like line: x =0, x. =0, x,=7
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e Time-like

The Wilson

Ine: x=x,=0, t=7

oop now changes shape.

Particle decelerating and then accelerating.

t L

10}

0.5

arctan pua

)1+ i)



We can do the same with the other solutions.
Generically we obtain surfaces in which z is a function
of two variables and therefore difficult to find directly.

Physically these solution seem to represent Wilson
loops In the presence of propagating gluons given by
spikes coming out from the horizon.

Also, in general the energy Is not conserved so it
requires certain power to move the quarks in these
particular way.



Other Wilson loop solutions
1
p:

ds* = (2dxsdr_ + dxi + das + dzz)

We use the ansatz

v, =ulo,7), x_=0, 1 =7, T9=0a, 2=

The equations of motion linearize. We get:

2
W' (o, 1) — —u'(o,7) + (o, 7) =0
o

vy =ulo=0,71),

The boundary curve (WL) is: { . _
XT1 — T, To = A



These solutions are ¥2 BPS and therefore the area
vanishes. Indeed, given

W ir /d’f( Al (w)a, + Py (2)]@])

We need to find e such that

(if“a’cu + f‘l\j’;\) e =0

Here:
(iF+j7+ + 0+ fl) e=0  or

e =0, (@'rl n fl) c—0  -YiBPS



By a conformal transformation we can map them to
WL given by closed curves.

T1 = acosT, To=asin7t, xy = u(7)

Again, ©(7) is arbitrary. Namely we can find the
solution for any such given function.

A/

206

The areais —1.5 =



One can think of a general procedure such that,
given a solution with Euclidean world-sheet In
conformal gauge one can construct new solutions.
We need a metric

ds* = 294 (v, v )dv dv_ + gi(x))da' da?
and a solution xz; = Z;(o,7) , T4+ = 0
to make the ansatz =+ = u(o,7), v_ =0, ¥; = T;(0, T)

The constraints G (T2 — 2M2) =0, guiti” =0
are OK.

The e.o.m. need - (9—+i‘+) + 0o (g_+l"+) =0



Conclusions:

e We define a for a gauge theory
living In a pp-wave as a (logarithmic) divergence of the
energy momentum tensor in the presence of a particle

moving at the speed of light.

e We proposed that it is and
verify it at lowest order in the strong (string) and weak
(field theory) coupling expansion.

e Following these ideas
can be found both, in the AdS pp-wave and, by
conformal mapping in ordinary AdS

e We found other solutions using a



