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[Maldacena ‘97, ...]

AdSs CFTy

type 1IB string in AdSs x S° =~ N =4 SU(N) Yang-Mills

with N units of 5-form flux | in 3+1 dims
U AR
9 = TN T_QW&/:% )\Eg%MN
B\ = A(N)
(energy of one- ~ (scaling dims of local,
particle states) gauge-invariant,

single-trace operators)

Problem: how fto compute for all \ ?



Problem becomes tractable (integrable) in an interesting limit:

AdS: CFT,
free string 't Hooft planar limit
(95 — 0) (gymr — 0, N — 00, A = fixed)

large angular

long operators
momentum .J

dilatation operator is an
infegrable quantum
spin chain Hamiltonian

classical sigma model
IS integrable

[Bena, Polchinski & Roiban ‘03, KMMZ ‘05, ...] [Minahan & Zarembo ‘02, BS ‘03, BKS ‘03, ...]



Systematic approach: (not historical!)

Facforized S_ma'l'rix [Staudacher ‘04, Beisert ‘05, ...]

!

Bethe-Yang equation for particles on a circle

!

all-loop asymptotic Bethe ansatz equations (BAEs)

& anomalous dimensions
[Beisert & Staudacher '05]

May also

@ solve wrapping problem (short operators)  Bainck & anik ‘0g]

@ lead to quantization of string theory






Exciting recent development:
. ; 3 . [Aharony, Bergman,
similar story may hold in one dimension eSS  jufferis & Maldacena ‘0]

type IIA string in AdS, x CPS  planar V=6 Chern-Simons
5 in 2+1 dims

. 2-loop dilatation operator
classical sigma model ~ in scalar sector is an
IS integrable Infegrable quantum
~spin chain Hamiltonian

[Arutyunov & Frolov ‘08, Stefanski ‘08, ...] [Minahan & Zarembo ‘08]

all-loop BAEs proposed [Gromov & Vieira ‘08]



Goals

® Find factorized S-matrix

@ Derive (via Bethe-Yang equations)
all-loop BAEs



QOutline

@ N =6 Chern-Simons theory

@ 2-loop BAEs

@ Symmetries & elementary excitations
@ S-matrix

@ Bethe-Yang eqs & all-loop BAES

® Discussion



N =6 Chern-Simons "'heory [ABIM ‘08]

k 2
§ = o fdatr N84T S 4,44,
Y 23 gauge
W0 A gfluflyfl,\)
+D,YID*YA + Y terms scalars
+ fermions ]
k Integer

gauge symmetry:  SU(N) x SU(N)
A, g






A

Scale invariant: Ag(A4,) = Ap(Ay) =1, Ap(Y)=1/2 3 dims!

Has N =6 superconformal symmetry for & > 2

Osp(2,2|6) O SO(2,3) x SO(6)

|

also isometry group of AdS, x CP?

Planar limit: N,k — oo, A= N/k=fixed



2_ IOO P BAES [Minahan & Zarembo ‘08]

® Scalar sector

Local, gauge-invariant, single-trace operators:

trY 41 ()Y, (@)Y 2 (@)Y}, (2) - Y4 ()Y}, ()
<7

states of closed SU(4)quantum spin chain with 2L sites

A1B1AsBy--- AL B 3
AL rBi) alternating 4 4 --.

Explicit computation =

2-loop dilatation operator (mixing matrix) is an
integrable quanftum spin chain Hamiltonian



Eigenvalues (anomalous dimensions) given by Bethe ansatz:

M, M,
el(uJ)L % H ex(uj — ug) e_1(uj — rx)
k=1 k=1
k]
M, M., M,
T ¥ Eolrs —AaRL| Bl =upe i, (r; — vr)
k=1 k=1 k=1
M, M
er(v)” = e2(v; —vk) | | e-1(v; — &)
k=1 k=1
k]
W .
here B 19
en(U) = .



For integrable spin chain with simple Lie group symmetry,

MO A

[ [ l [ l

e (@) = TT ears@® =) TT TT ey, ® - ul)
k=1 (el —1

k#j
[Ogievetsky & Wiegmann '86]
Ay Cartan matrix

Vi Dynkin labels of representation

2 veds| 0
SU(4) ol 1 A(l 2 1)
@) O @ Ue ook 2

Reproduces above set of BAEs



@ Full theory: “gquess” from group theory
Osp(2,2(6)

Dynkin diagram not unique. Two fermionic roots:

ey

—> BAEs



M @) WS

4 4 4 3
H ez(ug- ) u,g )) H G (ug ) u,g ))
k=1 k="
"y
M@ M3

4 4 4 3
H 62(%5- ) —u,g)) H e_ (ug ) —u,g))
k=1 R==1
k3
M#) M4 A (2)

3 4 3 i 3 9
H 6_1(u§- y u,g )) H 6_1(u§- i u,g )) H el(ug- a ugﬂ ))
k=1 R k=1
M (2) WS WY,
9 9 2 3 2 1

H e_ (u§>—u,(€)) 61(u§)—u,(€)) H 61(u§-)—u,(€))
k=1 k=1 k=1
k#j
M (2



Symmetries & elementary excitations
Global symmetry is partially broken by vacuum!

Analogy: XXX ferromagnet

Vacuum: [T - 1)

Breaks SU(2) — U(1)

Elementary excitations:

n

> e 11T+ 1) “magnons”

n



S : ¢ [Nishioka & Takayanagi ‘08,
N =6 Chern-Simons: Gaiotto, Giombi & Yin ‘08,
Grignani, Harmark & Orselli '08 ]

Vacuum: fr (A1 BiAB; = AiBE
n= U
(True to all orders in A, since is chiral primary operator.)

A= T " /\ =l

T (B A 1/
J(Az)=J(B3) = 0

Breaks SU(4) — SU(2) (rotates 4,, B )
Osp(2,2|6) — SU(2|2)



Elementary excitations:

n

> e 4y By xBy o B

n

"A - particles”

: :
X € {Az2, B;, fermions}

T
Z eipn‘AlBi e AlX e AlBl> PR PClr'I'iCleS”

n

x € {Al, Bs, fermions}

Npg=d =11

Fundamental reps (2/2) of sSU(2/2)



Elementary excitations: ZF

operators:
n

Zeip”\mBi s X B Aong i "A - particles” Al(p)

n

T :
X € {Az2, B;, fermions}

(L
Z eipn‘AlBi g AlX e AlBl> MR PClr'I'iCleS” BT(]?)

n

X € {A;,Bg,fermions} e R

Acting on |0)
create asymptotic

particle states of
Fundamental reps (2/2) of sSU(2/2) momentum P

Ay L



S-matrix
@ A-A scattering:

A:;r (P1) A;’ k05 e SAAiz;j/ (p1,D2) A;[/ (p2) AI/ (p1)

Associativity = Yang-Baxter equation
5142’4(]?17292)SéA(P17p3)S§43A(P2,p3) = S?gA(p27p3)SésA(plaps)SgA(plypz)

512 T SAA ® ]I 523 T ]I @ SAA S13 e 7)]_2 S 7)12

U(2[2) symmetry determines S44 up to scalar factor

[Beisert ‘05, AFZ '06]

SA44(py, p2) = So(p1, p2) S(p1, p2)



Besides YBE, §(p1,p2) satisfies unitarity:

ZX

§12(p1,p2) So1(p2,p1) =1
Clr'ld CT‘OSSing: [Janik ‘06]

AN

§§22(p17}72) C12 §12(plap2) CQ—1 i Sflz(pr?Z) Cl §12(ﬁ17p2) Cl—l e f(p17p2) I

(=) etz
fp1p2) = (it — = Jlor = a3)
xi(_ 1




@ B-B scattering:

B;f (P1) BJT (D7) SBBiijlj/ (p1,D2) B;[/ (p2) B;r/ (p1)
@ A-B and B-A scattering:
Al(p1) Bl (p2) = 5757 (p1.p2) B}, (p2) Al (p1)

N.B. reflectionless
Symmeftry suggests

S

CQ\

(Phpz)
(p17p2)

SAA(phpz) = So(p1,p2)
SBA(Z?LZE) = So(p1,p2)

SBB(PMPQ)
SAB(pbpz)

)

"matrix part” fixed - remains only to determine
scalar factors S, S,



Assume unitarity:

815" (p1,p2) S5 (D2, p1) = St (P1;P2) S51° (P2, p1) =1
=3

~~ ~

So(p1,p2) So(p2,p1) =1, So(p1,p2) So(p2,p1) =1

Assume crossing:

15" (p1,p2) Ca 8532 p1, p2) C5 ' = 815 (P @i 857 (51,92) CT ' =1

—=> 3 2 |
So(p1,p2) So(p1,D2) = So(p1,p2) So(P1,p2) = o o)
Satisfied by i e
So(p1,p2) = 1 o(p1,p2) !
L - == ( | dressing
o Y
So(p1,p2) = ——==0(p1,p2)
! 2 [Beisert, Eden & Staudacher '06]




Bethe-Yang eqs and all-loop BAEs

Consider a set of {p{,...,pn,} and
a set of B - particles {p7....,pn,} that are widely
separated on a ring of length L’

B
PNy

L/

P1 .
P1

A
PN,

Periodic boundary conditions on wavefunction
—> quantization conditions for momenta



A - particles:

. A1/
e—zpkL

= A\ =pip. .0 P

AN {p*.pP}) are eigenvalues of transfer matrix

t {pf,pf}) et S0 By S E O S e by BT S )

= ( scalar factors )( “matrix part” )

Eigenvalues of “matrix part”:

[Martins & Melo '07]

Na r

X et A oA
RO\ (02,08 o)) = [ [ B ]H

Rt o0 w*(p“‘

1

T(A) (piB)n(piB)}
= (A) —$+(p¢B) n(A)

e ~(A) — T X
>< H [n()\)JJJFE)\;_;FE i) + terms which vanish if A\ = p

oy —c°



where {\;,1;} are solutions of BAEs

At LS. N - BIUSE. vt 1 o g
i ep2)y T 20 0) =& () o OU) S () + awxy — it + 5
w1 ) — 2 (pf) 7 ot QSR S o Q)+ oy s

Taking into account also scalar factors,
Bethe-Yang egs. for A-particles become:

N i o 1 ¥
eipr_ma#(pz‘)—w <p;4>] A R T R
FiT — AN R RS b 1 v
& TP - z= (pg )zt (p) j
TTowt o™ T] [x—@ﬁ)—xw» (2)
O y P
. 3 T TR



Bethe-Yang egs. for B-particles:

o
xﬁ (0 pA) I [x_(PkB) PR
o pk 7p1,
e j=1 $+(pkB)_w+()‘J)

e (e xik, =1, 5. K, =Ny,
e (pP) = wik, i1, . el =i
z (N) = ;, =Rty e
T10
RNONTONIRE — i D e A =
b SR el



oiPa Ll _ H fat R +Z, o(uq f,Uq ;) H 0 (Ua,k, U, ;)

j= j=1
J#k
1
Fikalins s
X ﬂ o e Ly — L3,
1 i
™ X FgE
Sl 1 xikazl gl S 3,J
KZL K4
Uz ’U,4h7 O v .
€zp4,kL — H r s 0(u17k,u4’3) HO’(U4’]€,U4J)
e 4,7 j=1
J#k
Kil——=— - | Same as
Tz, Z1,; le,k — I3,
% H 1 ’ 1 o [Gromov & Vieira ‘08]
< ST e
=17 af,en; j=1 T4k T |
1 oy 1 K . °
Ky 1— = i 4 2 S 2
ﬁ 1,524 4 A H R A H Ul,; i o 2
1 H 1 R ki e
1 — : 1 — el U2 5
i=1 T1 Jwi g1 xl,szti = J
1 :
K LUKy do = Ko i i
4 CES g 33472 x373m41 i $hs US,J uzjl _I_ 2
II + | . % e T
i ol b 25l
PR o 4,1 4=1 xg,gxzti =1 g2/ 2
K Kl 7) Kg % . 1
ﬁ Uy — U2 ;+1i T U2l — ULt 20 — U35 + 3
— Z, 3 5
1 2,1 R 5 U] —ULj — 5 A U2 — U35 — 5






Discussion

® Alternative S-matrix with A - B reflection?

Tensor product structure SU(2) ® SU(2/2)

AN o

Ali(pl)Azj(m) = So(p1,p2) g/bb/ (p1,Dp2) ngjj (p17p2)AZ/j/(p2)AZ/ i (p1)
Does not lead to correct BAEs.

@ Many assumptions - more checks needed!

Controversy on all-loop BAEs
[McLoughlin & Roiban; Alday et al; Krishnan; Gromov & Mikhaylov; McLoughlin et al ‘08]
Finite-size corrections to dispersion relation
of giant magnons

[Bombardelli & Fioravanti ‘08, Lukowski & Sax '08]



