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dimL = FL+1 ∝ φL

φ =
1 +

√
5

2
= 1.618 . . .

Hilbert space has no natural decomposition as tensor product of single-site states.
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The golden chain
Hi = Fi Π1

i FiLocal Hamiltonian:

Hi = −
(

φ−2 φ−3/2

φ−3/2 φ−1

)

Explicit form:

off-diagonal matrix element

Hi = −P1τ1 − φ−2Pτ1τ − φ−1Pτττ

−φ−3/2 (|τ1τ〉 〈τττ | + h.c.)

A. Feiguin et. al, PRL (2007)
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The criticality of the chain is protected 
by additional topological symmetry.

Is this special to             ?SU(2)3

Local perturbations do not gap the system.



Topological stability for all k
Minimal models have a coset description:

Mk = su(2)1×su(2)k−1
su(2)k



Topological stability for all k
Minimal models have a coset description:

Mk = su(2)1×su(2)k−1
su(2)k

The coset field inherit the topological sector via 
the character decomposition:

χ(1)
ε χ(k−1)

j2
=

∑
j1

Bj1
j2

χ(k)
j1

ε = j1 − j2 mod 1



Topological stability for all k
Minimal models have a coset description:

Mk = su(2)1×su(2)k−1
su(2)k

The coset field inherit the topological sector via 
the character decomposition:

χ(1)
ε χ(k−1)

j2
=

∑
j1

Bj1
j2

χ(k)
j1

ε = j1 − j2 mod 1

The predictions have been checked numerically, 
and both the AFM and FM spin-1/2 chains are 
stable!
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Hi = Pτ1τ1 + P1τ1τ + Pτττ1 + P1τττ + 2φ−2Pττττ +
φ−1 (Pτ1ττ + Pττ1τ ) − φ−2

(
|ττ1τ〉 〈τ1ττ | + h.c.

)
+

φ−5/2 (|τ1ττ〉 〈ττττ | + |ττ1τ〉 〈ττττ |+h.c.)



Phase diagram
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S. Trebst et. al., PRL (2008)
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spin-1 chainsu(2)5
Take the even sector of            : su(2)5 1 α β

α× α = 1 + β α× β = α + β β × β = 1 + α + β

Use the    particles as the building block of the 
chain, and define the hamiltonian:  

β

H = sin θPβ − cos θPα

Pβ , Pα             project on the         channel.  β , α



su(2)5spin-1 chain phase diagram

C. Gils et. al., in preparation
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Conclusions
• Topological quantum spin chains have been 

studied analytically and numerically

• They support different phases: (topologically) 
protected criticality, gapped phases etc.

• Many aspects remain open:
• 2-d systems
• different types of disorder (some progress)
• higher genus surfaces
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