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Physical Combinatorics

CnIMn CFT = Physical Combinatorics




Integrable RSOS Models with boundaries

Double Row Transfer Matrix:
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fusion: DIt ~ DID! + DI, d¢ ~ DIHIDI!

Integrability: YBE = [D9(u), DY (v)] =0
basis of eigenstates independent of u
Analyticity: each entry of D! (u) is entire function (zeros);

each entry of D9(u) (¢ > 1) is the ratio of an
entire function by some known function

Periodicity: u+mT=u

Functional equations q=1,...,L —2
g A\ A A Jq—1 Jq+1
d?(u — §)dq(u + 5) = [1+d7 (uw)] [14+d97 (u)]

~

d’(u) = d¥t(u) =0

e true for the eigenvalues of d9(u)

e solution given by the analytic properties in u € C:
** [, — 2 analyticity strips

** zeros of eigenvalues D?(u), zeros of the numerical factors

** (with boundaries) additional numerical factors with zeros/poles



Ay zeros of the eigenvalues of  D(u)

Two analyticity strips: periodicity u + ™ = u; A=mn/b
A 3\
(1) — 5 < Re(u) < o (2) 2X < Re(u) < 4\
m; = {number of 1-strings in strip? = 1, 2}
n; = {number of 2-strings in stripz = 1, 2}
mi+ny = %

(m, n)—system:
mg +ng = &5
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Paths

paths on Ay only diagonal paths are permitted; initial and final point at height=1

paths on 17,: diagonal paths are permitted; horizontal paths permitted at heigth=1; initial and final
point at height=1; fixed shape rectangle L = L%j
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Quasi-particles (Warnaar 1995)
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n-family N
® [, — 1 types of pure particles (pyramids): A

® tower particle (17, case only)

ne, = {# of particlesoftype a =0,1,2,...,L — 1}

m-family: in sites where there is a straight line segment or in the middle of horizontal lines
® [, — 2 types of dual particles (strings): ® ®

m, = {# of dual particles of typea =0,1,2,..., L — 2}



® Geometric packing constraints

N = nO—I—Z(L—l)nL_1+...—|—6n3+4n2+2n1
my = nO—I—Z(L—2)nL_1—|—...—|—4n3—|—2n2
mo = mnog+2(L—3)nr_1+...4+2n;3
mrp—s = ng+2npq
mog = Ny AL case: mg=mng =0
® (m,n) system
L—-2

M +ng = 5N6(a, 1)+ 1Y  Agpmyp a=1,2,...,L—2 Aap o Ap_o adjacency matrix

1

1

Mo +na = sNO(a,1) + 3 >  Agpmyp a=0,1,2,....L—2  Aup: T,_, adjacency matrix

T

S
I
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® Interaction: n-family particles can be sliced and diced and turned upside-down (geometric
packing constraints are respected).



General paths: interactions

Path = {non-interacting particles} + {complexes of overlapping particles} (c.f. Warnaar 1995)
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Decomposition Algorithm
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. Identify any tower particles and decorate them with dual-particles. These
tower particles automatically separate the path into non-overlapping
complexes with respect to the initial baseline at height 1.

. For each current baseline, separate the pure particles from the complexes
and decorate the pure particles. A complex with respect to the current
baseline is any path that is not a pyramid.

. For each current complex, identify the left-most and right-most global
maxima and connect these with a new baseline. The left-most and
right-most global maxima may coincide and in this case no new baseline
Is drawn.

. From each left (right) maxima, outline the profile of the complex moving
continuously down and to the left (right) drawing new baselines as
needed. Decorate the sliced particles correponding to these maxima.

. Stand on your head, identify all the current baselines and go to 2.



Energy-preserving bijection: RSOS paths < strings

There is a natural energy-preserving bijection between RSOS paths and string patterns:
a n-particle (m-particle) of type a at position 7 corresponds to a 2-string (1-string) in strip a; the
relative order within a strip is preserved.

The RSOS particle decomposition matches the pattern of the zeros of the transfer matrix
eigenvalues.
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In the example, m1 = 10, mg = 4, m3 = 2 and E = 50.



more data



PeriodicStatesMaster .nb

In[98]:=

chiralPaths[1, 1, 5, 8]

5
4
3
2 -V — —
12345678 910 — - - - E—
1: E=0 m={0, 0,0} n={5,0,0, 0}
5
4
3
i ® o o ¢
12345678 910 - - E—
2: E=2 m={2,0,0} n={3,1,0, 0}
5
4
3 @
? [ ] ' [ ) ¢
12345678 910 - - E—
3: E=3 m={2,0,0} =n={3,1,0,0)
5
4
3 L
@ =
? [ ] ¢ ¢ [ ]
12345678 910 - - E—
4: E=4 m={2,0,0} =n={3,1,0,0)




PeriodicStatesMaster .nb
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PeriodicStatesMaster .nb
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PeriodicStatesMaster .nb
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Minimal Energy Configurations

For given particle/string content, the minimal energy occurs when the particles are ordered from
largest to smallest and the 1-strings are all to the left of the 2-strings (creation energy).

The minimal energy is

where C' = 2] — A = {Cartan matrix of A;_»}



E =14
E =15
E =16
E=6
E=7
E =8

Particle Dynamics:
relative order within a strip does matter!
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g-Binomials
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0, otherwise

m

g-factorial: (1— q
7=1

Example: [;‘}q =14+q+2¢%+ ¢ + ¢*

Integer and non-negative quantum numbers
I](.“) = {number of 2-strings above the 1-string labelled j in strip a}

Energy eigenstate characterised by (®) = (I{a), 12(“), o LS?Q)

Within one strip ng > Ifa) > Iéa) > > LSSQ >0



Finitized fermionic characters

minimal energy configuration + “excitation energies (g-binomials)” = spectrum of £ (lattice
fermionic gas)

L—2
m n
Generating function k. (N ) —c/24 E : mT Cm [ a1 a}
g >4 X0 =q q4 al |1 .

(m,n) I

(m, n)-system ma+na_1N5a1 QZAabmb a=1,2,...,L —2
me , e bounded by V; in particular
Finite versus finitized

Limit N — oo, with IV even, produces the CFT vacuum fermionic character

1,7 L—2
w =gy T [ae Fren)
ma=0 (mod 2) (q)ml a=2 Ma q



Ar, model TBA equations

| * dy _ . 2 ex (D)
Scaling energy: E=—- —e Ylog(l+di(y) +—= ) e %
oo T ™
TBA equations: g=1,...,L —2
L-2 m; L-2 3
. . : > dy log(1+d;i(y))
log dg(x) = —4e™"0q,1 + Z Agj Zlog tanh(3 (2 — yl(cj))] * Z Aq’j/ 21 cosh(x - )
j=1 k=1 j=1 % Y
Counting function
) 1 L—2 m; - y(j) -
U,(x) = ilogdy(z — z§7r) =4e 041 +1 Z Agj Z log tanh( 5 - ZZ)
j=1 k=1

B f@ dy log(1 + d;(y))

~ 27 sinh(z — y)

Quantization conditions (auxiliary equations) \Ifq(yl(f)) = {1 + 2([,@ +mg — k)} T



Solution of TBA

Energy eigenvalues can be worked out exactly

L—-2 m
1 6 1 a
E=——|1- “mI ¢ 7(@)
24( L(L+1))+4m m*;;k
>

(a)>0 (fora:1,n1:oo)

na> 1 2 2 2 mq

> q¥ gives the vacuum sector fermionic character

Xo(q) = q~/** > - I1 [%(ma—l + ma+1)}

mq=0 (mod 2) (q)ml My

a=2 q



TBA, integrals of motion and particle interpretation



... ricapitoliamo ...

transfer matrix of integrable lattice model
paths, quasi-particles and (m, n)-system

energy-preserving bijection: RSOS paths «— zeros of transfer matrix eigenvalues; paths encode
the classification of states

finitized fermionic characters, lattice gas interpretation
continuum scaling limit, thermodynamic Bethe Ansatz equations
conformal partition function from TBA

equivalence between Virasoro characters and 1-d configurational sums demonstrated in a lattice
approach working entirely at criticality, with open boundary conditions

e extension to other bound. cond. including periodic case, massive and massless cases

e extension to other models (non-unitary, parafermions ...)



