Off-critical SLEs: Massive SLE(4)

A sample of critical Ising configuration: SLE=interfaces

A possible approach (via field theory + probability) to thed®tion of
off-critical interfaces (SLEsIn the scaling regime near a critical point.



Many examples Loop Erased Random Walks:

— Ising model al — Tg;

— Percolation ap — pg;

— LERW atx — Xc;

— SAW at different fugacity;
— etc...

Break conformal invariance

Weight:wy = 5, X"!
At criticality X¢



Plan:

Toy model: random walks

SAW as an example

Drift, partition function and field theory
Massive SLE(4)

Massive LERW



A toy model: random walks

o LetXy =ay' ;€j bea (biaised) random walks of step
with €j = £ with probap, 1—p.

SetX = a(N, —N_) andt = a?N = a?(N,. +N_).

The scaling limit is folN — o, a — 0 att fixed:

At “criticality” pe = 1/2, % =Brownian motion (dX)? = dt.

e "Near criticality” p— 1/2 asa— 07?
The ratio of proba of a walk gt and p¢ is (2p)N+(2(1— p))™-, so:

Epl+]=Ep_1pM--] with M=e>=(2p)™(2(1-p))™

To get a finite weighM, we needp ~ (14 ap)/2 asa — 0 (scaling limit).
The ’action’ is ther§ = puX — p°t/2 and in the continuum:

E[-] = Eg[M;---] with M =eS = Y2 (3 martingalg

W.r.t. Ey, X now has a driftd % = dB + pdt.



e A martingalefor some stochastic process is a time dependent random
variable, say — My, such that its expectation conditioned on the process up
to timesis Mg, I.e. statistically conserved guantity

e Going off-criticality amountgo weight by a martingalévhich depends
on the perturbation). It modifiesi{lds a drift t)p the stochastic equation.

This is the approach we (try to) adapt to off-critical SLEs..

e Grisanov theorem

If M; martingale for Brownian motio¥;: M(ld M = RdX,
then w.r.t. toE[- -] = Eg,[M; -],

X satisfiesdX = dB; + Rdt with B, a E-Brownian motion.

In physics, this is known as the M.S.R. path integral reprdmn.

e Other works on off-critical SLEs: Nolin-Werner, Makarovr8nov, ...



SAW as an example

SAW= self-avoiding walk

Weight w, = xM with |y| = nbr. steps.
Probawy/Zp

with Zp =y, wy, the partition function.

At criticality X = X¢, conjecturally SAW=SLE(8/3) in the continuum— 0.

e How to take the scaling limit?

Zo/28" = 28" Ty K =28ty X X (x/%0)M = Ecri. [(x/%) V1]
Y

At criticality, |y is related to the macroscopic size via the fractal dimension
| =~ [¢(y)/a]%. The scaling limit is*2¢ ~ —a%u and:

Zp /78" = Egic [e MW Lp(y) ~ a%|y| = 'natural parametrisatién



e Off-critical weight, off-critical drift and partition fuation.

(For SAW) the off-critical weighting is by the natural paratmzation:
E,[O] = Z5 Ecrit. [ H2 VO] with Zp = Egyi [e Ho W],

If the observabl® only depends on the curve up to timgr;-measurable):

E[O] = Eqrit. Mt O] with M = Z5t Egrir. [e Mo | ]

Girsanov theorem tells that the off-critical drifthdd M.

Since Lp(y) counts the number of D
steps, we expect an additivity pro-
perty:

Lo(Yio.g) = Lo(Voy) + Lovyey (Vies)

“D\yjoyg

Zp

For the off-critical weighting martingale= M; = e *-2Mou))

le.— "surface enerd\#+ " ratio of partition functiofi.



Off-critical SLE and field theory

Loewner equation:

Z —
dg(z) 2 ( 9,(2)
dt 0t (2) — &

&t driving source.

e At criticality, & is a 1D Brownian motionE[€Z] = Kt.

e Off-criticality, & not a Brownian motion (it depends on the perturbation):
— short distanceby scaling we expeck 1€,z — /KB asA — 0.

— decompositionfrom above, we expectié; = /kdB; + Rdt
R off-critical drift term (perturbation dependent).

— But off-critical measure can be singular w.r.t. criticaleo
(cf percolation [Nolin-Werner] or infinite domain).



e From field theory, the off-critical drift reads
R = M 1dM, = kdg, log(e™Yoa) z,).

The off-critical weighting martingal®t, = €& z; with z, = z2"-cnt. /zerit.
the ratio of the partition functions in the domain cut alohg turve.
e Previous discussion follows (naively) from basic stat. mginciples.

(because the measure on curves induced by the Boltzmanhte&ghe
ratio of partition functions).

e The measure on curvesinduced (via the Loewner equation) from that
on the driving sourcé&; solution of the SDEd&; = +/kdB + Rdt.



Massive SLE(4) To appear

SLE(4) in a perturbed environment. Massive bosonic free field

2 d2x
m (2) S= [ G (0X)2+ (X2
7 0 with Dirichlet boundary conditions.

e SLE(4) = discontinuity curve of a massless boson (Sheffggldramm).

e At criticality, Gaussian free field (in upper half plakg:
(X(@)n =v2Im(logz) , (X(@X(W))FP" = Go(zW) = —log\ \2

Perturbing (composite) operatot?(z) = limy_, X (2)X(w) + Iog|z—w|2.

2X
o Off-critical drift F = 49; logz™ with ™ = (e~ / & ™ (¥9X*(0)y
H; = the cutted upper half plane.



e First order computatian
X2 is not a scalar butX?(z)), is a (local) martingale:

(X2(2)m = 01(2)°+logpi(2), ¢1(2) =V2Im(loggi(2)), pr(2z) = conf radius

To 1rst orderzt[m} = 1—f%mz(x) (X2(2))p + - -
As a CFT correlationd(z) is a martingaled¢;(z) = 6;(z)dB.

To 1rst order, the drift isf = — [ %(mz(x) Bt (X) d¢(X) +-- .

e All order computation
Computable since the theory is Gaussian (only connecteplatias
contribute), and to all orders:

2 2
R=— i—,? m2(x) B (x) DI (x) = — (1—1: m?(x) & (%) ¢ (x)

with (—A+m?)®™ = 0 in H; with Dirichlet b.c.



e Massive(X(x))n, = (conditioned) proba foy to be on the right ok.
It should be/lt is a (massive) martingale with this drift

This follows from Hadamard formula.
This is the way Makarov-Smirnov computed the drift.

e Perfect matchingshould be true from basic stat. mech.):
EM™[ (---(any X correlation- - )i, ] = (--- (any X correlation- - -)

— Reorganisation of the statistical sum:
— first sum over fields at fixed interfaces
— then on possible interfaces shapes.

e The curveyis (a.s.) the discontinuity curve

e Massive harmonic navigator (with killing)



Massive LERW

LERW=random walk with loop erased
Weight:wy = 3, X/

At criticality X

SLE(2) =[c=-2] = symplectic fermions

e Scaling limit*%¢ = —a”p and the partition functiodp = 5, x"!:

Zp = Egy [e "] = Egy [exp(— / d2x W) £p(X))]

Brownian local time/p(x) is conformal of dimension zero.

e Fugacity perturbation is the massive perturbation:

d?x - - '
S= [ 510X @X ) U)X X)), Zi=(yF e/ am XX / v

W* = dx™ are creating/annihilating the curve.

e and a similar story.......






