Hydrodynamic instabilities in quantum liquids

Non-linear quantum hydrodynamics of electronic liquids



e Degenerate Fermi gas in one spatial dimension,
e Edge state in the Fractional Quantum Hall Effect,

e L uttinger Liquid.



e Why Fermi statistics causes non-equilibrium
guantum liquids to be essentially nonlinear,

e |nstabilities and singularities arising as a result of
nonlinear nature of quantum liquids,

e Mathematical methods for analysis of singularities
In dynamics of quantum liquids - Whitham theory,

e Relation to random matrix theory and to perturbed
conformal field theory.



Electronic systems in 1D

A smooth bump in density or momenta:

all gradients << Fermi scale
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Wave packet in quantum mechanics
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Does a quantum coherence
(Fermi sea, statistics, interaction)

make an impact?



Quantum hydrodynamics (Landau 1941):

density p(x) = % ZZ o(x — xi),

current j(z) = + Y. Z:0(x — x;),
N — oo

velocity j(x) = pv,

v(z), p(y)] = —i Vo(x —y).



Interaction and/or Fermi statistics

cause the hydrodynamics to be non-linear
and to be a subject of hydrodynamics
instabilities, and singularities, in particular,

shock fronts, and stabilities - solitons;



Free Fermions:

Wigner Function

W(z,p,t) = ftr [W[:E +y/2,t)(x — y/:z,t}g] emyv/hy,

(0 + pOy )W (z,p,t) = 0

W(z,p,t) =np (p — p(x))



Fermi profile:  Riemann Equation

oiv(z,t) = v(z, t)0v(x,t)

Shock wave:
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Dispersion - asymmetry between particles and holes
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Model Hamiltonian: Calogero model
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Interpolates between Lattinger liquid and Calogero model
- quantum wires, edge states of FQHE
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Quantum Riemann Equation

2
pv
H = — 4+ — .
/(2 —I-Gp)dx

p+V(pv) =0 Continuity equation

1
U+ §V(v2 +7m2p?) =0 Fuler’s equation

Vor1 = :JR’L(:I:,t) =vEmp

b+ =(Vp)2 =0 J+JVJ =0



Current Algebra

JE(@)y = e*r gt t LB = gl ke
k

+p>0

p= o (TR TN, w=g (JF - T)

:27T
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T I = I = ke, I =0

o), v(y)] = —iVo(z —y)

F. Bloch 1934, Tomonaga 1950



Equation of motion

. 1
J=1i[H, J = —-JVJ O + 5(w)2 = ()

H = Z W% H:/(%”Q+%2p3) dz.

Schick 1968, Haldane 1978, Sakita 1974, Jevicki 1991



Non-linear hydrodynamics

Free fermions (exact): Non-linear bosons

Sb + (5’;590)2 = 0 Quantum Riemann equation

Non-linear effects reflect Fermi-statistics and dispersion

Linearized equation - sound modulation of density
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Free fermions: Shock waves are stabilized by quantum corrections

0+ (0:0)> =0 (¢%) = (p)" + {{¥"))

Non-linear hydrodynamics for Free Fermions are essentially quantum;

Different matrix elements have different behavior;

After-shock oscillations with a period ~ 1/kp



Vertex Operators

Va (:13) —. emgp : a = 1 — fermion
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T = (Vp)? —iVip

holomorphic components of the stress-energy tensor of a chiral
Bose field (with the central charge 1/2)



Hirota’s bilinear form

(iDt _ ipi) plad . oilat+l)o _
2m

Hirota derivatives
Df-g=0fg— fdg,

D*f-g=0fg—20fdg+ 0°gf
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h
(iDt - —D?U) Ta* Tat1 =0 modified KP equation
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General Periodic Solution

Taq = 6%&6’1: det(csw + Ka(pZ7QJ))
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Whitham Theory:

1) Before and after the shock use dispersionless equation

1
33<X_(t), $>X—|-(t) gb—|—§(Vg0)2=O
It is solvable explicitly

p(x,t) = f(x —p(x,t) 1), @(x,t=0)=f(z)

2) Insert a simple periodic solution at  X_(t) <z < X, ()

3) Give slow space time dependence to moduli to glue the solutiol



1) Simplest periodic solution (genus 1)
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2) Moduli obey Whitham modulation equations

].3 + 0, E(P) = 0. E(P) = pP?
Pr +0,E(Pp) =0 2
Q+0:E(Q) =0
Hamilton Jacobi Equations
6=E(P)-E(Q) 9,0=P-Q.

Or = E(Pr) 0:0r = Pr
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